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Co-phasing between different sub-apertures is important for sparse optical synthetic aperture telescope systems

to achieve high-resolution imaging. For co-phasing detection in such a system, a new aspect of the system’s far-field

interferometry is analysed and used to construct a novel method to detect piston errors. An optical setup is built to

demonstrate the efficacy of this method. Experimental results show that the relative differences between measurements

by this method and the criterion are less than 4%, and their residual detecting errors are about 0.01 λ for different

piston errors, which makes the use of co-phasing detection within such a system promising.
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1. Introduction

In a sparse optical synthetic aperture (SOSA) sys-

tem, the piston error, which means the entire offset

between wave fronts of different sub-apertures (differ-

ent from the “piston” depicting the discontinuous op-

tical surface between adjacent segment mirrors), must

be detected and corrected to achieve high-resolution

imaging.[1−6] For such systems, different methods have

been proposed to improve this co-phasing detection

technique. For example, the fringe tracking (FPT)

algorithm is used to decouple piston errors using the

relationships between some features of the interfer-

ence fringes and piston errors.[7,8] The phase diversity

(PD) algorithm, based on the probabilistic informa-

tion theory, could recover wave fronts from in-focus

and out-of-focus images.[9−11] For the detection using

special devices, such as pyramid mirrors, the piston

error needs to be calculated based on some of the spe-

cial optical properties of these devices.[12−14]

Furthermore, another way to detect piston errors

is to use the far-field interferometric information of

the system, and some experts have been interested

in this area.[15−17] Horrobin et al.[16] fitted the enve-

lope of the far-field intensity (FFI) of a system using

the Gauss function to calculate the piston errors from

the envelope-removed fringes. Ni et al.[17] proposed a

method of combining the variations in the side lobe

intensity of the module transfer function (MTF) and

the symmetry of the point spread function (PSF) with

the aid of a PD algorithm to analyse and detect the

piston errors of the Star-9 system.

On the other hand, methods of detecting the dis-

continuous surface between adjacent segment-mirrors

in segmented primary mirror systems also provide a

valuable reference for our focus, although they are

concerned with different kinds of systems. For exam-

ple, Chanan et al.[18,19] made use of the information

about side-lopes to calculate the discontinuous sur-

face between adjacent segment-mirrors in the Keck

telescope. And Zhao and Cao[20] analysed an algo-

rithm based on an interferometric pattern and tes-

tified its usage in detecting the discontinuous optical

surface between adjacent mirror experiments, in which

a residual detecting error of 0.03 λ was obtained.[20]

Aiming at detecting the discontinuous optical surface

between adjacent segments, these methods probably

need to be further verified before confirming their ef-

fectiveness for the co-phasing detection of the SOSA

system.

In this paper, we study a new method to detect

the piston error, which takes a point of view that is

different from that mentioned above. A new aspect

regarding the system’s far-field information—the sim-
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ilarity embodied between the far-field intensities of the

system and the referenced sub-aperture—is analysed

and utilized to compose the piston decoupling algo-

rithm for the first time. From its theoretical basis, it

is seen that this method is new and different compared

with some of the methods using far-field interferom-

etry, such as the side-lopes information studied by

Chanan et al.,[18,19] the interferometric pattern stud-

ied by Zhao and Cao,[20] and also the one studied by

Ni et al..[17] Furthermore, we build an optical setup to

demonstrate the ability of this new method by using

a sensitive micro-displacement sensor (SMDS) as the

criterion. Experimental results show that the relative

differences between the measurements of this method

and the criterion are less than 4%, and the residual

detecting errors are about 0.01 λ for different piston

errors, which means that it may be used to perform

co-phasing detection with enough accuracy and a valu-

able reference for relevant concerns.

2. Theory

The structure of the optical pupil of the SOSA

system is shown in Fig. 1, where each sub-aperture

has a diameter of 2a, with a centre coordinate of n-

th, sub-aperture at (εn, ηn), and corresponding polar

coordinate (ρn, θn).

O

ε
θn

η

(εn, ηn↽

ρ
n

a

Fig. 1. The optical pupil of the SOSA system.

