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By extending the usual Wigner operator to the s-parameterized one as

1

4π2

∫ ∞

−∞
dydu exp

[
iu (q −Q) + iy (p− P ) + i

s

2
yu

]
with s being a real parameter, we propose a generalized Weyl quantization scheme which accompanies a new generalized

s-parameterized ordering rule. This rule recovers P–Q ordering, Q–P ordering, and Weyl ordering of operators in

s = 1,−1, 0 respectively. Hence it differs from the Cahill–Glaubers’ ordering rule which unifies normal ordering, anti-

normal ordering, and Weyl ordering. We also show that in this scheme the s-parameter plays the role of correlation

between two quadratures Q and P . The formula that can rearrange a given operator into its new s-parameterized

ordering is presented.

Keywords: generalized Wigner operator, generalized operator ordering rule, bivariate normal dis-
tribution

PACS: 42.50.–p, 03.65.–w, 05.30.–d DOI: 10.1088/1674-1056/21/6/064204

1. Introduction

Since the birth of quantum mechanics the relation

between operators and their classical correspondence

function has been a fundamental topic, which is es-

sential to quantum phase-space techniques, the latter

has found many useful applications in quantum statis-

tics, quantum optics, and quantum information.[1−4]

The Wigner function[5] is a quasi-probability distribu-

tion in phase space which is defined as the expectation

value of the Wigner operator ∆ (p, q) in quantum me-

chanical states,

∆(p, q) =
1

4π2

∫ ∞

−∞
dydu e iu(q−Q)+iy(p−P ), (1)

where [Q,P ] = i (~ = 1). Q, P are the coordinate

and the momentum operators, respectively, or named

the two quadratures in the context of quantum op-

tics. An equivalent expression of ∆(p, q) by using the

coordinate eigenvector |q⟩ of Q is

∆(p, q) =
1

2π

∫ ∞

−∞
dy e−ipy

∣∣∣∣q − 1

2
y

⟩⟨
q +

1

2
y

∣∣∣∣ , (2)
where |q⟩ expressed in Fock space as

|q⟩ = π−1/4 exp

(
−q2

2
+
√
2qa† − a†2

2

)
|0⟩ , (3)

|0⟩ is the Fock vacuum state, annihilated by the Bose

operator a,
[
a, a†

]
= 1. Performing this integra-

tion with the technique of integration within normal

product of operators,[6] we have the normally ordered

form[7]

∆(p, q) =
1

π
: e−(q−Q)2−(p−P )2 : . (4)

The Wigner operator∆(p, q) is also an integration ker-

nel in Weyl quantization scheme[8]

H =

∫
dqdp∆(p, q)h(p, q), (5)
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where h(p, q) is the Weyl classical correspondence of

the operator H. This quantization scheme naturally

defines the Weyl ordering rule of operators, for in-

stance,∫
dqdp∆(p, q)qmpr =

1

2m

∑
l

(
m

l

)
QlP rQm−l, (6)

so

qmpr → 1

2m

∑
l

(
m

l

)
QlP rQm−l

is named the Weyl ordered, denoted as

1

2m

∑
l

(
m

l

)
QlP rQm−l

=
1

2m
:
:

∑
l

(
m

l

)
QlP rQm−l :

: = :
: Q

mP r :
: , (7)

where the symbol :
:

:
: means Weyl ordering within

which Bose operators can be permuted.[9] However,

this quantization scheme is not unique, Cohen has

studied its extension in some ways.[10] For every inte-

gration kernel ∆g(p, q), where the subscript g implies

a generalized Wigner operator, there corresponds to

an ordering rule of operators. One possible general-

ization of the Wigner operator is

1

4π2

∫ ∞

−∞
dydu exp

[
iu(q −Q) + iy(p− P )

+ i
s

2
yu

]
≡ Ωs(p, q), (8)

where s is a real parameter, Ωs composes a family

of generalized Wigner operators for different s val-

ues. The reasons why we have dealt with it lie in two

aspects: 1) we use it to propose a generalized Weyl

quantization scheme which accompanies a new gener-

alized s-parameterized ordering rule. 2) In the process

of the generalized Weyl quantization the s parameter

will play the role of correlation between two quadra-

tures Q and P . This can be exposed by comparing

the normally ordered form of Ωs(p, q) with the stan-

dard form of Gaussian bivariate normal distribution

of random variables in statistics (see Eq. (13) below).

Using |q⟩ representation we can reform Ωs as

Ωs(p, q) =
1

2π

∫
dy e−ipy exp

(
i
s+ 1

2
yP

)
× |q⟩⟨q| exp

(
i
1− s

2
yP

)
=

1

2π

∫
dy e−ipy

∣∣∣∣q − s+ 1

2
y

⟩
×

⟨
q +

1− s

2
y

∣∣∣∣ , (9)

when s = 0, it reduces to Eq. (2), as expected. In

this work we shall reveal that the following general-

ized Weyl correspondence

H =

∫
dqdpΩs (p, q)hs (p, q) , (10)

naturally accompanies a new s-parameter ordering

rule of operators, which excludes P–Q ordering and

Q–P ordering as well as the Weyl ordering as its three

special cases, respectively for s = 1,−1, 0. Hence

it differs from the Cahill–Glauber ordering rule[11]

which unifies normal ordering, anti-normal ordering,

and Weyl ordering. The formula that can rearrange

a given operator into its new s-parameter ordering is

presented, which can help us to derive many new op-

erator identities.

