Chin. Phys. B Vol. 21, No. 6 (2012) 064205

Three-qubit quantum-gate operation
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‘We propose a method of realizing a three-qubit quantum gate with a superconducting quantum interference device

(SQUID) in a cavity. In this proposal, the gate operation involves the SQUID ground-states and the Fock states of

cavity modes b and é. The two field-modes act as the controlling qubits, and the two SQUID states form the target

qubit. Since only the metastable lower levels are involved in the gate operation, the gate is not affected by the SQUID

decay rates.
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1. Introduction

Due to design flexibility, large-scale integration

and compatibility with conventional electronics, su-
perconducting devices, including Cooper-pair boxes,
Josephson junctions, superconducting quantum in-
terference devices (SQUIDs), and superconducting
qubits, have become the most promising candidates
for scalable quantum computing.['=3! For SQUID sys-
tems, people have suggested several theoretical meth-
ods of realizing a single-qubit gate and a two-qubit
controlled-phase (CP) or a controlled-NOT (CNOT)
gate.[4—12]
As is well known, any multi-qubit gate or
quantum-computing network can be partitioned into
a sequence of single-qubit operations and two-qubit
gates. However, it will reduce the complexity of the
physical realization of scalable quantum circuits if we
can directly implement general N-qubit gates. So, re-
cently, attention has been paid to the physical realiza-
tion of multiqubit gates. There are proposals to imple-
ment three-qubit gates with atoms in a cavity.['3—16]
The implementation of a three-qubit Fredkin gate
based on cavity quantum electrodynamics and optics
has also been proposed.l'"'8] Recently, the authors
have presented different protocols for implementing
N-qubit quantum gates in a cavity.[19=22]
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In this work, we propose a method to realize
a C?-Phase gate (controlled-, controlled-phase gate)
and a C2?-Not gate (controlled- controlled-Not gate)
in a cavity-QED system. Our scheme is different from
those in Refs. [13]-[15], and the idea may be extended
to the direct implementation of N-qubit gates. In this
scheme, the gate operation takes place in the lower
state of the system and hence the decoherence effect
due to radiative damping is minimized.

The rest of the present paper is organized as fol-
lows. In Section 2 we give a brief description of the
system. In Section 3 we show how to implement a C*-
Phase gate and a C?-Not gate. The conclusions are
given in Section 4.

2. System

We consider a four-level A-type SQUID interact-
ing with a three-mode cavity (see Fig. 1). The levels
are denoted by |g), |I), |e1), |e2), respectively. The
transitions from |g) to |e1), from |I) to |e;) and from
[I) to |es) interact with the cavity modes having an-
nihilation operators a, 13, and ¢, respectively. g1, go,
and g3 represent the SQUID-cavity couplings of the a,
b, ¢ modes with the corresponding transitions respec-
tively. A; (i =1,2,3) are the respective one-photon
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detunings. The Hamiltonian describing this system in
the interaction picture can be written as (A = 1)/
H = giae'®ler){g| + gabe 2= [e1) (I
+ gsce Pt er) (1| + Hec. (1)

le2)

lg)

Fig. 1. Sketch of the energy level configuration and the
corresponding transitions.

If we assume the initial photon occupation num-
bers of the three cavity modes to be ny, no, ng, re-
spectively, then the state vector can be expanded in
terms of the possible basis states as follows:

W) = ailez)|n1,na,n3) + as|l)[n1 na,ns + 1)
—|—a3\el>|n1,n2 — 1,n3 —+ ].>
+aalg)|n1 +1,m2 — 1,03 + 1), (2)
where a;(t) (i =1,2,3,4) are the probability ampli-
tudes for the corresponding states. Using the time-

dependent Schrodinger equation, we obtain the equa-
tions of the motion for the probability amplitude as

idl = g3az eiA*"t\/ ns + 1,

ias = gsar e /ng + 1+ goage ™ 22 /ny,
iaz = goas e '\ /s + gras ey + 1,

iaq = grage ™ 1/ng + 1. (3)

Then we make use of the following transforma-
tions to simplify the above equations:

e—i(Al—AQ-‘rAg)t e_i(Al_AZ)

t
a —P1, G2 — P2,

aze 141t p3, G4 — Py4. (4)

We will obtain the following set of equations:

P = —i(Al — Az + A3>p1 - 193p2m’

P2 = —i(A1 — A2)pa — i(gsp1v/ns + 1 + gapsv/n2),

p3 = *iAlpg — i(ngQ\/ no + 91P4m)7

Pa = —igipsv/nr T 1. (5)
For simplicity we assume g1 = ¢o = g3 = g,

Ay > Ay > Az and work under the limit of large one-
photon detuning, A; > g. Then the state |e;) can be

adiabatically eliminated.?3] So we obtain p3 = 0 and
equation (5) reduces to

p1 = —i(A; — Ay + Az)py — igpavns +1,

P2 = —i(A1 — Ag)pa — igp1vnz + 1
2

+i%1(p2nz -HM\/W),
pwﬂZMWWWHHmW+W- (6)

We further assume the condition A; — Ay + Az >
g. Under such a condition, we set p; = 0, and thus
obtain the evolution of the system involving only two
lower states such as