The system complex pupil function is expressed

as[21]

P (ε, η) =

N∑
n=1

{Π(ε, η) exp[ jkwn(ε, η)]} ∗ δ(εn, ηn),

(1)

where (ε, η) is the coordinate of the pupil plane, “∗”
represents the convolution operation, wave number

k = 2π/λ, “N” is the total number of sub-apertures,

wn(ε, η) is the Zernike aberration of the n-th sub-

aperture, and Π(ε, η) is the sub-aperture pupil func-

tion, and is expressed as[22]

Π(ε, η) = circ
(√ε2 + η2

a

)
. (2)

The impulse function δ(εn, ηn) in Eq. (1) represents

the centre of the n-th sub-aperture, and is expressed

as

δ(εn, ηn) = δ(ε− ρn cos θn, η − ρn sin θn). (3)

According to the principle of Fourier optics,[23] the

transfer function of the system complex amplitude is

A(u, v)

= ℑ{P (ε, η)}

= ℑ
{ N∑
n=1

{Π(ε, η) exp[ jkwn(ε, η)]} ∗ δ(εn, ηn)
}

=

N∑
n=1

[
ℑ{exp[ jk · fn(ε, η)]} ∗

aJ1(2πa
√
u2 + v2)√

u2 + v2

]
× exp[ jk(αn − λuεn − λvηn)], (4)

where (u, v) is the coordinate concerning spatial fre-

quency, J1 means the first-order Bessel function, ℑ[·]
indicates the two-dimensional Fourier transformer,

and αn and fn(ε, η), respectively, denote the mean

value and the zero-mean-normalized part of the n-th

sub-aperture Zernike aberration.

If the aberrations within each sub-aperture are

corrected using adaptive optics, or for the applica-

tions of the SOSA system within the space where the

aberrations caused by the atmosphere can be ignored,

fn(ε, η) can be assumed to be zero. Then equation (4)

is approximated by

A(u, v) =
N∑

n=1

aJ1(2πa
√
u2 + v2)√

u2 + v2

× exp[ jk(αn − λuεn − λvηn)]. (5)

Then the point spread function (PSF) in the spa-

tial frequency domain is described as

I(u, v)

= |A(u, v)|2

=
∣∣∣ N∑
n=1

aJ1(2πa
√
u2 + v2)√

u2 + v2

× exp[ jk(αn − λuεn − λvηn)]
∣∣∣2

=
a2J21(2πa

√
u2 + v2)

u2 + v2

×
∣∣∣ N∑
n=1

exp[ jk(αn − λuεn − λvηn)]
∣∣∣2. (6)

As piston errors exist only among different sub-

apertures, we can take one sub-aperture as the refer-
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ence one and mark it as aperture 0, and mark other

sub-apertures as sub-aperture 1, 2, . . ., N − 1 (adjust-

ing the corresponding subscripts), then equation (6)

is expressed as

I(u, v) =
a2J21(2πa

√
u2 + v2)

u2 + v2

×
∣∣∣1 + N−1∑

n=1

exp[ jk(pn − λuεn0 − λvηn0)]
∣∣∣2,
(7)

where pn = αn − α0 is the entire offset between dif-

ferent sub-aperture wave-fronts, which represents the

piston error between sub-aperture “n” and the ref-

erence aperture, and (εn0, ηn0) = (εn − ε0, ηn − η0)

is the deviation of the centre coordinate between

sub-aperture “n” and the reference aperture. For

bi-aperture systems (or sub-systems with two sub-

apertures) whose baseline direction corresponds to

the x axis of the image plane, the FFI under the

monochromatic target wave (MTW) can be described

as follows:

I(x, y) =

2a2λ2J21

[ka(x2 + y2)1/2

f

]
(x2 + y2)/f2

×
[
1 + cos k

(2R
f

x− p1

)]
(8)

as described above, where p1 is the piston error be-

tween these two sub-apertures (the reference aperture

“0” and the unreferenced aperture “1”), (x, y) is the

coordinate on the image plane, “2R” denotes the cen-

tre distance between them ((ε10, η10) = (2R, 0)), and

f is the focal length of the imaging device. Under the

same conditions, the FFI of the reference sub-aperture

is described as

Isi(x, y) =
a2λ2f2

x2 + y2
J21

(ka√x2 + y2

f

)
. (9)

From Eqs. (8) and (9), it is seen that the theoret-

ical difference in FFI between the whole system and

the reference sub-aperture is due mainly to a cosine

item directly correlated with the piston error between

these two sub-apertures. In light of this point, we

define a function Dp which describes the similarities

of the FFI between the whole system and the refer-

ence sub-aperture under unique imaging conditions.

