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We propose a catalysis-select migration driven evolution model of two-species (A- and B-species) aggregates, where

one unit of species A migrates to species B under the catalysts of species C, while under the catalysts of species D

the reaction will become one unit of species B migrating to species A. Meanwhile the catalyst aggregates of species

C perform self-coagulation, as do the species D aggregates. We study this catalysis-select migration driven kinetic

aggregation phenomena using the generalized Smoluchowski rate equation approach with C species catalysis-select

migration rate kernel K(k;i,5) = Kkij and D species catalysis-select migration rate kernel J(k;i,j) = Jkij. The

kinetic evolution behaviour is found to be dominated by the competition between the catalysis-select immigration and

emigration, in which the competition is between JDg and KCy (Do and Cp are the initial numbers of the monomers

of species D and C, respectively). When JDo — KCy > 0, the aggregate size distribution of species A satisfies the

conventional scaling form and that of species B satisfies a modified scaling form. And in the case of JDg — KCp < 0,

species A and B exchange their aggregate size distributions as in the above JDg — KCp > 0 case.

Keywords: catalysis-select migration, kinetic evolution behavior, rate equation, scaling law
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1. Introduction

The phenomenon of aggregation growth is very
ubiquitous in a wide range of fields, such as physics,
A multi-
tude of growth phenomena in physical processes are

chemistry, biology, and demography.
driven by the exchange of particles (or units) be-
tween clusters: the droplet growth via evaporation
and then condensation,!) island growth in deposi-
tion processes,l?! phase ordering,[®* exchange pro-
cesses have been used to model social and econom-
ical systems including the segregation of heteroge-
neous population,®=8 the distribution of wealth in
a society,?! the growth of urban populations,!*% and
so on. Aggregation is central to natural science not
only for its abundant kinetic evolutional behavior aris-
ing from its complex mechanisms but it can also pro-
vide predictions concerning the evolution of aggre-
gate system. The most original and popular studied
mechanism is the pure cluster and cluster aggrega-
tion process,'’=151 and research has been extended
steadily to aggregation phenomena with much more
complex mechanisms.[16-18]

The kinetic evolutionary behavior of aggregates
are of theoretical and practical significance for the
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understanding of the exchange migration phenom-
ena by some complex mechanisms. In exchange ag-
gregation processes, clusters are composed of atoms
(monomers). Monomers detach from one cluster and
reattach to another cluster (from one community to
anther community) within a timescale. In the last few
years, the exchange migration between clusters of two
different species has been studied. The system con-
sists of an ensemble of clusters, and clusters evolve
via a transfer of a single monomer from one cluster
to another.['9=21] In these models, irreversible growth
of aggregates takes place through biased migration or
unbiased exchange mechanisms. The biased migra-
tion mechanism can be described by an irreversible
reaction scheme, Ay + A; M Ag-1+ A1, where
Aj denotes an aggregate characterized only by its size
k, and the migration rate kernel K (k, 1) represents the
rate of a monomer migrating from an aggregate of size
k to another aggregate of size [. In an unbiased ex-
change model, an aggregate is equally likely to gain or
lose a monomer. Recently, much attention has been
devoted to generalized aggregation phenomena in so-
ciology and economy. Ke and Lin investigated the ki-
netics of the general unbiased migration-driven aggre-
gation system,!?2! a variety of catalysis-driven aggre-
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23,24 and Lin and Ke further gen-

gation mechanisms,
eralized the research to the exchange migration-driven
aggregations with births and deaths to mimic the evo-
lution of city populations and individual wealth.?®!
Ben-Naim and Krapivsky made a general research on
exchange-driven growth with the product and the gen-
eralized homogeneous rate kernel.?S! Lin and Wang
investigated the competition between the catalyzed
birth and death in the three species exchange-driven

(27) The results show that evolutionary behav-

growth.
ior of the aggregate size distribution is drastically dif-
ferent from that for the corresponding system in nor-
mal space.

