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It is shown that in a Doppler broadened open N-type four-level atomic system with spontaneously generated

coherence (SGC), the gain without inversion (GWI) is very sensitive to the variation of the relative phase between

the probe field and the driving field; the atomic exit rate (Ro) and the ratio (S) of the atomic injection rates have a

considerable modulation effect on the phase-dependent GWI. GWI first increases and then decreases with Rg increasing;

in a certain value range of S, GWI increases monotonically with S increasing; by adjusting the values of Ry and S, in
an open system a much larger GWI can be obtained than in the corresponding closed system [2011 Phys. Rev. A 83
043805]. The modulation effects of Rg and S on the phase-dependent GWI in the case with the counter-propagating

probe and driving fields are stronger than those in the co-propagating case, GWI in the co-propagating case is much

larger than that in the counter-propagating case.
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1. Introduction

Since the seminal works of Kocharovskaya and
Khanin,!l Harris,[? and Scully et al.,l!'=3! the study of
lasing without inversion (LWI) has attracted tremen-

dous attention, 412!

as this study has an important
scientific significance and wide potential applications.
LWTI originates from quantum coherence and inter-
ference in an atomic system. There are many ways
to generate the quantum coherence and interference.
Generally, they are produced by a coherent driving
field or by initial coherence, and the interference be-
tween different spontaneous emission pathways can
also lead to the generation of coherence, which is usu-
ally called spontaneously generated coherence (SGC).
It has been shown that optical properties and phe-
nomena in an atomic system with SGC are sensitive
to the phase of the applied field. At present, effects
of phase of the applied field on many important phys-
ical phenomena, such as LWI, subluminal and super-
luminal propagation of light pulse, optical bistabil-
ity (OB), electromagnetically induced transparency
(EIT), absorption (EIA), etc. have been extensively
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investigated.['3~33 However, these researches concen-
trated mainly on the three-level atomic systems, only
a few papers dealt with more complicated system
— the four-level atomic system due to mathemati-
cal complexity. Revealed in Ref. [19] was the phase-
dependent properties for absorption and dispersion in
a V-type four-level system. In Ref. [21] were stud-
ied the effects of phase on single- and two-photon ab-
sorption in a Y-type four-level atomic system. Ref-
erence [30] dealt with the effects of phase on EIT,
refractive property and group velocity in an inverted-
Y type four-level atomic system. In Refs. [31] and
[32] the authors analysed the phase control of EIA
in an N-type four-level atomic system. Moreover, in
these studies about four-level systems only the static
atomic systems were considered. In fact, in many ex-
perimental researches on optical properties and phe-
nomena (e.g. LWI) a gaseous atomic medium is used.
In these cases atoms are motive and Doppler broad-
ening is prominent. The results show that Doppler
broadening has a great influence on gain in an LWI
system without SGC.[24=39 One important subject of
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the study about LWT is how to enhance LWI gain (also
referred to as gain without inversion (GWI)). So in-
vestigating the effect of phase of the applied field on
GWI in a Doppler broadening four-level atomic sys-
tem with SGC is necessary. Very recently, wel*! stud-
ied the effect of the relative phase between the probe
field and the driving field on GWI in a closed Doppler
broadened N-type four-level atomic system with SGC
and found that GWI is very sensitive to the varia-
tion of the relative phase: generally speaking, GWI
decreases with Doppler width increasing; but at some
special values of Doppler width, by choosing an ap-
propriate value of the relative phase, GWI larger than
that in the case without Doppler broadening can be
obtained. According to this study, in this paper we
investigate the influence of the relative phase on GWI
and specially the modulation effects of atomic exit and
injection rates on the phase-dependent GWI in a cor-
responding open Doppler broadened N-type four-level
atomic system with SGC. To the best of our knowl-
edge, this is the first time that the effect of the relative
phase on GWTI in a Doppler broadened open four-level
system has been investigated.

