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The nano-particle-based planar laser scattering (NPLS) technique is used to measure the density distribution in

the supersonic mixing layer of the convective Mach number 0.12, and the optical path difference (OPL), which is quite

crucial for the study of aero-optics, is obtained by post processing. Based on the high spatiotemporal resolutions of the

NPLS, the structure of the OPL is analysed using wavelet methods. The coherent structures of the OPL are extracted

using three methods, including the methods of thresholding the coefficients of the orthogonal wavelet transform and the

wavelet packet transform, and preserving a number of wavelet packet coefficients with the largest amplitudes determined

by the entropy dimension. Their performances are compared, and the method using the wavelet packet is the best.

Based on the viewpoint of multifractals, we study the OPL by the wavelet transform maxima method (WTMM), and

the result indicates that its scaling behaviour is evident.
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1. Introduction

The optical path length (OPL) or optical path dif-
ference (OPD) is the primary quantity for the study of
aero-optics.l"2l For airborne laser systems, the OPL
can be used to calculate the far-field Strehl ratio,
beam wander, beam spread, and other high order
quantities,3] which are important for measuring the
beam quality. For airborne imaging systems, the op-
tical transfer function due to the aero-optical aberra-
tions can also be calculated with the relevant OPL,
and the imaging blurring and jitter can then be esti-
mated. Another reason for the study of the OPL is to
explore the flow information carried by it. The OPL
due to the flow density can be defined as

L(xvy) :/ n/(m,y,z)dz :/ KGDp(xayaZ)dzv
z20 20
(1)

where n’ is the refractive index subtracted by 1, z
is the direction of optical propagation, Kqap is the
Gladstone—Dale constant, and p is the density of the
flow. So the OPL is related directly to the density of
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the flow, and one may expect to investigate the flow
structure from it.

Experiment is a basic tool for the study of OPL
and aero-optics. From the traditional interferomet-
ric method to the Malley probe, the small-aperture
beam technique and the high-bandwidth Hartmann
sensor, 58! various techniques have been devised to
directly measure the aberrated wave-front. Despite
great progress in many aspects, the measurement of
OPL with a high spatiotemporal resolution is still un-
available by using these methods, especially for super-
sonic flow with high spatial and temporal frequencies.
Fortunately, with the introduction of the flow field vi-
sualization technique, measurements of this kind are
becoming available. Dimotakis et al.l” obtained the
refractive index fields of shear layers and jets by the
Rayleigh scattering of a thin sheet laser by binary-
mixture components. Zubair and Catrakis!'’ mea-
sured the refractive index fields of separated shear lay-
ers by laser-induced fluorescence.

Numerical simulation is another important

method to assess the OPL of turbulent flow. Tru-
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man and Lee'Y performed the direct numerical sim-
ulation (DNS) of a turbulent shear flow, and studied
the coherent structures on the optical beam propaga-
tion. Recently Mani et al.['?! solved the high Reynolds
number flow over a circular cylinder by large eddy
simulation (LES), and the far-field optical statistics
under many configurations are obtained. In addition,
Fitzgerald and Jumper™® used the vortex method to
study the optical distortion of a nearly incompressible
mixing layer.

In recent years, our group!'*~17 has developed
the nano-particle-based planar laser scattering tech-
nique (NPLS), which has been used successfully to
measure the density field and the velocity field of the
supersonic flow around a body and the supersonic
mixing layer. Due to its high spatiotemporal reso-
lutions, the fine flow field structure and its temporal
evolution can be observed clearly. Thus, this tech-
nique can offer great convenience for the study of aero-
optics. The OPL of a supersonic mixing layer obtained
by using the NPLS technique has been studied from
the viewpoints of correlation function and structure
function. '8!

The purpose of the present paper is to analyse
the OPL by wavelets. The rest of the present paper
is organized as follows. In Section 2, we present the
relevant theory of wavelet transform (WT) and the
wavelet transform maxima method (WTMM) for mul-
tifractal analysis, which are basic tools of the present
study. In Section 3, a brief description of the experi-
mental setup is given, including the designs of the su-
personic layer wind tunnel and the NPLS system, and
the measured density distribution and the calculated
OPL are also presented. In Section 4 the problem of
extracting the coherent structures of the OPL is stud-
ied, and analysed from the viewpoint of multifractals.
Finally in Section 5 some conclusions are drawn from

the present study.

