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We present the motion equation of the standard-beam balance oscillation system, whose beam and suspensions,

compared with the compound pendulum, are connected flexibly and vertically. The nonlinearity and the periodic solution

of the equation are discussed by the phase-plane analysis. We find that this kind of oscillation can be equivalent to a

standard-beam compound pendulum without suspensions; however, the equivalent mass centre of the standard beam is

extended. The derived periodic solution shows that the oscillation period is tightly related to the initial pivot energy

and several systemic parameters: beam length, masses of the beam, and suspensions, and the beam mass centre. A

numerical example is calculated.
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1. Introduction

Standard-beam balance oscillation is a special
kind of pendulum system.[] It consists of a standard
beam and two flexibly and vertically connected sus-
pensions. Both the beam and suspensions are al-
lowed to rotate freely around a horizontal axis. The
difference between the standard-beam balance oscil-
lation system and the compound pendulum is the
“flexible connection of the beam and suspensions”,
which means that at any point in time or pivot angle,
the forces produced due to the weight of the suspen-
sions on two ends of the beam are constantly verti-
cal. This difference would strengthen the nonlinear-
ity of the standard-beam balance oscillation system as
compared with a conventional pendulum. However, if
we assume that there is no power loss in the oscilla-
tion, the mutual conversion between potential energy
and the kinetic energy of the standard-beam balance
makes the oscillation periodic.

Researching the periodic characteristics of such
an oscillation system may lead to a series of use-
ful applications. For example, the apparatus relates
the mass to an atomic time standard with very high
accuracy.!>? We will percept the mass by the change
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of oscillation period, and it can be used for measuring
the air density,[* supervising the drift of a test mass, !
sensing, etc. The rest of this paper is organized as fol-
lows. We derive the differential motion equation of
the standard-beam balance oscillation system in Sec-
tion 2 and discuss the solution of the derived equation
with its calculated periodic characteristics in Section
3. Based on the theoretical study, a numerical exam-
ple is given in Section 4. In Section 5, we summarize
the discussion and draw a conclusion.

2. Oscillation equation

The schematic structure of the standard-beam
balance at the equilibrium position is shown in Fig. 1.
The beam and the suspensions can be rotated around
the horizontal axis at the same time, which could be
realized in physics by a hard and sharp-edged knife.
And the flexible connection could be the knife or a
free-rolling axletree. Some symbols used in this pa-
per are described here. The left and right beam beam
lengths are L; and Lo, respectively. The total mass
of the beam is M, which has a mass centre position
of G with vertical distance ¢ from the rotating axis.
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The left suspension mass is my while the right is m..
At the equilibrium position, the moment of force is
balanced, which can be expressed as

migLly = magLa, (1)

where g is the gravity acceleration. Without loss of
generality, we analyse the oscillation system at an ar-
For the-
oretical study, the pivot amplitude is assigned with

bitrary pivot angle € as shown in Fig. 2.
very large pivot scale that —7 < 6 < 7 (for a knife-
edged system, the actual pivot angle is in a range of

—m/2<60<7/2).
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As shown in Fig. 2, the restoring moment is con-
tributed by three components: the left suspension 7,
the right suspension 72, and the weight of the standard
beam 79, which can be written respectively as

71 = —mygLycosf, (2)
To = mgng COS 9, (3)
To = Mgdsin#. (4)

From the simultaneous Egs. (1)—(4), the restoring

moment 7 is obtained as

T = T1+ T2+ To
= —mygLy cos@ + mogLo cosf + Mgd sinf
= Mgdsin. (5)

From Eq. (5), it can be seen that the weight of
the left suspension mig generates a moment of resis-
tance while the weights of the balance beam Mg and
the right suspension msg produce kinetic moments. In
addition, we notice that the combination of 71 and 7
is zero, which means that synthesized suspensions will
not produce any restoring moment in the oscillation.
Using the rotational motion law, the differential equa-
tion of the standard-beam balance oscillation system
can be written as