2. Model and equation of motion

An open N-type four-level atomic system con-
sidered here is shown in Fig. 1. The transition
[1) + |3) with frequency ws; is coupled by a weak
probe field (e, = E,exp(—iwpt) + c.c) with Rabi
- E,/(2h), while the transition
|2) > |3) with frequency wss is coupled by a strong
driving field (e, = Ecexp(—iwct) + c.c.) with Rabi
frequency 2¢ = ps2 - Ec/(2h).
field (es = Egsexp(—iwst) + c.c.) with Rabi frequency
s = pay - Eg/(2h) is applied between levels |1) and

frequency 2p = ps31

A coherent pump

|4). In the above representatives of Rabi frequencies,
wi; = (i| — er|j) is the matrix element of the electro-
dipole moment between the levels |i) and |j). A,
(= ws1 —wp), Ac (=ws2 —wp), and Ag (= wy1 — ws)
denote the detunings of the probe, driving, and pump
fields from their relevant atomic transitions, respec-
tively. The atomic injection rates for levels |1) and
|2) are Ry and Rg, respectively. The atomic exit rate
from the cavity is Ry. In the following discussion, we
always make Ry = R; + R for keeping the total num-
ber of the atoms as a constant, and introduce the ratio
of the atomic injection rates, S = Ro/Ry.

Following the procedure in Ref. [40], we can ob-
tain the density matrix equations of motion of the
open N-type four-level atomic system with effects of

SGC and phases of the applied fields as follows:

P11 = Y31P33 + Ya1paa — i pp1a +i2ppa

— 1024p1a +192pa1 + R1 — Rop1, (la)
P2z = Y3233 + Va2Pa4

— 1020p23 +1020p32 + Ra — Ropaa,  (1b)
pss = — (731 + ¥32)P33 +i2pp13 — i 2p a1

+ iﬁéﬁgg — i96ﬁ32 - R0ﬁ33a (1C)
paa = —(ya1 + Vaz)Pas +i25p1a
— 102§pa1 — Ropua, (1d)

P12 = —i(Ap — Ac)prz + 192 P32
+19025p — i 2613 + V317325171 P33
+ /a1 V4252M2 P44, (le)

p13 = —[(v31 +732)/2 — i Ap|p13 — i 28 pas

— i 2p12 4192, (pss — 1), (1f)
pra = —[(ya1 + va2)/2 — i Aspra + i 2p paa

+ 1025(paa — p11), (1g)
P23 = —[(731 + 732)/2 — i Ac]pas

+ 1 92pp21 +192¢(p3s — p22), (1h)
P21 = —[(ya1 +742)/2 — i(Ap — Ac — As)]foa

+ 1020034 — 1 025po1, (1i)
P31 = —[(y31 + Y32 + Va1 + Va2)/2

+ i(Ap — As)]p34

+ iQI/;ﬁM +1026p24 — 1 25p31- (1j)

R(]
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Fig. 1. Open N-type four-level atomic system.

The above equations are constrained by pp, =
Prm and p11 + p22 + p3z + paa = 1.
the atomic population of state |m); pmn (m # n) is

Here ppoym is

the atomic polarization between states |m) and |n);
Ymn represents the spontaneous decay rate from level
Im) to |n); ¢i = prexp(i¢) and (2 = p2exp(ig);
06 = Qcexp(—ige), 2, = yexp(—igy), and 2§ =
g exp(—ids); ¢, ¢p, and ¢ denote the phases of
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the driving, the probe field, and pump field, respec-
tively; ¢ = ¢, — ¢ denotes the relative phase between
the probe field and the driving field; ¢, 2}, and 2
are real parameters. If levels |1) and |2) lie so closely
that the SGC effect must be taken into account, then
m(n2) = 1, otherwise 1y (n2) = 0. The parameter p;
is defined as p1 = p31 - p3o/|ps1||ps2| = cos b, with
0, representing the angle between the two dipole mo-
ments p31 and pzo; P2 = par - paz/|pa1||paz| = cos Oy,
with f; denoting the angle between the two dipole mo-
ments w1 and prgo. If py = pa=0, the SGC effect is
absent. When R; = Ry = Ry = 0, equations (1a)—(1j)
become the equations for the closed N-type four-level
atomic system discussed in Ref. [40].