2. Theories of wavelet analysis
and the WTMM method

2.1. Wavelet analysis

Wavelet methods have been introduced to anal-
yse, model, and compute turbulent flows.['9=25] There
are two kinds of wavelet transforms: the continuous
wavelet transform (CWT) and the orthogonal wavelet
transform (OWT). We refer the reader to Refs. [26]
and [27] for the complete theory and more wavelet

applications. For the purpose of this paper, we briefly
introduce the one-dimensional (1D) wavelet analysis.

For a mother wavelet v satisfying the admissible
condition, we can generate a family of functions by
translation and dilation

Yro(z') = T_l/zw((x/ —z)/r),r>0,z € R. (2)

With Eq. (2), the CWT of a 1D signal s(x) is defined
as

s(r,x) = /s(x/)djnz(x’)dx'. (3)

The continuous values of r and z reflect the redun-
dancy of CWT coefficients. The widely used wavelet
for the CWT is the derivative of the Gaussian func-
tion, whose Fourier transform is

(k) = kP exp(—k%/2), p=2,4,.... (4)
The OWT relies on sampling v, ,, in a discrete way
wjl(x) = 2J/27/}(2jx - Z)a ]7Z S Z; (5)

and this family of functions constitute an orthogonal
basis of the space

W; = span{tj; }icz. (6)

The OWT of a signal s(x) can be expressed as the
composition of its projection on W;

J—127-1
() = 32 3 si(o). 55 = [ s(@)s(a)dz. (1)
j=0 i=0
The wavelet packet (WP) generalizes the OWT
by dividing the frequency axis uniformly. The basic
idea is splitting the vector space recursively to ob-
The WP offers great flexibility
in choosing a proper basis according to a particular

tain a binary tree.
requirement. In practice, one selects the “best” by
minimizing a concave cost function, and we use the
function @ (x) = z/? in this paper.

The computations of CWT, OWT, and WP and
the best basis selection in this paper are implemented
by using the programs in WaveLab developed by
Donoho. 28]

2.2. WTMM method

Fractal and multifractal concepts are important
tools for turbulence, and have been widely used to
study energy dissipation, velocity signal, mixing in-
terface, and other important objects.2?=31 The basic
idea is to characterize an object by the fractal dimen-
sion, or generally by a singularity spectrum.3? The
method of decomposing a singular measure into inter-
woven sets of singularity strength «, with dimension
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f(a), has turned into a useful and compact way of
describing the scaling behaviour of such a measure.
The WTMM method3=3%] is a famous and success-
ful technique for computing the spectrum (o, f(«)),
and has achieved almost the status of standard.[3!
The WTMM method consists of building a parti-
tion function from the modulus maxima of the CWT,
as
Z(gr)= Y [ sup [3(x,r)]]" ~rT@, g€ R, (8)
ter(r) @€l
where L(r) denotes the set of all the maxima lines,
and its exact definition can be found in the references
cited above. With the scaling exponent 7(q), the sin-
gularity spectrum of function s(z) an be determined
from the Legendre transform as

a(q) = 97(q)/9q, f(a) =minglga —7(g)].  (9)
Provided that the vanishing moment of the wavelet is
large enough, the correct singularity spectrum can be

laser beam 532

[

obtained. In practice the parameter ¢ cannot be an
arbitrary real value, and must be in within an appro-
priate range. Gao et al.l*”] have proposed a technique
to determine the range of ¢ by checking whether the
expressions

df(alq)/dg=q, 9°1(q)/0¢* <0  (10)
can be fulfilled. Consult Ref. [32] for more details
about Eq. (10).

3. Experiment

The experimental apparatus in this study mainly
comprises the supersonic mixing layer wind tunnel and
the NPLS system. The sketch of the apparatus is
shown in Fig. 1, and a photograph of the whole sys-
tem is shown in Fig. 2.
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Fig. 1. Sketch of the experimental setup used in the present study. The main components are the supersonic

mixing layer wind tunnel and the NPLS system. Find more detail in the text.