JO + Mgdsinf =0, (6)

where J is the rotational inertia of the oscillation sys-
tem. Equation (6) shows the standard-beam balance
oscillation equation and it is similar to the compound
pendulum equation. However, the J in Eq. (6) can
not be simply considered as the rotational inertia of
the beam. Actually we should synthetically consider
both components of the standard beam and the sus-
pensions. For an easy way of calculating J, we can
identify the oscillation system with a three-particle
model: M at the beam mass centre, mq at the left end
of the beam, and ms at the right end of the beam. As
all three particles move circularly around the axis, the
J has a constant value, which can be expressed as

J = M&* +my L3 +moL3. (7)
Substituting Eq. (7) into Eq. (6), we obtain
(M2 +miL? + moL2)6 + Mgdsing =0.  (8)

Equation (8) is the final mathematical form of
the standard-beam balance oscillation system. If the
oscillation is swinging at very small amplitude (0 =
0), the standard-beam balance oscillation turns into
the simple harmonic oscillation. Compared with the
compound pendulum equation, the standard-beam
balance oscillation has an additional coefficient of
(m1L? +moL3). When using the accuracy advantage
in measuring the period, the nonlinearity caused by
the first-degree residual term (sin § —6) should be con-
sidered and controlled in designing a standard-beam
balance oscillation system.

3. Solution and discussion

Although the motion equation of a standard-
beam balance oscillation system exhibits strong non-
linearity, if there is no power loss, the oscillation will
be periodic with the mutual conversion between po-
tential energy and kinetic energy. Here we solve the
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above derived differential equation by the actual phys-
ical process.[®=8] In the oscillation, it is assumed that
0o presents the maximum pivot angle and w = d@/d¢
is the angular velocity of the balance. On the top or
at the bottom in the oscillation, the system energy Wy
is completely in the form of potential energy as

W1 = —mqygLq sin 6y 4+ mogLs sin 6y
+ Mgd(1 — cosby)
= Mgd(1 — cos ). 9)
At an arbitrary pivot angle 6 as shown in Fig. 2, poten-
tial energy Wp and kinetic energy Wk of the system
can be calculated as
Wp = —mygLysinf 4+ mogLosin 6
+ Mgd(1 — cos®)

= Mgd(1 — cosb), (10)
1 1
Wk = QM(W5)2 + iml(vfr + U%z)
1
+ imQ(ng + v%z)a (11)

where v1, and vy, are the horizontal and the vertical
velocity components of the left suspension while vy,
and vy, are those of the right. Mathematically, they
can be expressed as
O(L1 — Ly cosb)
ot
s 9(1 — cos ) 00
00 ot
= wlsind, (12)
vy — O(Lgcost — Lo)
¢ ot
_ I, d(cosd —1) 00
00 ot
= —wlysind, (13)
O(—Ly sin0)
ot
s 9(—sinf) 90
00 ot
= —wl4 cos, (14)
O(Losin )
ot
d(sin ) 00
S0 ot
= wlycosb. (15)

Vig =

Viz =

V2, =

According to the conservation of energy, we have

Wy =Wp + Wk. (].6)
By solving the simultaneous Egs. (9)—(16), we ob-
tain
de 2M g6 (cos @ — cos b
Lo 40 _ gd(cos i cos 0)2. (17)
dt M62—|—m1L1 +m2L2

Equation (17) can be used to verify the derived
differential equation in Section 2, which has been
listed in Appendix A. In the symmetrical oscillation,
the moving period T can be calculated as four times
the moving time when it pivots from 8 = 0 to 8 = 6y,
thus

4 M52+m1L2 +m2L2
N 2Mg5

X —#. (18)
0 \/0056‘ — cos by

If we make sinu = sin/sin(fy/2), the above integral
can be rewritten in the elliptic function of the first
kind as

M52 +m1L2 —|—m2L sin 90 s
T=4 F 1
\/ Mgéd SR » (19)

where F(k, ¢) is Legendre’s elliptic function of the first
kind defined as

® 1
) = / —_du. (20)
0 1—k2sin?u

The period of the elliptic function can be computed

using series

M2 + m1L% + mQL%

Mgé
2 0,
. 2n
‘ Z[Qn - ] sin <2>
M52 + m1L% + ’ITLQL%
Mgé
11 173
14 L2 03
X ( 16 302" T 737280
22031 o )
1321205760 °
From the above expressions, we know that the