In the steady-state case, dpj,,/dt = 0, the new
equations reduce to a set of coupled algebraic equa-
tions. We can obtain the exact nonlinear analytical
expressions for Im 15 and pmm (m = 1,2,3,4) by
using the symbolic package Mathematica or Maple.
For simplicity, we do not consider the effect of the
pump field phase on the system properties and make
¢s = 0. When Doppler broadening is present, the gain
(absorption) of the probe field and population can be
represented by

2
é\llfhsg m/ Ps(60)p(8,)dsy, ()
pi= [ puldn()ds, 3)
where

p(6p) = exp[— (8, — Ap)?/2D?|/V2rD?,  (4a)
op(v) = Ap Fwpv/e, (4b)
de(v) = Ac £ we[dp(v) — Apl/wp, (4c)
ds(v) = A iws{é (v )_Ap]/wpa (4d)

and N is the medium density; A is the Planck constant;
p(0p) is the Maxwell-Boltzmann distribution for the
atomic velocities, D denotes the Doppler width; pus;
is the electric dipole matrix element of the optical
transition |3) — |1); v and c¢ are the speeds of the
atom and light, respectively; dc(v), dp(v) and d5(v)
are the detunings of driving, probe, and pump fields
from the respective transitions; d.(v) and ds(v) have
been represented by functions of §,(v), respectively;
the negative (positive) sign corresponds to the propa-
gation direction of the field the same as (opposite to)
the motion direction of the atom. For convenience, in
the following calculations we assume that the driving
and pump fields all propagate in the direction that
the atoms move along, so co-propagating (counter-
propagating) probe and driving fields correspond to

the propagation direction of the probe field the same
(opposite) as the motion direction of the atom. Under
this condition, we only need take the negative sign in
Egs. (4c) and (4d).

3. Numerical calculation results

and discussion

If G > 0, the system exhibits gain for the probe
field; if G < 0, the probe field is attenuated. When
P33 — p11 < 0 and G > 0 are simultaneously satis-
fied, GWI can be obtained, and then LWI can be re-
alized. Under the condition of A, = 0 and Ay = 0
we explore effects of the relative phase (¢) between
the probe and driving fields, the atomic exit rate (Ry)
and the ratio (S) of the atomic injection rates on GWI
by using the numerical results from Eqgs. (2) and (3).
It should be pointed out that in the following dis-
cussion, the inversionless condition ps3 — p11 < 0 is
always satisfied; if G > 0, we always obtain GWI.
So in the following discussion the gain always means
GWIL. In addition, in the following discussion (includ-
ing that in all figures), the gain G (Gmax) is scaled
by N|ps1|?/(20h82),), all other parameters (except py,
p2, and @) are scaled by 731. For the sake of clarity,
we analyse the probe field and the driving field first in
the case where both of them are in the same propaga-
tion directions (co-propagating), and then in the case
where they are in the opposite propagation directions
(counter-propagating).

3.1. Co-propagating probe and driving
fields

Figure 2 shows the values of gain G versus the
probe detuning A, for different values of the relative
phase ¢ in a closed system with Rp = 0 and S = 0
(which is equivalent to Ry = Ry = Rgp = 0) and an
open system with Ry = 0.4 and S = 9 when Doppler
width D equals 0.8.

It can be seen from Fig. 2 that (i) the size of
gain and the probe detuning region in which gain ex-
ists are very sensitive to variation of the value of ¢;
correspondingly for a fixed value of ¢ there exists a
gain maximum (Gpayx), which always occurs when the
value of Ay, is close to zero, i.e. the probe field is close
to the resonant value; the gain maximum (Gpax) cor-
responding to ¢ = /2 also is the largest gain value;
(ii) the variations of Ry and S also have a dramatic
effect on the phase-dependent gain and the probe de-

tuning region in which gain exists. The largest gain

064208-3



Chin. Phys. B Vol. 21, No. 6 (2012) 064208

value in the open system with Rg = 0.4 and S = 9
is considerably larger than that in the closed system
with Rg =0 and S = 0.