Fig. 2. (colour online) Photograph of the whole experi-
mental system, including the supersonic mixing layer wind
tunnel and the NPLS system.

Due to the existence of many kinds of instability
mechanisms and shock waves in the supersonic com-
pressible fluid, the design of supersonic mixing layer
wind tunnel is very difficult. In recent years, Yi et
al.™ and Zhao['®! have successfully designed super-
sonic mixing layer wind tunnels, in which the shock
wave can be excluded, and the whole evolution pro-
cess of the mixing layer from initial instability to a
developed vortex can be observed. This wind tunnel
is composed mainly of a stabilizing section, a dou-
ble nozzle, a test section, and other auxiliary equip-
ment (including a butterfly valve, a total pressure ad-

juster, vacuum facility, etc.). The inflow is air pro-
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cessed by using a desiccator, a dust catcher, and an
air conditioner. The total pressure can be adjusted
to realize pressure matching between the two streams.
The double-nozzle contour is designed by using the B-
spline curve method, which can provide uniform and
low noise flow. Also, correction due to the boundary
layer is necessary for the design of the nozzle. There
are two aspects of the correction, including the influ-
ence of the thickness of the layer on the area of the
cross section, and the interaction between the wave
and the mixing layer. In practice, once the first aspect
is corrected properly, the second can be restrained to
some extent. The maximum runtime of this wind tun-
nel is about two minutes, and three convective Mach

numbers (M.) can be achieved as
M. = (Ug — Ul)/(al + ag) =0.12,0.24, 0.50,

where a; and U; (i = 1,2) are the sound velocity and
the mean speed of the two streams. For lower M,
the mixing layer can be considered approximately as
a two-dimensional (2D) flow field. The case studied in
this paper is of M, = 0.12, and the relevant calibration

parameters are shown in Table 1.

Table 1. Calibration parameters of the supersonic
mixing layer wind tunnel with M. = 0.12.

Property Stream 1 Stream 2
Ma 2.884 3.649
P/Pa 1077.1 1077.1
p/(kg/m?) 0.033 0.046
U/(m/s) 619.3 668.1

Another crucial component of the experiment is
the NPLS system. The setup is composed of a tracer
generation system, a light source system, a record-
ing system, a synchronization system and a post-
processing system. TiOg particles with diameters at
nanometer scale (18 nm) are selected as tracers in the
NPLS system, and an experiment where shock waves
are passed through it indicates that TiOs particles can
follow the supersonic flow faithfully. The tracer parti-
cles are assumed to be spherical, and their scattering
character is related to scattering angle, incident laser
wavelength, diameter, etc., which can be expressed
by using the Rayleigh scattering theory. When the
scattering angle is 90° and the polarization direction
is perpendicular to the scattering plane, flow images

with high signal noise ratio can be captured by CCD.

The light source is a dual-cavity Nd:Yag laser (wave-
length 532 nm, pulse width 6 ns, energy per pulse
350 mJ). A very thin laser sheet is generated by the
sheet optics system, and then illuminates the flow re-
gion of interest. The recording system is an interline
transfer CCD whose resolution is 2048 x 2048 and the
shortest time interval of double-exposure can reach
0.2 us by using the inter- frame technique. The syn-
chronizer can adjust the laser emission and CCD expo-
sure to make sure that the two laser pulses are exactly
captured by the double exposures, respectively. How
to mix the tracers into air uniformly and how to pre-
vent the nanoparticles from aggregating into clusters
of larger size are the two primary problems associated
with the NPLS technique. We address the first issue
by keeping constant pressure for the tracer generator
and offering a stabilizing section with enough length
for a wind tunnel, and address the second issue by flu-
idizing the tracers with a supersonic nozzle and using
a cyclone separating device. According to the particle
dynamics in multiphase fluid, we have measured the
diameter of tracer particles in the NPLS system by us-
ing an oblique shock wave experiment.['®) The results
give a diameter of about 40 nm, which indicates that
the aggregating effect is surmounted effectively.