Consider a real system in nature and soci-
ety, apart from the catalyzed birth process as in
population-asset aggregation[®®! or competition-driven
individual’s fitness advancement,!?! there may be cat-
alyzed death processes which will play important roles
in the aggregation growth of systems containing more
than one species. Even more, in some special cases,
mutually catalyzed death of two aggregates of differ-
ent species will play important roles. Such as, in the
commercial circle, there exists unavoidable competi-
tion between two corporations with different manu-
facture levels in the same industry catalogue. Based
as much as possible on the profit they may obtain,
both sides of the competition will take some mea-
sures to achieve their aims. Thus, the competition
will become more and more drastic, and as a re-
sult, one of the two corporations will collapse. We
can describe this phenomenon simply, referring to the
two corporations as A and B. Let A; and By re-
spectively represent the aggregates of concentration
in the two corporations of A and B. Aiming at a
broad and general applicability of the model and re-
sults, it can be described by the exchange migration

. . K (k)
species reaction scheme: Ag+ B, M Agt11+ Bi-1,

and By + A4, M Byy1 + Aj—1, with reaction rates
K (k,l), Ko(k,1). But, now there are some new phe-
nomena in our life. For example, we present an in-
teracting many-agent asset migration model with dif-
ferent companies that can be quantitatively analyzed
using statistical physics tools. In this model, the in-
teraction between the two agents results in a redistri-
bution of their assets. We regard an asset as any eco-
nomic attribute: cash, goods, or other materials, that
contributes to overall individual wealth. The asset
exchange migration with different firms or the same
company in different departments is driven by the
same benefits. In view of this, we consider the model
that two different companies or two departments in

the same firm cannot migrate directly. If they can
migrate, they must need some extra elements to af-
fect (drive), such as wealth migration in the different
firms with different benefits driven. The different ele-
ments turn into different results for the firm to select.
Here, for the convenience of solving the society phe-
nomenon, we use A species and B species to denote
the two companies or two departments. They can be
migration under the two different catalysts, which we
use C' and D species to denote the two different cata-
lysts, respectively.

More and more rate equations(°~32 have been
studied. In this paper, we approach Smoluchowski’s
rate equations to study the behavior of the catalysis-
select migration driven evolution model. The present
investigation is based on the mean-field theory, which
can be applied to the case where spatial dimension
of the system is greater than a critical dimension or
equal to a critical dimension d.. Thus, the fluctua-
tions in densities of the reactants are ignored and the
aggregates are considered to be homogeneously dis-
tributed in the space throughout the process. Here
we assume that the spatial dimension of this two-
interacting species system is greater than the corre-
sponding critical dimension and therefore, the mean-
filed assumption is valid.

The rest of this paper is organized as follows. In
Section 2, we introduce a model of the kinetic com-
peting behavior of the two species of catalysis-select
migration driven evolution studied by the generalized
Smoluchowski’s rate equation approach. In Section 3,
we analyze the kinetic behavior of species A and B
by the competition between the catalysis-select immi-
gration and emigration, which inlaid the competition
between JDy and KCy. At last, a brief summary is
given in Section 4.

2. A model of kinetic evolution
behavior of catalysis-select mi-

grations

In this more complex migration-driven evolution
system, there are aggregates of two different species,
which are denoted as species A and B. The mi-
grations happen between two aggregates of different
species, and the migration direction is dominated by
a catalyst-selection. Under the catalysis of an aggre-
gate of species C', one unit of an aggregate of species
A migrates to an aggregate of species B with the cata-
lyst aggregate remaining unchanged, while under the
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catalysis of an aggregate of species D the catalysis—
migration reaction will become one unit of an aggre-
gate of species B migrating to an aggregate of species
A and the catalyst aggregate also remains unchanged.
Meanwhile the catalyst aggregates of species C' per-
form self-coagulations, and so do the species D aggre-
gates. Denoting Ay, By, Ck, and Dy, as the aggregates
of size k of species A, B, C, and D, respectively. The
above catalysis-select migrations between aggregates
of species A and B can be described as A; + B; +
Ch M Ai_1+ Bj;+1+C); with reaction rate kernel
K(i,j;k) and A; + B; + D, 2P A+ B, + Dy,
with rate kernel J(i,j;k), respectively. In particu-
lar, if one unit migrates out from an aggregate of size
k =1, the aggregate will become an empty aggregate
and disappears, which gives rise to a reduction in the
The re-
action schemes of the self-coagulations of the catalyst

aggregates of species C and D are C;+C); M) Citj

and D; + D; MDZH respectively, where I (1, 7)

total number of aggregates of this species.

and I(i,j) are the self-coagulation rate kernels of
species C' and D.

