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Symmetry of Lagrangians of a holonomic
variable mass system*
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The symmetry of Lagrangians of a holonomic variable mass system is studied. Firstly, the differential equations

of motion of the system are established. Secondly, the definition and the criterion of the symmetry of the system are

presented. Thirdly, the conditions under which there exists a conserved quantity deduced by the symmetry are obtained.

The form of the conserved quantity is the same as that of the constant mass Lagrange system. Finally, an example is

shown to illustrate the application of the result.
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1. Introduction

“Undoubtedly, the study of symmetries of physi-
cal systems constitutes one of the most physically sig-
nificant, mathematically instructive, and aesthetically
appealing topics in physics.”[!l Since the 1960s, peo-
ple have studied the Noether symmetry,?=8! the Lie
symmetry,®=13 and the form invariance.l'*='8] The
transformations in these symmetries are infinitesimal
transformations of the coordinates and time. In 1966,
Currie and Saletan studied the problem of equiva-
lent Lagrangians for single degree of freedom mechan-
ical systems and pointed out that there exist con-
served quantities in this case.['”) In 1981, Hojman and
Harleston extended the result to conservative multi-
degree-of-freedom systems.[2! The transformations in
this symmetry are ones which do not transform the co-
ordinates and time variables. They are called fouling
transformations by Currie and Saletan!*®! and isotopic
transformations by Santilli.[!]

The study of mechanical systems with variable
mass has not only important theoretical significance,
but also practical value. The systems, such as space-
craft, guided missiles, jet planes, rocket cars, fuel-
consumed vehicles, and so on, are often those with
variable mass. And great progress in the research of
the systems has been made.[21—2%]

In this paper, we attempt to extend the results
on the constant mass system in Refs. [19] and [20] to
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the variable mass mechanical system.

2. Equations of motion of the

variable mass system

Let us consider a mechanical system of N parti-
cles. At time ¢, the mass of the i-th particle is m;,
(i=1,...
cle abandoning from (or merging into) the particle is

,N), at time ¢ + dt, the mass of corpus-

dm;. Let the position of the system be determined by
the n generalized coordinates gs (s =1,...,n), and

m; = m;(t). (1)

Then the equations of motion can be written in the

form
d OL OL
- = s P€7 :]-a"'v ) 2
LI SR CE NRSO N C)

where L is the Lagrangian of the system, ) the gener-
alized nonpotential forces, P, the generalized reverse
thrusts, and we have
NN, &
Ps = (R; +m;r;) - 87]:’
R; = mju,, 3)

where 7; is the position vector of the i-th particle, w;
the corpuscle’s velocity relative to the particle.
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3. Definition and criterion of

symmetry of Lagrangians

Let other Lagrangian, generalized nonpotential
forces, and generalized reverse thrusts be respectively
L, Q,, and P,, and the differential equations of motion
of the system expressed by these dynamical functions
have the same solution set as that of the equations
expressed by L, s, and Ps;. And let

d oL 0L
Lr = T, 5 — 57 —YWr— Pr
atoq, g °
0%L 0%L
= Wrs "s . 's s
Y D400, " T ag,00
0%L oL
7 a T Pra 4
Pa,om; " dg, @ @
. d oL 0L - _
Lr = T,5:- — &3 — Wr Pr
dtoq, g °
_ 0%L 0*L
WTS "6 . S .
Tt 94,0¢5 " " 9g,0t
O%L oL - _
7 - T Pra 5
P4,0m; " " g )
where
0%L - 0*L
1% S ™ Q- a- Wr. = 3. 8. ° 6
" 9,04 © 04,04 ©)
Definition For the variable mass system (2), if
one can obtain L, = 0, (s = 1,...,n) from L, = 0,
(r =1,...,n), and vice versa, then the symmetry is

called Lagrangian.
From L, = 0, all of the generalized accelerations
(s can be solved as
= ~ = oL 0L
"S — Usk P oL oL

oL 2L .
0G0t  0qiLOm; A

where
W, U = 5%, (8)
Substituting Eq. (7) into L, = 0, we obtain
oL 0%L

W, U*( Qp + Py + — — ———
(Qk A Oqr  O0qi0q “

»L L
960t dgnom;
oL 0L
= r + P’r + - B ]
Q 8qr 3Qra(ﬂ @
2L 2L
T B0t Ogom; 9)

Criterion If the two groups of dynamical func-
tions L, Qs, Ps, and L, Qs, Py all satisfy Eq. (9), then
the symmetry is Lagrangian.