0.08

0.06

O 0.04

0.02

0

0.08 -
- —— =0 ; (b)
006 --——p=m/2 4
- — =7 :' Ry=0.4,5=9
O o004f ¢=37/2 i
I D=0.8 i
0.02F  co-propagating /
0 b= | B
—-2.0 —1.0 0 1.0 2.0

Fig. 2. The G as a function of A, for different values of ¢:
(a) the closed system (Rg = 0, S = 0), (b) the open sys-
tem (Rp = 0.4, S = 9) when the probe and driving fields
are co-propagating. The parameters’ values are D = 0.8,
Qs =03, 2 =05, 2, =001, y31 =732 = 1, Ag = 0,
m=mn=1Lp =p =1y =y =12 A =0,
Ag = 0. In all the figures from Fig. 2 to Fig. 8, G (Gmax)
is scaled by N|u31|?/(2e0h$2},), all other parameters (ex-
cept of p1, p2, and ¢) are scaled by v31.

Figure 3 shows that i) Gumax varies periodically
with ¢. The period is 27. Variation trend of Gpax
versus ¢ in the open system is the same as that in the
closed system; but the value of G.x in open system
is obviously larger than that in the closed system; this
means that varying values of Ry and S can change the
size of gain but do not change the variation trend of
Gumax versus ¢; ii) the value of Gpax decreases with
the value of D increasing.

Now we discuss in detail the effects of atomic exit
rate and ratio of the atomic injection rates on phase-
dependent gain.

Figure 4 illustrates the values of gain maximum
Gmax versus the atomic exit rate Rg for different val-
ues of ¢ with § =9 and D = 0.8 in the open system.
Figure 4 shows that varying value of ¢ will obviously
changing the size of Gp,ax and varying value of Ry also
has a considerable effect on the phase-dependent gain
maximum value. For a fixed value of ¢, there is a spe-
cific value Ry, of the atomic exit rate; when Ry < Ry,
Gmax Increases with Ry increasing; when Ry > Ry,
Gmax decreases with Ry increasing; when Ry = Ry,
we obtain the largest value of G ay, i.e. the largest

gain value. The curves corresponding to different val-
ues of ¢ have different values of Ry.
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0.08

0.04 |f

Fig. 3. The Gmax as a function of ¢ at different values of
D for (a) the closed system (Rg = 0, S = 0), and (b) the
open system (Ro = 0.4, S = 9). Other parameters have
the same values as those in Fig. 2. The probe and driving
fields are co-propagating.
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Fig. 4. The Gmax as a function of Ry at different values
of ¢ with D = 0.8 and S = 9 and other parameters have
the same values as those in Fig. 2. The probe field and
the driving field are co-propagating.

Figure 5 shows the values of gain maximum Gp,ax
versus the ratio S of the atomic injection rates for dif-
ferent values of ¢ with Ry = 0.4 and D = 0.8 in the
open system. From Fig. 5 we can see that the value

064208-4



Chin. Phys. B Vol. 21, No. 6 (2012) 064208

of Gax is determined mainly by the value of ¢ while
the variation of value of S also has an apparent mod-
ulation effect on the phase-dependent gain maximum
value. In a certain value range of S, Gp.x increases
monotonically with S increasing.

When the values of other parameters are fixed,
by selecting appropriate values of Ry and S, in the
open system we can obtain a much larger gain than in
the corresponding closed system. For example, from
Fig. 2 we know that in the closed system (R, = 0 and
S = 0), when ¢ = 7/2, we obtain the largest gain
value (about 0.052). From Figs. 4 and 5 we can see
clearly that in the open system (Rg # 0 and S # 0),
when ¢ = /2, we can have a much larger gain value
than 0.052 by selecting appropriate values of Ry and
S.

o8t ____]
”~ - -
7
0.06f -
/
VA ¢=0
: ——= g=n/2
E ooal! o=/
G] L b=1
1 Ry — -
' Ro=04,D=08 __ . ..
0.02 //
% 2 1 6 8 10

Fig. 5. The Gmax as a function of S at different values of
¢ with D = 0.8 and Rg = 0.4 and other parameters have
the same values as those in Fig. 2. The probe field and
the driving field are co-propagating.

3.2. Counter-propagating probe and

driving fields

In the following we analyse the case with the
counter-propagating probe and driving fields.