A mathematical description of Dp is[24]

Dp(x, y) =
I(x, y)/2− Isi(x, y)

Isi(x, y)
, (10)

where I and Isi represent the system FFI and the

reference sub-aperture FFI, respectively. After some

derivations using Eqs. (8)–(10), the theoretical result

of Dp is expressed as follows:

Dp(x, y) = cos k
(2R

f
x− p1

)
. (11)

From this equation, it is seen that Dp is deter-

mined mainly by the piston error, with the corre-

sponding effect to the distribution of Dp only along

the x axis (corresponding to the baseline direction of

the two sub-apertures). Then the piston error “p1”

can be solved when Dp reaches a maximum along the

x axis, as follows:

p1 =
2R

f
xc + hλ, h ∈ Z, (12)

where xc is the value of the x coordinate where Dp

reaches a maximum, and λ is the wavelength. From

this equation, we can see that the piston error is solved

theoretically from xc, which includes the “hλ” item.

Theoretically, if the variation in piston error is no more

than one wavelength, or for the case of piston error no

more than λ, we can calculate it by comparing the

values to the right of “=” in Eq. (12) before and after

the piston error changes, and the result is as follows:

∆p1 =
2R

f
· (xc2 − xc1), (13)

where ∆p1 means the piston variation, and xc1 and

xc2 represent the values of Xc before and after the

piston error changes, respectively. Based on Eq. (13),

a piston error (or its variations) no more than λ can

be directly detected by analysing the distribution of

Dp before and after the piston error changes, while

there is no need for iterations or matrix calculations

in this detection procedure.

In addition, to guarantee the detection accuracy

at the sub-pixel level, xc is modified in the experiment

using the following quadric-curve interpolation:[25,26]

xc = dpixel

[
xm +

1

2

Dp(xm − 1)−Dp(xm + 1)

Dp(xm − 1) +Dp(xm + 1)− 2 ·Dp(xm)

]
, (14)

where xm is the integer value of xc, Dp (xm − 1) and Dp(xm + 1) represent the values of Dp at the pixels to

the left and right of xm along the x axis, respectively. dpixel denotes the width of the camera pixel.

Using Eq. (14), equation (12) can be specified to describe the real-time detection result for a certain state

(before or after the piston error changes):

p1 =
2R

f
· dpixel

[
xm +

1

2
· Dp(xm − 1)−Dp(xm + 1)

Dp(xm − 1) +Dp(xm + 1)− 2 ·Dp(xm)

]
+ hλ. (15)
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And the piston error or its variation no more than λ is calculated using Eqs. (13) and (15) as

∆p1 =
2R · dpixel

f
·
{[

xm +
1

2
· Dp(xm − 1)−Dp(xm + 1)

Dp(xm − 1) +Dp(xm + 1)− 2 ·Dp(xm)

]
2

−
[
xm +

1

2
· Dp(xm − 1)−Dp(xm + 1)

Dp(xm − 1) +Dp(xm + 1)− 2 ·Dp(xm)

]
1

}
, (16)

where subscripts “1” and “2” denote the states before

and after the piston error changes, respectively (sub-

scripts “1” and “2” are applied to neither Dp nor xm

because the distributions of function Dp before and

after the piston error changes are probably different).

In this section, we have studied the FFI of the

SOSA system from the basic theory of Fourier optics.

Beyond this, the similarity embodied between the far-

field intensity of the system and the referenced sub-

aperture, and its relationship to the piston error, have

also been analysed and utilized in the piston decou-

pling algorithm.

As shown above, this method uses a new aspect of

far-field interferometry to solve the piston error, and is

different from the common methods.[17−20] In the fol-

lowing section, we will use a deformable mirror (DM)

with separated circular sub-mirrors to introduce pis-

ton errors between two sub-apertures and construct

an active co-phasing detection test-bed (ACDT) to

testify the efficacy of this method.

3. Experiment

3.1.Description of the test-bed

A block diagram of the ACDT setup presented in

this paper is shown in Fig. 2. The ACDT is a mod-

ular system that consists of various modules such as

source (SM), beam splitting (BSM), piston error in-

troduction (PEIM), piston error calibration (PECM),

and piston error detection (PEDM) modules, and a

computer control system (CCS). The optical layout of

the ACDT is shown in Fig. 3.

source module
beam splitting  

module

piston error 

introduction module

piston error

calibrating module
piston error

detection module

computer 

Fig. 2. A block diagram of the ACDT.

