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The signal synchronization transmission of a
spatiotemporal chaos network constituted

by a laser phase-conjugate wave∗
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The signal synchronization transmission of a spatiotemporal chaos network is investigated. The structure of the

coupling function between connected nodes of the complex network and the value range of the linear term coefficient of

the separated configuration in state equation of the node are obtained through constructing an appropriate Lyapunov

function. Each node of the complex network is a laser spatiotemporal chaos model in which the phase-conjugate wave

and the unilateral coupled map lattice are taken as a local function and a spatially extended system, respectively. The

simulation results show the effectiveness of the signal synchronization transmission principle of the network.
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1. Introduction

The phase-conjugate wave can compensate the

wave front distortion of a laser system to achieve high

intensity output, and it also shows many attractive

prospects in other applications, such as optical com-

munication, image processing, real-time information

processing, and so on. Theoretical and experimen-

tal investigations have shown that the chaotic be-

haviour can be observed in the phase-conjugate wave

generated by a four-wave mixing process when a loss-

less Kerr medium is chosen as the phase-conjugation

medium to constitute phase-conjugate resonant cav-

ity and under appropriate pump power.[1] With fur-

ther studying in recent years, it has been found

that the synchronization of complex networks con-

stituted by laser chaotic systems, for example, the

phase-conjugate wave plays a unique role in sub-

stantially increasing its output power, remote com-

munication, and synchronization transition of re-

lay signal. Therefore, the investigation of syn-

chronization of complex networks has become an

important focus to date. The fruitful investiga-

tions surrounding the chaos synchronization of com-

plex networks and the enhancement of synchro-

nized ability have been achieved to realize global

synchronization,[2−9] phase synchronizations,[10,11]

and generalized synchronizations[12,13] in random net-

work, small-world network, scale-free networks, and

regular network.

Despite the synchronizations of complex networks

having been much reported in the literature, how-

ever, nodes of complex networks are basically tempo-

ral chaotic systems. In reality, spatiotemporal chaotic

systems are more common, and they show chaotic

behaviour not only with the evolution of time but

also with that of space. So the synchronization in-

vestigation of networks constructed by spatiotempo-

ral chaotic systems will be more secure and wider,

either in theory or in application. Furthermore, it

is hoped in practical application not only to achieve

complete synchronization among all laser chaotic sys-

tems in the complex network connected in some way,

but also to realize the synchronization transmission

of the laser chaotic system with any external signals.

The synchronization theory and technology are less

reported in current research. In this paper, the sig-

nal synchronization transmission of a spatiotemporal

chaos network is investigated. If any given external

signal is input to any node in the network, when the

network achieves synchronization, all nodes in the net-

work will be synchronized to the external signal, that

is, the given external signal realizes the synchroniza-
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tion transmission.

2. Model of spatiotemporal chaos

in phase-conjugation wave

A phase-conjugate resonant cavity is constructed

by a standard reflector, a phase-conjugate mirror,

and a lossless Kerr medium as the phase-conjugation

medium which can realize multi-level scattering. Con-

sidering the threshold effect or switch behaviour, the

system evolution can be described as[14]

xn+1 = MJ20/1[(xn −B)1/2], (1)

where M is a control parameter related to the reflec-

tion rate of the standard reflector, B is the threshold

or a switch parameter, and J0/1 is zero or the first

order Bessel function.

When parameter B = 1, the bifurcation map

and the evolution of the Lyapunov exponent can be

obtained from Eq. (1) with control parameter M as

shown in Figs. 1 and 2. The system comes into chaos

via period-doubling bifurcation.

Fig. 1. Bifurcation map of J20 in system (1).

Fig. 2. Maximal Lyapunov exponent of J20 in system (1).

The phase-conjugation wave, equation (1), is

taken as a local function f(xn(i)) and the unilateral

coupled map lattice[15] as a global function to form a

spatially extended system

xn+1(i) = (1− ε)f(xn(i)) + εf(xn(i− 1))

= (1− ε)MJ20/1[(xn(i)−B)1/2]

+ εMJ20/1[(xn(i− 1)−B)1/2], (2)

where n is the discrete time, i is the position coor-

dinates of space lattice (i = 1, 2, . . . , N), L is the

size of the system, and ε is the coupling strength

factor of a discrete lattice point in the system space.