P = —i(A — Ay)
{

_192[A1
Ay A — Ay + Az
2

+ i%p;m/ng(nl + 1),
1

(n3+1)+ Tl2:| }p2

g g
Py = iEpz na(ni +1) + iEp4(n1 +1). (7)
We use initial condition n; = 0, ny = 1, and

n3 = 0. So we have

A A
Py = <1A6921 - iBag—; - B) e sin Bt

— (iAa?zl + iBB% + A> e cos fit,

ps = Ae* cos it + Be® sin ft, (8)
where
A:p4(0)7
Boi - (2 -2 o),
=i - = —i— ,
om0 (5145 )m0. O
and

_.<92 Ay — Ay g )
a=1|-—"—— + )
1 g2 2

P QK e A1A2+A3>

()] @

3. Three-qubit quantum-gate op-

eration

In this section, we will perform a C?-Phase gate
and a C2-Not gate.
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3.1. C?-Phase gate

The solution of Eq. (8) is obtained under the con-
dition of large single-photon detuning such as A; > g¢
and Ay — Ay + Az > g. From the solution one can
easily see that if we set p4(0) = 0, and p2(0) = 1, then
we have

. 2
@ 19 at _: at
po= (= — e sin Bt + e cos Bt,
’ <ﬂ Aﬁ)

2

Py = 2915 e sin 3t. (11)
We further set the condition
a=0, pt=m or
202 2
Pt vy s
- j%;. (12)

Then, when mode « is in the state |0),, we can per-
form the following C2?-Phase gate operation:

05, 0c, 9) = 06,0, 9), |0, Oc, 1) — |Op, Oc, ),
15,0c,9) = [15,0¢c,9),  [1b,0c,0) = [15,0c, 1),
[0b, 1cy g) — |06, 1ey @Y, |0, 1oy 1) — [0, 1e, 1),
1o 1esg) = 1oy 1e,9), Ly Loy 1) = =16, 1c, 1), (13)

which clearly involve the SQUID ground-state basis
and the Fock-state basis in b and ¢ modes. The two
field modes b and é act as the controlling qubits, and
the two SQUID states form the target qubit.

3.2. C%-Not gate

When we apply the Hadamard transformation to
the SQUID state before and after the C?-Phase gate
operation (13), we can obtain the following C>-Not

gate
|0bvoc>g> - ‘Obaocag>7 ‘Ob7ocvl> - |0b,00,l>,
|1b7007 > — ‘1ba Cag>a ‘lbaOCal> — |1b7007l>a
|0balcag> — ‘Obv Cag>7 ‘Obv 1Cvl> — |Ob7lcvl>a
|1b7107 > — ‘112’ 1cal> |1b7 1cal> — |1ba 1c>g>' (14)

Clearly, the field qubits of modes b and ¢ are con-
trolling qubits and the SQUID qubit is the controlled
qubit.

4. Conclusion

In the paper, we present a system in which a four-
level SQUID interacts with a three-mode cavity, with
the cavity modes being highly detuned from the cor-
responding single-photon transitions. Using such a
system, we obtain the C2-Phase gate and the C?-Not

gate. Since only the metastable lower levels are in-
volved in the gate operation, the gate is not affected
by the SQUID decay rate. Further, the present system

may be used to perform the N-qubit quantum gate.

References

1] YuY, Han S, Chu X, Chu S I and Wang Z 2002 Science
296 889

[2] Majer J B, Paauw F G, Haar A C J, Harmans C J P M
and Mooij J E 2005 Phys. Rev. Lett. 94 090501

[3] Gambetta J M, Houck A A and Blais A 2011 Phys. Rev.
Lett. 106 030502

[4] Amin M H S, Smirnov A Y and Maassen B A 2003 Phys.
Rev. B 67 100508

[5] Yang C P, Chu S I and Han S 2003 Phys. Rev. A 67
042311

[6] Yang C P and Han S 2004 Phys. Lett. A 321 273

[7] Yang C P, Chu S I and Han S 2004 Phys. Rev. A 70
044303

[8] Zhang P, Wang Z D, Sun J D and Sun C P 2005 Phys.
Rev. A 71 042301

[9] Song K H, Zhou Z W and Guo G C 2005 Phys. Rev. A
71 052310

[10] Yang C P and Han S 2006 Phys. Rev. A 74 044302
[11] Song K H 2006 Chin. Phys. 15 286

[12] Song K H, Xiang S H, Liu Q and Lu D H 2007 Phys. Rev.
A 75 032347

[13] Biswas A and Agarwal G S 2004 Phys. Rev. A 69 062306
[14] Joshi A and Xiao M 2006 Phys. Rev. A 74 052318

[15] Chang J T and Zubairy M S 2008 Phys. Rev. A 77 012329
[16] Wei HR, Di Y M and Wang Y 2010 Sci. Chin. 53 664

[17] Shao X Q, Chen L and Zhang S 2009 Chin. Phys. B 18
3258

[18] Lin Q 2009 Acta Phys. Sin. 58 5983 (in Chinese)
[19] Fan F B 2008 Chin. Phys. Lett. 25 379
[20] Yang C P, Liu Y X and Nori F 2010 Phys. Rev. A 81

062323

[21] Yang C P, Zheng S B and Nori F 2010 Phys. Rev. A 82
062326

[22] Lu P M, Song J and Xia Y 2010 Chin. Phys. Lett. 27
030302

[23] Narducci L M, Eidson W E, Furcinitti P and Eteson D C
1977 Phys. Rev. A 16 1665

064205-3