The main way to study the kinetic aggregation
evolution behaviour of such systems is to investigate
the kinetic aggregation evolution behaviour of the con-
centration of the aggregate. Based on the mean-
field assumption, we can investigate the evolution be-
haviour of the aggregate concentrations by means of
the generalized Smoluchowski rate equation approach.
The concentration (here it is the total number) of ag-
gregates Ay is denoted as ag(t), and so bg(t), cx(t),
and di(t) for the aggregates of By, Ck, and Dy, re-
spectively.

In general, the rate kernels of catalysis-select mi-
grations are dependent on both the reactant aggre-
gate’s size and the catalyst aggregate’s size, and so
Here for the
convenience of solving the rate equations and to per-

do for the self-coagulation rate kernels.

form a basic investigation on the evolution, we focus
on typical catalysis-select migration kernels such as
K(i,j;k) = Kijk and J(i,j; k) = Jijk, which are
proportional to the sizes of all the reactant aggregates
and K and J are two constants. The self-coagulation
rate kernels are simply considered as I (4, j) = I; and
I5(i,j) = Iz, which are both constants.

We generalize the rate equations for the catalysis-
select migration processes in the mean-field frame on
the assumption that for any reaction it proceeds at a
rate proportional to the reactant concentrations and
write the corresponding rate equations for our system

as follows:

ddatk = K(k+ 1)ag+1 lz;jb Zlcl
—Kkakab Zlcl
=1
k—1)ag_ 1231) Zldl
=1
—Jkaijb Zul, (1)
=1
db
d—:: kE—1)b_ 1;;3@]2101
— Kkby, Z ja, Z ley
=1
J(k 4+ 1)bg41 Z]ay Zldl
=1
— Jkby, Z ja; Z ld;, (2)
=1

dck
E = 7]1 Z Clc] IIZC]CC_W (3)

1+] k

dd
- = 212 ;kdd —IQded (4)
i+J

These equations describe a different catalysis-select
migration system, without any spatial correlations,
as infinite dimensional lattice systems or complete
graphs. In the following, equations (1)—(4) are dis-
cussed, and from their properties, we gain intuition
on the effects of stochasticity.

Several methods have been developed to solve the
rate equations in different competing exchange or mi-

gration processes. In this paper, we employ the special

ansatz
ap(t) = A@B)[a()]*", br(t) = B[],
ce(t) = CO[e®]*",  di(t) = D@)[d()]*" ()

to solve the rate equations to study the evolution be-
havior under the monodisperse initial conditions:

ar(0) = Aodk1, br(0) = By,
cx(0) = Codr1, di(0) = Dodg1, (6)

where Ay, By, Cp, and Dy are initial concentrations
of species A, B, C, and D, respectively. The special
ansatz was first used by Krapivsky in the aggregation—
annihilation process3334 and the applicability of the
ansatz was analyzed completely in Ref. [27]. Here we
find that our current rate Eqgs. (1)—(4) can be solved
with the help of the ansatz.
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The catalyst aggregates of species C' and D per-
form only the same irreversible aggregation processes,
so their evolutionary kinetic behaviours are the same
and are relatively simple. The kinetics of the simple
irreversible aggregation process has been studied in
the former work under the monodisperse initial con-
dition Ck(O) = Codr1, dk(O) = Dodp1.
solution to the aggregate size distribution of species

C sl
2 k—1
24+ I1Cot> - (M)

The accurate

Ck(t) = 400(2 + Ilcot)72 (1 -
It satisfies the conventional scaling law in the longtime
limit /3]

k
Sc(t)’

x) is the scaling function and

cr(t) 2 ACT 722 P(x), =

(8)

where @&(x) = exp(—
So(t) =

gates of species C, which plays a role similar to the

I,Cot/2 is the characteristic size of aggre-
correlation length in critical phenomenon. Moreover,

the total number and the total mass of C' aggregates
are derived respectively as

=3t
= Z kex(t) = Co. (9)
k=1

The total number decays linearly with time as ¢!,

=2Co(2+ ,Cot) ™! ~ 2If1t_1,

and the total mass is conserved.