SM

a

c

b

xx.xx µm

PC

BSM

PEIM

PEDM

PECM

SMDS

lens 1 lens 2
pinhole

lens 3

CCD

DM

Fig. 3. (colour online) The optical layout of the ACDT.
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A semiconductor laser with a wavelength of 632

nm is used as a light source for the experiment. After

passing through the lens and the pinhole, the colli-

mated plane output illuminates the BSM. After the

BSM, the plane wave (beam “a”) reaches the DM of

the PEIM. The DM contains two sub-mirrors placed

at a certain distance, with the back of each mirror

supported by three piezoelectric transducer (PZT) ac-

tuators. A wave-absorbing material covers the other

areas, aside from the two sub-mirrors on the surface of

the DM. Thus, when the voltages imposed on the three

actuators of a sub-mirror, which is later referred to as

the unreferenced sub-mirror, are changed by the same

amount, the beam reflected by the sub-mirrors (beam

“b”) can simulate the output of a SOSA system con-

taining the piston error between the two aberration-

free sub-apertures. Moreover, the introduced piston

error is closely related to the displacement of the un-

referenced sub-mirror.

After being reflected by BSM, the output of PEIM

(beam “b”) turns into the PEDM. The FFI images are

recorded by a CCD camera placed in the focal plane

of lens 3 (f = 1000 mm). The pixel width is 8.30 µm,

and the resolution is 782 pixels × 582 pixels. After

shielding the unreferenced sub-mirror, the diameter of

the Airy disk of the other sub-mirror (the referenced

one) covers about 23 pixels on the camera. Using the

images captured by the CCD, the variations in piston

error can be calculated based on the theory presented

in Section 2.

The PECM is designed to evaluate the proposed

method by calibrating the piston errors first. In the

PECM, the displacements of the unreferenced sub-

mirror are tested using a sensitive micro-displacement

sensor (SMDS, Fig. 5) for the same voltages used in

introducing the piston error in the PEIM. Based on

the optical path of the ACDT, the detected piston er-

ror should be twice as large as the displacement of the

unreferenced sub-mirror, i.e.,

∆p1 = 2∆pm, (17)

where ∆p1 is the piston error detected by using the

proposed method, and ∆pm is the displacement cal-

ibrated by SMDS when the voltages imposed on the

actuators of the unreferenced sub-mirror are increased

by ∆v. Thus, this method can be validated by inves-

tigating the coherence between ∆p1 and 2∆pm in the

experiment.

sub mirrors

PZT actuators

2R

2a

Fig. 4. (colour online) The structure and parameters of

DM, where R = 7 mm and a = 4 mm.

(a) (b)

Fig. 5. (colour online) An image of the SMDS: (a) the

sensor head, (b) the display screen and power supply.

3.2. Experiment

The experiment is composed of three processes,

namely, setup, calibration, and detection (Fig. 6).

Herein, the voltage state means a state where a cer-

tain voltage is imposed on the three actuators of the

unreferenced sub-mirror.

In the setup process, the optical collimations be-

tween the different sub-systems in the ACDT should

be first confirmed. Then, the unreferenced sub-mirror

is shielded to obtain the images of the FFI of the ref-

erence sub-aperture [Isi in Eq. (10)].

The aim of the calibration process is to detect the

values of ∆pm that will be used for the validation of

this proposed method afterwards. The SMDS is di-

rectly used to record a set of different voltages (∆v),

with their corresponding values of ∆pm no more than

0.5λ, which makes the introduced piston error no more

than λ, according to Eq. (17). In a specific operation,

numerous measurements are averaged to make the re-

sults more accurate than the displayed accuracy of

SMDS.[27]

More than 100 images are captured continuously

for a certain voltage state in the detection process (V0
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or V0 +∆v). The FFI of the system [I in Eq. (10)] is

used along with Isi to obtain the real-time measure-

ment corresponding to each image. The average of the

results from these images is considered as the actual

piston error of the corresponding voltage state [ p1 in

Eq. (15)]. Thus, the variations in piston error [∆p1 in

Eq. (16)] can be obtained by subtracting the “p1” of

the V0 state from the one of the V0+∆v state. Finally,

the results of ∆p1 and 2∆pm, along with their relative

differences and absolute differences, which represent

the residual detecting errors, are presented to demon-

strate the efficacy of this method.

preliminary debugging 

initial voltage state: V0

new voltage state : 

V0+Dv

introduced piston below λ 

test Dpm with SMDS for  

various Dv 

capture images of “Isi”

yes

no

alter Dv 

calibration process

setup process

voltage state back to V0

calculate the real time

piston error for V0 state

capture images of “I” 

for V0 state

voltage state to “V0+Dv”

(Dv has been calibrated by SMDS)

piston error for V0+Dv state

compare Dp1 with 2Dpm &

get residual detecting error

capture images of “I” 

for V0+Dv state

detection process

calculate the real time

Fig. 6. (colour online) Flowchart of the experiment.