Figure 3 shows two time-correlated NPLS images
obtained by this experimental apparatus. The expo-
sure time is 5 ns, and the time interval between the
two exposures is 5 ps. The size of the two images is
216 x 1500, and the width of the images is 240 mm, so
the spatial resolution is 6 = 0.16 mm. From these im-
ages, one can observe the coherent structures clearly,
and the temporal evolution can also be checked. Be-
cause the optical intensity along the streamwise di-
rection is not uniform, image correction is necessary.
This can be performed on the reasonable assumption
that the density along the upper or lower part is uni-
form. For example, we can select a narrow region with
a size of 8 x 1500 at the top part of the image, and
divide it into small segments each with a size of 8 x 10.
Taking the averaged pixel value of each segment as the
measurement of optical intensity in this small region,
we can correct it easily. With the corrected image and
the calibration parameters in Table 1, we can calcu-
late the density distribution easily, and then the OPL
based on Eq. (1), which is shown in Fig. 3 under each
NPLS image.
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Fig. 3. T'wo time-correlated NPLS images and their OPLs
of a supersonic mixing layer with M. = 0.12 with the ex-
posure time being 5 ns, and the time interval between the
two exposures being 5 ps.

4. Structure of the OPL

One can find from the NPLS images in Fig. 3 that
large-scale vortices dominate the flow, so we expect
that there is relevant coherent structure for the OPL.
The extraction of large-scale structures or coherent
structures is a very important problem for turbulence
research. There is not yet a universal definition for the
coherent structures observed in turbulent flow. Here
we adopt the idea in Refs. [21]-[24], i.e., turbulent flow
is a superposition of coherent structures which is not
Gaussian and has a random background that can be
modeled by using Gaussian statistics. So the coherent
structures can be obtained by subtracting a Gaussian
background from the flow. Their method of extracting
the coherent structures relies on thresholding the co-
efficients of the OW'T, which is similar to the wavelet
de-noising in signal processing. The estimation of a
proper threshold is crucial for its application. Azzalini
et al.13® presented a recursive algorithm to determine
the threshold, which is well suited for signals with a
Gaussian background.

We use this method to analyse the OPL in Fig. 3,
but the results (given in below) indicate that this
When thresholding

WP coefficients calculated with the best basis, we can

method does not perform well.

obtain quite good results. Now we describe this tech-
nique in detail.

Step 1 Select the best basis according to the
cost function &(z) = z'/2, and compute the WP co-

efficients in this basis. Then estimate the variance

initially as
o® = (1/N) Y (L(z:))® (11)

and the threshold as ¢ = v2021In N, where N is the
length of the OPL.
Step 2 Threshold the WP coefficients as

~ f/ji, if |i/]1| S g,
-

12
0, else, (12)

and count the number of the coefficients less than this
threshold N°©.

Step 3 Perform the inverse WP with the coef-
ficients in Eq. (12) and the best basis to obtain L°.
Then compute a new estimate for the variance as

o® = (1/N) ) (L7 (x:))*. (13)
Return to Step 2 with this variance, and repeat the
loop until the number N¢ does not vary.

Step 4 Obtain the large-scale structure by
L¢ =L —1I°.

In addition to the methods based on OWT and
WP, we also attempt Ruppert-Felsot et al.’s ideal?]
by selecting N, WP coefficients with the largest ampli-
tude, where N, is the entropy dimension (ED) defined

as

Ne(L) = exp(H(L)), H(L) = — Zl pilnp;, (14)

where
(T2 2 2 _ 2
pi = [Li*/IILIP (LI =D Lt (15)

For the convenience of description, we refer to these
three methods as OWT, WP, and ED to avoid confu-
sion.

Now we use these techniques to extract the coher-
ent structures of the OPL in Fig. 3(b).
length of the analysed signal should be a power of 2,
we choose the right part of the OPL with length 1024.