Species D has a similar kinetic evolution behav-
ior, and the total number and the total mass of D
aggregates are

Z di(t
= Z kdy(t) = Dy. (10)
k=1

Under the ansatz (5), the infinite set of rate equa-
tions for ax(t) (k =1,2,..
nary differential equations for a(t) and A(t) as

=2Dy(2 4+ LDot) "t ~ 21,71,

.) are reduced to two ordi-

d
di; = —Ka(l —a)MPME + J(1 - a)MEMP, (11)
da _ ByC By C
T = 2K AMP MY — KAMPM;

— JAMPMP, (12)

where the moments M;! and M are the total masses
of aggregates of species A and B, respectively. The

infinite set of rate equations for by (t) (kK = 1,2,...)
are also reduced to two ordinary differential equations
for b(t) and B(t) as

db
o = b - DMPMP + K(1-0)M{ME, (13)
dB
= = 2JBbM{ M — JBM{ M
— KBM{MC. (14)

On the ansatz (5), the monodisperse initial con-
ditions (6) for aj and by, are transformed correspond-
ingly into

a=b=0, A=A, B=DB, att=0. (15)

By the ansatz (5), the first two moments of the
aggregate size distribution ag(¢), i.e., the total num-
ber and the total mass of aggregates of species A, can
be expressed as

k=1 k=1
- 1f(;zt) (16)
> kay, ()Y kla(t))*!
k=1
_ AR
pEroE an

And the first two moments of the aggregate size dis-
tributions by (t) can also be expressed in the similar

forms,
MP(t) = b(t)=B(t)> b))
k=1 k=1
_ B
1 =0(t)’ (18)
MP(t) = kbi(t) = B(t) Y k[b(t)]" !
k=1 k=1
B(t)
= T bOP (19)

From Egs. (16), (17) and Egs. (18), (19), we derive
M@ /M{ =1—a and ME/MP =1 — b, respectively.
On the above expression for the total aggregate
numbers and the total aggregate masses of species
A and B, we can derive the evolutionary differential
equations for these moments from the rate equations

(1) and (2),

dinMg 1 da  1d4
dt  1—adt Adt
MA
= —KM—%MlBMﬁ (20)

1

068201-4



Chin. Phys. B

Vol. 21, No. 6 (2012) 068201

dln M 2 da  1dA
dt  1—adt Adt

= (JMP — KM7)MP, (21)
dinMF 1 db  1dB
dt ~ 1-bdt B dt

MB

= —JM—?BM{‘M{D, (22)
dinME 2 @+lﬁ
dt  1—-bdt B dt

= —(JMP - KMP)M;. (23)

Correspondingly, the initial conditions for these mo-
ments are Mg'(0) = M{*(0) = Ay, ME(0) = MP(0) =
By.

Using the conservation results M{ (t) = Cjy and
MP (t) = Dy, equations (20)—(23) can further be writ-
ten into

dIn Mg ME 4

S00 KRGy L M, 24
dt OMlA 0> ( )
In M7

din Vi I:it L = (JDy — KCo) M, (25)

d1n MP MA -

00 - gDy, 2
dt J Oleg 0> ( 6)

dIn ME

% = —(JDy — KCo)MA.  (27)

From Egs. (25) and (27), we find that the to-
tal mass of the system is conserved, Mi* + MP =
M{(0) + MP(0) = Ag + By. This is a natural result
because the catalysis-select migrations give rise to the
exchange of mass between species A and B, which
does not change the total mass of the system. Using
this solution, equation (25) can be further rewritten
into

dIn M

1 = (JDo— KCo)(Ag + By — M.