When the system size is L = 100 and the initial value

x0(i) = 0.1, zero Bessel function is taken as the lo-

cal function. The evolution of the maximal Lyapunov

exponent of the phase-conjugation wave spatial ex-

tension system with parameter M and the coupling

strength ε is shown in Fig. 3. It can be seen in the fig-

ure that the maximal Lyapunov exponents are above

zero when ε = 0.1 and M = 28, indicating that the

phase-conjugation wave spatial extension system is in

spatiotemporal chaos. The spatiotemporal evolution

and the phase map of the system are shown in Figs. 4

and 5.

Fig. 3. Evolution of Lyapunov exponent with parameter

ε and M .

Fig. 4. Spatiotemporal evolution of the phase-

conjugation wave spatial extension system (2).
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Fig. 5. Phase map of the phase-conjugation wave spatial

extension system (2).

3. Signal synchronization trans-

mission of the network

The synchronization of the complex network with

m phase-conjugation wave spatial extension systems

Eq. (2) acting as nodes is investigated. First, system

equation (2) is rewritten into a general form of discrete

spatiotemporal chaos systems as shown below

xn+1(i) = F (xn(i)) = Cxn(i) +Q(xn(i)), (3)

where C is the linear team coefficient after properly

separating the configuration. It is obviously seen that

Q(xn(i)) = F (xn(i))− Cxn(i).

The m discrete spatiotemporal chaos system

equation (3) is taken as nodes to constitute a complex

network, and the state equation of node j is described

as

x
(j)
n+1(i) = Cx(j)

n (i) +Q(x(j)
n (i))

+ ξj(x
(1)
n (i), x(2)

n (i), . . . , x(m)
n (i))

(j = 1, 2, . . . ,m), (4)

where ξj(x
(1)
n (i), x

(2)
n (i), . . . , x

(m)
n (i)) is the coupling

function connecting each node, and it is needed to

determine.

The errors between the state variables of spa-

tiotemporal chaotic systems at each node are defined

as

e(j)n (i) = x(j)
n (i)− x(j+1)

n (i),

(j = 1, 2, . . . ,m− 1), (5)

which is further obtained as

e
(j)
n+1(i)

= x
(j)
n+1(i)− x

(j+1)
n+1 (i)

= Ce(j)n (i) + ∆Q(x(j)
n (i), x(j+1)

n (i)) + ∆ξj , (6)

where ∆Q(x
(j)
n (i),

x(j+1)
n (i)) = Q(x(j)

n (i))−Q(x(j+1)
n (i)),

and ∆ξj = ξj − ξj+1.

Choose

∆ξj = −∆Q(x(j)
n (i), x(j+1)

n (i)), (7)

i.e.

ξk = ξk−1 +∆Q(x(k−1)
n (i), x(k)

n (i))

= ξ1 +
k−1∑
j=1

∆Q(x(j)
n (i), x(j+1)

n (i)),

(k = 2, 3, . . . ,m), (8)

where ξ1 = Ssign −Q(x
(1)
n (i)) with Ssign being a given

external signal.

When the determined coupling function connect-

ing each node is given as Eq. (7), equation (5) can be

expressed as

e
(j)
n+1(i) = Ce(j)n (i). (9)

The Lyapunov function of the network is con-

structed as

Vn =

m−1∑
j=1

∣∣∣e(j)n (i)
∣∣∣. (10)

Obviously,

∆V =
m−1∑
j=1

(
∣∣∣e(j)n+1(i)

∣∣∣− ∣∣∣e(j)n (i)
∣∣∣)

= (|C| − 1)

m−1∑
j=1

∣∣∣e(j)n (i)
∣∣∣. (11)

When |C| < 1, it is easy to see from the above

equation

∆V < 0. (12)

According to the Lyapunov theorem,[15] the com-

plete synchronization of the complex network is real-

ized when n → ∞, that is, the synchronization trans-

mission of the given external signals is achieved.