Figure 6 shows the curves of gain GG versus probe
detuning A, for different values of ¢ in the closed
and open systems when D = 0.8 in the counter-
propagating case. Comparing Fig. 6 with Fig. 2 (note
that the ordinate scales in Figs. 6 and Figs. 2 are dif-
ferent), we can see the following points. (I) Similar
to that in the co-propagating case, in the counter-
propagating case the variation of ¢ also has a remark-
able effect on gain and probe detuning region. (II)
In the co-propagating case, for each value of ¢, gain
curve corresponding to Ry = 0.4 and S = 9 is al-
ways similar to that corresponding to Ry = 0 and
S = 0; in both cases the values of Ry and S are
zero (Fig. 6(a)) and not (Fig. 6(b)), the largest gain

value always appears when ¢ = 7/2. However, in the
counter-propagating case, when ¢ = 7 or ¢ = 37/2,
the two gain curves corresponding to different values
of Ry and S are much different: for Ry = 0 and S = 0,
the largest gain value appears when ¢ = 7/2; but for
Ry = 0.4 and S = 9, the largest gain value appears
when ¢ = w. This means that varying values of Ry
and S in the counter-propagating case has a stronger
effect on phase-dependent gain than that in the co-
propagating case. (III) No matter whether the values
of Ry and S are zero, for a same value of ¢, gain curve
in the counter-propagating case is much different from
that in the co-propagating case; the largest gain value
in the counter-propagating case is much smaller than
that in the co-propagating case.

1.5
(a)
Lop ——9=0
- - p=m/2
IO ¢ =1 ROZO, S=0
—
AN ¢=3r/2 |' D=08
V] 0.5 F Iy counter-propagating
: 1
b \
1
t
1
]
!
[

2.5

- $-0
e p=n/2 (b)
20 —— ¢):7‘(‘ "\
------ ¢ =3m/2 \
R ]
ToLsr ' b Ry=04, S=9
A \
= \ D=08
O 1.0t

\ counter-propagating

Fig. 6. The G as a function of A}, at different values of
¢ for (a) the closed system (Rop = 0, S = 0) and (b) the
open system (Ro = 0.4, S = 9). Other parameters have
the same values as those in Fig. 2. The probe and driving
fields are counter-propagating.

Our numerical calculation result shows the follow-
ing points. I) Similar to in the co-propagating case, in
the counter-propagating case Gax varies periodically
with ¢ varying, the period is 2m; the value of Gpax
decreases with the value of D increasing; the value
of Gnax in the open system (Ry # 0 and S # 0)
is obviously larger than that in the closed system

064208-5



Chin. Phys. B Vol. 21, No. 6 (2012) 064208

(Rp = 0 and S = 0). II) Different from that in the
co-propagating case, in the counter-propagating case
varying values of Ry and S can obviously change not
only the size of Gax but also the variation trend of
Gmax with ¢ varying; when the values of other pa-
rameters keep unchanged, the value of Gp.x in the
counter-propagating case is considerably smaller than
that in the co-propagating case.

Figure 7 shows the values of gain maximum Gy«
versus the atomic exit rate Ry for different values
of ¢ in the open system with D = 0.8 and S = 9
when the probe field and driving field are counter-
propagating. Comparing Fig. 7 with Fig. 4, we can
obtain the following conclusions. 1) Similar to that in
the co-propagating case, in the counter-propagating
case varying value of ¢ will obviously change the size of
Gmax and varying value of Ry also has a considerable
effect on the phase-dependent gain; for a same value of
¢, by choosing suitable value of Ry, we can obtain vis-
ibly larger gain. 2) In the co-propagating case, curves
of Gax corresponding to different values of ¢ do not
cross each other; but in the counter-propagating case,
when Ry takes a special value, two curves of Gpax
corresponding to ¢ = 0 and 37/2 (¢ = 7/2 and =)
cross. 3) The largest value of Giax in the counter-
propagating case is much smaller than that in the co-
propagating case.

24F -

Fig. 7. The Gmax as a function of Ry for different values
of ¢ with D = 0.8 and S = 9 and other parameters have
the same values as those in Fig. 2. The probe field and
driving field are ounter-propagating.