(28)

A()(JDO — KCO)(AO + Bo)

The total mass of species A can be obtained from the
exact solution of the above equation

— Ao + Bo
" 1+ (By/Ag) e~ (TDo—KCo)(Ao+Bo)t*

M{(t) (29)

And the total mass of species B can be obtained

Ao + By

By _
My () = 1+ (Ag/By) e(JPo—KCo)(Ao+Bo)t’

(30)

From these solutions we can find that the com-
petition between the catalysis-select immigration and
emigration laid in the competition between JDy and
KCy. If JDy — KCy > 0, the net result of the
catalysis-select migrations is some units of species B
becoming units of species A, and the total mass of A
grows while the total mass of B declines. On contrast,
If JDy — KCy < 0, the net result of the catalysis-
select migrations is some units of species A becoming
units of species B. Meanwhile, in the marginal case of
JDgy — KCy = 0, there are no net units transforming
between species A and B.

The self-coagulations of the catalysis aggregates
of species C and D play no role in kinetic evolu-
tion of species A and B. In fact, this comes from
the catalysis-select migration rate kernels K (i, j; k) =
Kijk and J(i,5;k) = Jijk, which are proportional
to the size of the catalyst aggregates. From the rate
equations (1) and (2), it is apparent that if the rate
kernels K (i, j; k) and J (i, j; k) are not proportional to
the size of the catalyst aggregates, the self-coagulation
of the catalysis aggregate of species C' and D will play
a role on the kinetic evolution of species A and B.

Now we investigate the evolution behavior of the
total aggregate number Mé“ and MP. Inserting the
solutions of M{* and M¥ into Egs. (24) and (26), we
derive the solutions for Mg' and ME as follows:

Mg (t) = 31
0O = 7Dy ZKCo) (Ao + By) + KCoBo[l — o~ D—KC (At 5oy (31)
Bo(JDy — KCy)(A B
ME(t) = (/Do 0)(Ao + Bo) . (32)
(JD() — KCO)(AQ + Bo) + JDvo[e(JDU_KCU)(A0+BO)t — 1]
\
We introduce a constant m, m = (JDy — M{B(t) _ Ao + By (34)
KCy) (Ao + Bp), which reflects the competition be- 1+ (Ao/Bo)e™

tween the catalysis-select immigration and the emi- MMt) = Aom —, (35)

gration of species A. Equations (29)-(32) can then be m+ KCOBBO(l —e™m)
written simply as ME(t) = o (36)

Ao + By
1 + (Bo/A()) e*mt’

MiA(t) = (33)

m+ JDgAp(e™ — 1)

Using solutions of Egs. (33) and (35) with the
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total numbers and the total masses of species A ag-
gregates, we derive the solution for a(t):

ay =1 Me' _ ) (JDo—KCo)(Ao+ Bye ™)
M7 KBoCo(1— e=m) +m

(37)

With the relationship A = Mé“(l — a), we obtain the

accurate solution to the aggregate size distribution of

A species
a (t) . Aom(JDQ — KC())(A() + BO e_mt)
P T T I+ KBoCo(1 — e—m1)]2
 (JDy — KCy)(Ag + Boe ™)1
m + K BoCo(1 — e—mi)
(38)

In the same way, we obtain the kinetic behavior of
the aggregate size distribution of B species as follows:

- Bom(JDO — KCO)(B() =+ Ao emt)

br(t
(t) [m + JDoAg(e™ — 1)]2
_ (JD() — KCQ)(BO —|— Ao e’”t) k=1
m + JDng(emt — 1)
(39)

In the next section, in order to thoroughly inves-
tigate the kinetic behavior of the system on the ag-
gregate size distribution of species A and B, we solve
Egs. (38) and (39) in different cases.

3. Kinetic evolutionary behavior

of catalysis-select migrations

3.1.Case of JDg > KC,

In this case, m = (J Do — KCy)(Ag+ Bop) > 0, for
species A the catalysis-select immigration dominates
the evolution and the catalysis-select emigration dom-
inates the evolution of species B.