The large scale structures obtained by using these

Because the

three methods are shown in Fig. 4, and the statistics of
the background are listed in Table 2. The used wavelet
is Battleb and the depth of the dyadic tree is 8. It can
be found from Fig. 4 that the coherent structures ob-
tained by OWT and WP are almost indistinguishable
from the original OPL, but that the ED method only
gives a basic profile. This can be explained by the
compression ratio in Table 2. The number of retained
coefficients is too small for the ED method, and much

information has been lost. The other two methods can
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reconstruct great details with quite a small number of
coeflicients, especially the WP method. Furthermore,
the flatness and the skewness of the background ob-
tained by the WP method deviate from 3 and 0 (too
little), respectively, and the moments of the odd or-
ders are negligible. So the background obtained in
this way is closer to Gaussian distribution than the
other two, thus it is more consistent with the statisti-
cal conjecture about the incoherent part. Our results
indicate that the original OPL can be reconstructed
with quite a few WP coeflicients, thus OPL research
can be converted into WP coefficient research. The
functions in the wavelet basis relevant to WP coeffi-
cients with large amplitude can be considered as the
coherent structures of OPL, which is represented more

naturally in this way. Especially when the temporal

evolution is concerned, investigating the evolution of
WP coefficients with larger amplitudes is a more con-
venient way. In fact, a low-dimensional model for OPL
can be constructed with the temporal evolution of WP

coefficients with large amplitude.

In addition, it is surprising for the ED method
that the background computed by this method obeys
the Gaussian distribution quite well, despite that only
5 WP coefficients are used to represent the coherent
structures. This result indicates that Farge et al.’s
idea for extracting coherent structures is not fully
rigorous. As mentioned earlier, there is not a strict
definition for coherent structures, so their extraction
method often has to be used in combination with other

methods or some experience.
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Fig. 4.

(colour online) Coherent structures of the OPL (solid blue lines) extracted by the methods of (a) OWT,

(b) WP, and (c) ED. The original OPL (dashed red line) is also shown in each panel for comparison.

Table 2. Statistics of the background of OPL obtained by the three methods.

Method Compression ratio Flatness Skewness Ms Ms M~
OWT 1024/265 4.0 0.08 —-6.8x 1078 7.7x 107! 1.5 x 10713
WP 1024/80 3.2 0.09 —24x1077 —4.6x10710 —7.6x 10713
ED 1024/5 3.1 0.25 —7.8x107% —36x1076 —1.2x107"

064701-6



Chin. Phys. B Vol. 21, No. 6 (2012) 064701

From the NPLS images in Fig. 3, we can find small
vortices included by large ones, and this phenomenon
is more evident for downstream flows. So we spec-
ulate the existence of self-similar structures, and the
concepts of fractal and multifractals may be applica-
ble, although the flow under study is not strictly fully
developed. To confirm this speculation, we perform
multifractal analysis of the OPL in Fig. 3(b) (right
part with length 1024) by using the WTMM method.
Our results indicate very obvious scaling behaviour
over quite a large range of scale, and the scaling expo-
nent and the singularity spectrum are shown in Fig. 5.
In the computation the wavelet in Eq. (4) with p =4
is used, and the range of parameter ¢ determined by
Eq. (10) is [—2.7, 10] with interval Aq = 1/10. The
« corresponding to the peak of the spectrum is about
0.3, and f(1) is about 0.3. Also, there is a small part
of the spectrum line with negative o. These results

indicate quantitatively that the OPL is rather irregu-

5. Conclusion

In summary, in the present work, the OPL of
a supersonic mixing layer is measured by using the
NPLS technique, and its structure is analysed with
With an inter-frame CCD and a
double-cavity pulsed laser, the supersonic flow can be

the wavelet tool.

visualized with high spatiotemporal resolutions, and
its OPL is computed through proper correction of
the image. The OPL is due mainly to the coherent
structures in the flow, and we expect the existence of
relevant coherent structures in OPL. Three methods
based on wavelets are used to extract the coherent
structures of OPL, which are thresholding the coeffi-
cients of OWT and WP, and preserving a number of
WP coefficients with largest amplitudes determined
by the ED. The results, measured by the compression
ratio and the background statistics, indicate that the
WP method performs better than the OWT method.
Also, the flow images suggest the possible existence of
self-similar structures for OPL. The WTMM method

singularity spectrum.

064701-7

lar. is used to analyse OPL in this aspect, and its singu-
0 larity spectrum is computed. The results validate our
_osl (a) conjecture, and the scaling behaviour of OPL is quite
evident.
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