4. Conserved quantity deduced
by symmetry of Lagrangians
We now use the symmetry of Lagrangians to de-

duce a kind of conserved quantities.
Substituting Eq. (9) into Eq. (4), we have

_ _ _ 9L 0%°L
Lr = rsne* rs sk P — — ¢
WisGs — WysU (Qk+ % + 9 aqkaql%
0*L o°L .
- - - - m;
90t JGrOm;
_ - 0L 0%°L
= WTSUSk Wi 5 j s
( kq + 900 q + Dan ot
0L oL _ _
s _P
* a‘ikamim oqy, @ k)
= W, U L. (10)
Let
W, US* = AF, (11)
where
W, U* = ¥,

Then formula (10) can be written in the form
Ly = ALL,. (12)
By means of Eq. (11), we have
Wis = AFWhs. (13)

Taking the partial derivative of Eq. (13) with respect

to ¢;, we obtain

oAf L, L, L
dq T 04,0404 " 04x0Gs0d,
o aer k:ank o (‘9A7]f
=96 Mag, T ag, Ve (W)

Taking the partial derivative of Eq. (13) with respect
to q;, multiplying the result by ¢; and summing it over

[, we have
oWy, ow, 0AF
Ak; S . TS . - _ r W s S 15
A, ai dq a qu ksql (15)

Also, formula (9) can be written in the following form

PL L L oL
83001 * 83,0t * 83.0m; " Bgs
[ L . L 9L

* <6QT8(]1€ G+ 0q,0t M ¢, 0m; i

_QS_PS
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04y

Q- PT). (16)

Taking the partial derivative of Eq. (16) with respect
to ¢;, we obtain

#L . oL 8L PL
86:00:00 " ' 83,00  03,0t04 © 9,0m:0q "
PL 00, 0P,
C 9¢.04 9 O
dAT [ L . PL &L .
= 94 (amaqk Ut og0t T ogom; "
oL
-2 .- Pr)
3L . O%L L
(aqraqkaql Ut Bg,00 04,0104
L . 2L 9Q, 0P,
T g omoq " 9q.00  0q 3(11) a7)

+ A7

By virtue of L, = 0 and Eq. (4), we have

’L . PL L a9l o _p
0400, " T 9g.0t " dgeom, T Bgs 0 °
- — srq.?“ (18)

Substituting (14), (15), and (18) into (17), we obtain
L PL IQs IP;
94s0qr  0qs0qr O Ody

_d4f A 0’L B 0%L
— e T\ 04, 0 94,0
0Q, OF,
- Q - > (19)
Odr  Odr
Introducing two matrices 7 and T whose elements are
respectively
0’L 0%L
Trk = : - )
O4rOqr  0qrOqy,
_ 0L 0L
Trr = — — —, (20)
94rOq,  0qr0qy,
and supposing that the following conditions:
0 (= _ 0
. s + Ps = Agi r + Pr )
S CRSA VLIRS
(s,k,r=1,...,n) (21)

are satisfied, we can express Eq. (19) in the following

matrix form
A= -TU + ATU, (22)

where A = (A7) and U = (U**) are n x n matrices.

Noting the fact that 7' and T are antisymmetric, U

and W are symmetric, and A = WU, using the prop-
erties of the trace of matrices, we obtain

d .
Slram) =0 (23)

for any positive integer m. We then find the conserved
quantity

tr (A™) = const. (24)

Therefore, we have
Proposition For the variable mass system (2), if
the conditions (21) are satisfied, then the symmetry of
Lagrangians of the system will lead to the conserved
quantity (24).
Corollary 1 For a constant mass system, if
Q,, Qs satisfy the following conditions:
00, _ .00,
D *oqy

then the symmetry of Lagrangians of the system will

(25)

lead to the conserved quantity (24).

Corollary 2 For a constant mass Lagrange sys-
tem, the symmetry of Lagrangians of the system will
lead to the conserved quantity (24).

Corollary 1 was obtained by Zhao and Mei, 28] and

Corollary 2 was found by Hojman and Harleston.2"!

5. Illustrative example

In order to illustrate the above result, we give an
example.
Suppose that a variable mass system is as follows:

1 . .
L= 5m(t) <qf +q§> - q1,
Ql :Oa
Pl :mqla

Q2 = —mga,
Py = 1gs, (26)
we study the symmetry of Lagrangians and the con-

served quantity of the system.
Formula (4) gives

d
L1=(ﬁ<m(i1)+1—m41:mdl+1a

Ly = U <mq2) + mgs — mge = mds + mga. (27)

Choosing other Lagrangian L, generalized nonpo-
tential forces Q, and generalized reverse thrusts P, as

1 /. a\* 1,
L—6m<(h+/m> +§me27

1. at\?
Q1+P1=2m<(h+/>7
m

Q2=Q2, P, =D, (28)
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we have

- . dt
L= (q1+/)L1,
m
Ly = Lo. (29)
In this case, conditions (9) and (21) are verified.

Then the symmetry is Lagrangian and the conserved
quantity (24) gives

dt
I1:th=q'1+/E+1=Ch (30)
i.e.
. dt
I1=CI1+/*=D17 (31)
m
where D1 = Cq — 1.
Choosing
1 1 /. ?
L= QmQ%41+6m<QQ+QQ> )
Q1+ P =1,
) ) 1 2 2
Qa2+ P = —2m<d2+(J2> +2m<42+Q2> , (32)
we obtain
Ap=1, A7=4;,=0, A3=do+q,
L=trA=gy+q+1=Cy, (33)
namely
I = ¢2+ g2 = Do, (34)

where Dy = Cy — 1.

6. Conclusions

This paper presents a new symmetry of holo-
nomic variable mass systems, i.e., the symmetry of
Lagrangians, under which two group dynamical func-
tions L, Q,, Ps, and L, Qs, P, express the same dif-
ferential equations of motion. The symmetry of La-
grangians is different from the Noether symmetry, the
Lie symmetry, and the form invariance. The symme-
try can also lead to the conserved quantity.
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