3.3.Results and discussion

The ACDT is installed on a vibration-isolated air

base (Fig. 7).

1 2

3

4

5

6

Fig. 7. (colour online) An image of the ACDT: 1 SM, 2

DM, 3 BSM, 4 lens 3, 5 SMDS, and 6 CCD.

According to the flowchart in Fig. 6, the exper-

iment is conducted on the ACDT. In the calibration

process, several different values of “∆v” are recorded,

while their corresponding results of ∆pm are less than

0.5λ. Then they are used in the detection process to

compare the results of ∆p1 and 2∆pm based on the

flowchart of Fig. 6. A group of photos of the FFI

system for different voltage states are shown in Fig. 8.

According to the principle presented in Section 2

and the flowchart of Fig. 6, the piston error is solved

using the Dp function based on the recorded FFIs of

the system and the reference sub-aperture. To lower

the influence of the noise, average backgrounds are

subtracted from each recorded image. The results of

∆p1 and 2∆pm are shown in Fig. 9, with the rela-

tive differences indicated in Fig. 10, from which the

residual detecting errors can be calculated.
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Fig. 8. Photos of the FFI system for voltage states of (a) “V0+∆v1”, (b) “V0+∆v2”, (c) “V0+∆v3”, (d) “V0+∆v4”,

(e) “V0 +∆v5”, (f) “V0 +∆v6”.
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D
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/
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(0.193,0.1893)

(0.216,0.2106)

Fig. 9. (colour online) The results of ∆p1 and 2∆pm.
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Fig. 10. (colour online) The relative differences between

∆p1 and 2∆pm.

In Fig. 9, we can see that with the voltage state

varying from “V0 + ∆v1” to “V0 + ∆v6”, the corre-

sponding piston error (introduced and calibrated by

SMDS) increases gradually, which is in accordance

with the change in far-field distribution shown in

Fig. 8.

Most importantly, it is shown that the mea-

surements using this method are generally consistent

with the results of SMDS. The relative difference be-

tween the detection results (∆p1) and the references

(2∆pm) are all below 4%, and sometimes even less

than 2%. Moreover, the residual detecting errors cal-

culated from these results show that for different pis-

ton errors, the residual detection errors of this method

are within 0.01λ (about 0.0063 µm).

Meanwhile, it can be seen that the consistencies

between ∆p1 and 2∆pm change for different values of

∆v (Fig. 10). This phenomenon is probably attributed

to two factors. The first comes from the hysteretic re-

sponse of the PZT actuators of the DM, where a num-

ber of images need to be captured and recorded in the

detection process. Thus, the time it spends in the

detection process for a certain voltage state is slightly

longer than that needed in the ∆pm testing procedure.

Therefore, the detection process is more vulnerable to

the hysteric response of the PZT actuators, indicating

that for different values of ∆v, the influences of differ-

ent levels of such a response are more evident in the

results of ∆p1. The other factor comes from the ef-

fects of different kinds of noise. After subtracting the

background for each image captured during the detec-

tion procedure, the experiment still confronts different

kinds of noise such as the dark-current and the pho-

ton noises from the CCD. Therefore, different levels

of noise for different values of ∆v may contribute to
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this phenomenon. But from the final results we can

see that this phenomenon does not evidently influence

the detection accuracy.

According to the above analyses, it is obvious

that this new method has some different characteris-

tics compared with the other methods, as listed below.

Firstly, unlike the other methods, this co-phasing

detection method takes a different point of view to

detecting the piston error. In its algorithm, the simi-

larity embodied between the far-field intensities of the

system and the referenced sub-aperture is utilized to

solve the piston error, which is new and different from

the common methods.[17−20] To the best of our knowl-

edge, this algorithm has not been proposed elsewhere.

Secondly, the experimental results show that the

detection accuracy of this new method is slightly bet-

ter than that of some of the recent results obtained by

other researchers,[17−20] although some of these are for

a different kind of system. This is important because

it indicates that this method is capable of conducting

co-phasing detection with a high-enough accuracy.

4. Conclusion

A new way to detect the piston error is intro-

duced, and the theory of this method is explained in

this paper. An optical system is built in the labora-

tory to analyse the characteristics of this method, and

the corresponding results demonstrate its feasibility.

This method is different from other far-field interfer-

ometry methods in that it is based on a new aspect of

the far-field features of the SOSA system, and is also

able to achieve high-enough accuracy. It is likely to be

a promising choice for relevant applications of sparse

optical synthetic aperture systems.
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