T =2

0%

(21)

oscillation period is a function sensitive to the initial
pivot angle 6y, beam mass M, mass center §, beam
lengths L; and Lo, and suspensions masses m; and
mo. In addition, the standard-beam balance oscilla-
tion system has a similar periodic solution to that of
the compound pendulum, so it can be equivalent to a
standard-beam compound pendulum without suspen-
sions. However, the mass centre of the standard beam
is extended as

myL? + moL2

Mo

where ¢’ is the equivalent length of the pendulum and

§ =0+ = 4§+ AJ, (22)

Aé is the extended component.
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4. Numerical example

A numerical example is given to intuitively verify
the discussion in Section 3. The parameters are set
as follows: M = 10 kg, g = 9.8 m/s?, § = 0.01 m,
m1 = mg = 1 kg, L1 = Ly = 0.5 m. In the phase
plane, we have

0.501w? — 1.96(cos @ — cos fp) = 0. (23)

From Eq. (23), characteristics of the above sys-
tem are determined by 6. The numerically calculated
limit cycles in the phase plan are shown in Fig. 3 with
different values of 3. When 6, increases from 0 to
m, the limit cycle evolutes from circles when 6y ~ 0,
to ellipses with median values, and finally tunes into
eye-shaped circles when 6y = 7.
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Fig. 3. Limit cycles in the phase plan with different val-
ues of fp. From inside to outside, values of 6y sequentially
are 0.2, 0.5, 1.0, 1.5, 2.0, 2.5, 3.14.

Based on this example, assuming the beam to be
symmetric with m; = mg =m and Ly = Ly = L, we
here discuss how the parameters influence the oscilla-
tion period. Four calculated oscillation periods with
different values of parameters (m, 6, L, M) and initial
energy (0g) are shown in Figs. 4-7 respectively. The
set of parameters is described below in each figure.
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Fig. 4. (colour online) Calculated periods with different
values of m and 6p. The parameters are set as L = 0.5 m,
§ =0.01 m, M =10 kg, and g = 9.8 m/s>.
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Fig. 5. (colour online) Calculated periods with different
values of § and 6. The parameters are set as L = 0.5 m,
m=1kg, M =10 kg, and g = 9.8 m/s2.
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Fig. 6. (colour online) Calculated periods with different
values of L and 0p. The parameters are set as m = 1 kg,
§=0.0l m, M =10 kg, and g = 9.8 m/s>.
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Fig. 7. (colour online) Calculated periods with different
values of M and 6y. The parameters are set as L = 0.5 m,
m =1kg, § =0.01 m, and g = 9.8 m/s?.

These figures show that the period of the
standard-beam balance oscillation system has differ-
ent sensitivities to the sets of parameters, which can
be calculated directly by solving the partial deriva-
tives. For the application of such an oscillation sys-
tem, the parameters should be strictly controlled if a
high accuracy of period measurement is needed.

5. Conclusion

We derived the motion equation of the standard-
beam balance oscillation system, discussed its non-
linearity and periodic solution by using phase-plane
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analysis. It is concluded that the standard-beam os-
cillation can be equivalent to a standard-beam com-
pound pendulum with the mass centre of the standard
beam extended. The numerical example shows that
the characteristics of the standard-beam balance sys-
tem are sensitive to the values of the initial angle 6
and several systematic parameters, which should be
controlled when the oscillation system is employed.
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Appendix A

This appendix is to verify the derived differential
equation by using Eq. (17). The second derivative of
0 with respect to time ¢t can be calculated as

o d (do
de2  de \ d¢

1 | Mé&%+miL3 +moL3

2\ 2Mgd(cos b — cosby)
—2M gd sin 6 do
>< —_
M2 + mlLf + mng dt
—Mgésin 6

= . A.l
M52—|—m1Lf —l—mng ( )

It is obviously correct if we substitute the above equa-
tion into Eq. (8).
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