In the scaling region of k > 1 and ¢ > 1, the
aggregate size distribution of species A becomes

k
t) ~ AgBy 2Cy 2 K22 ——]. 4
ar(t) 0By "Cq exp K BoCot (40)
It approaches the conventional scaling form:
ap(t) =2 Ct7Plk/Sa(t)], Sa(t) ot (41)

with the scaling function @(x) = exp(—z) and the
scaling parameters are w = 2 and z = 1. Here C is
a constant, C = A¢B;2Cy?K~2. The characteristic
aggregate size of A species is

SA<t) = K ByCyt, (42)

which grows with time as S4(t) o t.
And in the scaling region of k > 1 and ¢t > 1, the
aggregate size distribution of species B becomes

k
~ —27n—2 7-2 —mt _
bi(t) ~ BoAy“Dy~J “e exp( TAD, emt> .
(43)
It obeys a generalized scaling form
bi(t) = C[S(1)] "' Plk/Sp (1), (44)

with the scaling function &(z) = exp(—=z), the con-
stant C' = ByAy'Dy'J ™!, and the characteristic ag-
gregate size is

Sp(t) = JAgDge™, (45)

which grows exponentially.

3.2.Case of JDy < KCj

In this case, m = (JDy — KCy)(Ap + By) < 0,
for species A the catalysis-select emigration domi-
nates the evolution and the catalysis-select immigra-
tion dominates the evolution of species B.

In the scaling region of k£ > 1 and ¢t > 1, the
aggregate size distribution of species A becomes

k
~ —2=27-—2 mt
ag(t) ~ AgBy “Cy “K ™= e™ exp <_KBOC’0e—mt> .

(46)
It approaches the generalized scaling form:

ax(t) = C[Sa(t)] "' @[k/Sa()], (47)

with the scaling function @(x) = exp(—=x), the con-
stant C' = AgBy 'Cy ' K1, and the characteristic ag-
gregate size is

SA(t) = KBOC(J e_mt. (48)

In the same way, we obtain the accurate solution
to the aggregate size distribution of B species, with
the scaling region of k > 1 and ¢ > 1, its bg(t) be-
comes:

bi(t) ~ BoAg 2Dy J %t 2 exp ( (49)

B JAODOt) '

It approaches the conventional scaling form:

bi(t) ~ Ct=d[k/Sp(t)], Sp(t)<ct*  (50)

with the scaling function @(z) = exp(—=z) and the
scaling parameters are w = 2 and z = 1. Here C' is
a constant, C' = ByAy2Dy2J 2. And Sp(t) denotes
the characteristic aggregate size of B species, which
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plays a role analogous to the correlation length in or-
dinary critical phenomena. Here it is

Sp(t) = JAeDyt, (51)
which changes with time as Sp(t) o t and changes
much slower than S4(t).

3.3.Case of JDy = KC,

In this case, the characteristic aggregate size of A
and B species is a constant. There are no net units
transforming between species A and B.

4. Summary

In summary, we have introduced the kinetic
behavior of the catalysis-select migration evolution
model of two-species (A and B species) aggregates
under two-catalysts (C' and D clusters) in social and
economic systems. In this model, A and B species
aggregates perform to compete with each other and
with the catalyst, while the catalyst aggregates of the
species C' and D perform self-coagulation processes
with the self-coagulation rate kernel. By means of
the generalized Smoluchowski rate equation approach
based on the mean-field assumption, we studied the ki-
netic behavior of the system with the catalysis-select
migrations rate kernel and investigated the evolution
behavior of the two species aggregates to study the
competition scheme under the different catalysts and
the reaction rate coefficients. We found that the com-
petition between the catalysis-select immigration and
emigration inlaid the competition between JDy and
KCy. When JDy — KCy > 0, the characteristic ag-
gregate size of A species changes slower than the char-
acteristic aggregate size of B species. It means that
the net result of the catalysis-select migration is some
units of species B becoming units of species A, and
the total mass of A grows while the total mass of
B declines. The ay(t) satisfies the conventional scal-
ing form and the by (t) satisfies the generalized scaling
form. In contrast, when JDg — KCy < 0, the charac-
teristic aggregate size of A species changes faster than
the characteristic aggregate size of B species. That
means the net result of the catalysis-select migration
is some units of species A becoming units of species
B. The ag(t) satisfies the generalized scaling form
and the by (t) satisfies the conventional scaling form.
Meanwhile, in the marginal case of JDy — KCy = 0,
there are no net units transforming between species A
and B.
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