4. Simulation

The synchronization transmission is simulated

while the number of the network nodes is given as

m = 4. The state equation of a single node is de-

scribed by the phase-conjugation wave spatial exten-

sion system Eq. (2). The state variables of the spatial
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extension system at the four nodes are x
(1)
n (i), x

(2)
n (i),

x
(3)
n (i), and x

(4)
n (i), which constitute a complex net-

work according to Eq. (4) and keep all the parame-

ter values of the network unchanged. A given, arbi-

trary external signal Ssign is input to the first node of

the network. Suppose that the external signal Ssign

is a spatiotemporal chaos one produced by the Gibbs

electro-optical bistable system[16,17]

xn+1(i) = (1− ε)f(xn(i)) + εf(xn(i− 1))

= (1− ε)A sin2(xn(i)− xb)

+ εA sin2(xn(i− 1)− xb), (13)

where A and xb are system parameters, and ε is the

coupling strength factor of a discrete lattice point in

system space. Taking A = 3, xb = 0.85π, and ε = 0.4,

the phase map of the system is shown in Fig. 6. Com-

paring Fig. 5 with Fig. 6, it is found that many dif-

ferences exist between the phase map of the phase-

conjugation wave spatial extension system Eq. (2) at

the nodes and that of the external signal produced by

the Gibbs electro-optical bistable system.

Fig. 6. Phase map of external signal (Eq. (13)).

According to the range of |C| < 1, the linear team

coefficient with separated configuration C is taken to

be C = 0.02. The coupling function ξ1 is taken to

be ξ1 = Ssign − Q(x
(1)
n (i)), and the other coupling

functions ξk (k = 2, 3, 4) satisfy Eq. (7). The ini-

tial value of the phase-conjugation wave spatial exten-

sion systems at four nodes are taken as x
(1)
0 (i) = 0.1,

x
(2)
0 (i) = 0.2, x

(3)
0 (i) = 0.3, and x

(4)
0 (i) = 0.4. The

initial values of the external signal produced by the

Gibbs electro–optical bistable system are all taken to

be 0.5, i.e., x0(i) = 0.5. Coupling connection of the

network is processed at the time of 220 s, and the spa-

tiotemporal evolutions of error variables are shown in

Figs. 7–9.

Fig. 7. Spatiotemporal evolution of error variable e
(1)
n (i).

Fig. 8. Spatiotemporal evolution of error variable e
(2)
n (i).

Fig. 9. Spatiotemporal evolution of error variable e
(3)
n (i).

It can be seen in Figs. 7–9 that all error signals are

concerned with the variables of the phase-conjugation

wave spatial extension systems at the four nodes close

to zero immediately after the coupling connection,

which means that the complete synchronization of the

network is achieved. Furthermore, the synchroniza-

tion transmission effect of the external signal can be

seen more clearly from the phase maps in Fig. 10. It

is obvious that the phase maps of the four nodes in

the network are exactly the same as those of the ex-

ternal signals produced by the Gibbs electro–optical

bistable system, indicating that the given external sig-

nals are simultaneously transmitted to all the nodes

of the complex network.
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Fig. 10. Phase maps of nodes 1 (a), 2 (b), 3 (c), and 4 (d) after synchronization.

5. Conclusion

The signal synchronization transmission of a spa-

tiotemporal chaos network is investigated. The struc-

ture of the coupling function between connected nodes

of the complex network and the value range of the lin-

ear term coefficient C of separated configuration in

state equation of the node are obtained through con-

structing an appropriate Lyapunov function. Each

node of the network is a laser spatiotemporal chaos

model in which the phase-conjugate wave and the uni-

lateral coupled map lattice are taken as a local func-

tion and a spatial extend system, respectively, and

the system is simulated to validate the effectiveness

of the signal synchronization transmission principle of

the network. The simulation results show that any

external signal Ssign is input to the first node of the

network, such as the spatiotemporal chaos signal pro-

duced by the Gibbs electro–optical bistable system,

and the synchronization transmission between nodes

of the network is realized when the linear term coef-

ficient C of separated configuration in state equation

satisfies |C| < 1.
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