Figure 8 shows the curves for gain maximum
Grax versus the ratio S of the atomic injection rates
for different values of ¢ in the open system with
D = 0.8 and Ry = 0.4 when the probe and driv-
ing fields are counter-propagating. Comparing Fig. 8
with Fig. 5, we can obtain the similar conclusion as
that obtained by comparing Fig. 7 with Fig. 4, only it

is needed that in the above conclusion Ry is replaced
by S.

25T Ry=04,D=08 _ ..--
20k .- '— _______
_ e
? -7 o
S L5r 7 ¢ ."’.’
~ . -
] r /7 ., -~
: .0 T g =0
U 1.0 B . 7

Fig. 8. The Gmax as a function of S for different values
of ¢ with D = 0.8 and Rgp = 0.4 and other parameters
have the same values as those in Fig. 2. The probe field
and the driving field are counter-propagating.

Similar to that in the co-propagating case, in the
counter-propagating case, when the values of other pa-
rameters are fixed, by selecting appropriate values of
Ry and S, we can also obtain a much larger gain than
that in the closed system (Rp = 0 and S = 0). For
example, from Fig. 6 we know that in the closed sys-
tem, when ¢ = 7/2 we have the largest gain value
(about 0.00075). It is obvious from Figs. 7 and 8 that
in the open system (Ry # 0 and S # 0), not only
when ¢ = 7/2 but also when ¢ = 7 and ¢ = 37/2 can
we obtain a much larger gain value than 0.00075 by
selecting appropriate values of Ry and S.

Why in both co- and counter-propagating probe
and driving fields cases, when the values of other pa-
rameters are fixed, by selecting appropriate values of
Ry and S, a much larger gain in the open system
than in the corresponding closed system (Ro = 0 and
S = 0) can be obtained? We try to give a brief phys-
ical explanation for this in the following.

In an atomic system, quantum constructive inter-
ference leads to gain and quantum destructive inter-
ference leads to absorption. In a closed system, quan-
tum destructive or constructive interference is deter-
mined mainly by the phases, propagating directions,
and detunings of the driving field, the probe field, and
the Doppler width. Compared with that in the corre-
sponding closed system, in the open system the atomic
injection and exit can remarkably affect the quantum
destructive or constructive interference. In some sit-
uations, quantum destructive interference arises and
leads to absorption; and in other situations, quantum
constructive interference appears and leads to gain.
By selecting appropriate values of Ry and S, the quan-

064208-6



Chin. Phys. B Vol. 21, No. 6 (2012) 064208

tum constructive interference can significantly be en-
hanced, so a much larger gain than in the correspond-
ing closed system can be obtained.

4. Conclusion

The effect of the relative phase (¢) between the
probe field and the driving field on the GWI in a
Doppler broadened open N-type four-level atomic sys-
tem with SGC for the cases of both co- and counter-
propagating probe and driving fields is studied and
compared with that in the corresponding closed sys-
tem. The results are as follows. (A) GWI and the
probe detuning region in which GWI exists are very
sensitive to the variation of the relative phase; when
the values of the other parameters are kept unchanged,
by adjusting the value of ¢, the largest GWI can be
obtained. GWI varies periodically with ¢ varying, the
(B) Varying ratio (S) of the atomic
injection rate to atomic exit rate (Ry) also has ob-

period is 2.

vious effect on phase-dependent GWI and the probe
detuning region in which GWI exists. In general, GWI
first increases and then decreases with Ry increasing;
in a certain value range of S, GWI increases mono-
tonically with S increasing; by adjusting the values
of Ry and S, in the open system a much larger GWI
than in the closed system can be obtained. (C) Differ-
ent from the case without Doppler broadening, when
Doppler broadening exists, varying propagation direc-
tions of the probe field and the driving field have a
remarkable effect on GWI. Modulation effects of Ry
and S on the phase-dependent GWI in the case of
the counter-propagating probe and driving fields are
stronger than those in the co-propagating case, GWI
in the co-propagating case is much larger than that in
the counter-propagating case.
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