2. Deriving hs(p, q) in Eq. (10)

from the generalized Weyl cor-

respondence

Now we discuss the new quantization scheme in

Eq. (10). By using Eq. (9) we calculate

Tr [Ωs (p, q)Ω−s (p
′, q′)]

=
1

4π2
Tr

{∫
dy e−ipy

∣∣∣∣q − s+ 1

2
y

⟩⟨
q +

1− s

2
y

∣∣∣∣ ∫ dy′ e−ip′y′
∣∣∣∣q′ − −s+ 1

2
y′
⟩⟨

q′ +
1 + s

2
y′
∣∣∣∣}

=
1

4π2

∫
dy e−ipy

∫
dy′ e−ip′y′

Tr

∣∣∣∣q − s+ 1

2
y

⟩⟨
q′ +

1 + s

2
y′
∣∣∣∣ δ(q + 1− s

2
y − q′ +

−s+ 1

2
y′
)

=
1

4π2

∫
dy e−ipy

∫
dy′ e−ip′y′

δ

[
q′ − q +

1 + s

2
(y + y′)

]
δ

[
q − q′ +

1− s

2
(y + y′)

]
=

1

2π2 (1− s)

∫
dy e−ipy exp

{
ip′

[
(q′ − q)

2

1− s
+ y

]}
δ

[
(q′ − q)

2

1− s

]
=

1

2π
δ (q′ − q) δ (p′ − p) , (11)
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we see

hs (p, q) = 2π tr [Ω−s (p, q)H] , (12)

so hs (p, q) is considered as a generalized Weyl classical correspondence of H. Using the technique of integration

within an ordered product (IWOP) of operators[6,7] we can directly perform the integration in Eq. (8) within

the normal ordering symbol : : ,

Ωs (p, q) =
1

4π2
:

∫ ∞

−∞
dydu exp

[
−1

4

(
y2 + u2

)
+ iu (q −Q) + iy (p− P ) + i

s

2
yu

]
:

=
1

2π
√
π

:

∫
du exp

[
−1

4
u2 + iu (q −Q)−

(
p− P +

s

2
u
)2

]
:

=
1

2π
√
π

:

∫
du exp

{
−1

4
u2

(
1 + s2

)
+ iu [q −Q+ is (p− P )]− (p− P )

2

}
:

=
1

π
√
(1 + s2)

: exp

{
− 1

1 + s2
[(q −Q)2 + 2is(q −Q)(p− P ) + (p− P )2]

}
: , (13)

this is the normally ordered form of Ωs (p, q). The s

parameter plays the role of correlation between two

quadratures Q and P . When s = 0

Ωs=0 (p, q) =
1

π
: e−(q−Q)2−(p−P )2 : , (14)

which is just the normally ordered explicit form of

∆ (p, q).[8]

3. The explicit Weyl ordered

form of Ωs(p, q)

By noticing the operator e iu(q−Q)+iy(p−P ) itself

is in Weyl ordering :
:

:
:

e iu(q−Q)+iy(p−P ) = :
: e iu(q−Q)+iy(p−P ) :

: , (15)

we know

Ωs=0 (p, q) = ∆ (p, q)

=
1

4π2

∫ ∞

−∞
dydu :: e iu(q−Q)+iy(p−P ) :

:

= :
: δ (q −Q) δ (p− P ) :: , (16)

then the Weyl ordering form of Ωs (p, q) is

Ωs (p, q) ≡
1

4π2

∫ ∞

−∞
dydu :

: exp

[
iu (q −Q)

+ iy (p− P ) + i
s

2
yu

]
:
:

=
1

2π

∫ ∞

−∞
du :

: e iu(q−Q)δ
(
p− P +

s

2
u
)

:
:

=
1

πs
:
: exp

[
−2i

s
(q −Q)(p− P )

]
:
: . (17)

It is interesting to notice that when s = −1,

Ωs=−1 (p, q) =
−1

π
:
: e2i(q−Q)(p−P ) :

: . (18)

On the other hand, from Eq. (8) we see

Ωs=−1 (p, q) =
1

4π2

∫ ∞

−∞
dydu e

[
iu (q −Q)

+ iy (p− P )− i
1

2
yu

]
=

1

4π2

∫ ∞

−∞
dydu e iu(q−Q) e iy(p−P )

= δ (q −Q) δ (p− P ) , (19)

so we have

δ (q −Q) δ (p− P )

=
−1

π
:
: e2i(q−Q)(p−P ) :

:

=
−1

π

∫ ∞

−∞
dp′dq′∆ (p′, q′) e2i(q−q′)(p−p′), (20)

this is the integration transform for converting

∆ (p′, q′) to δ (q −Q) δ (p− P ). Its reciprocal trans-

form is

−1

π

∫ ∞

−∞
dpdqδ (q −Q) δ (p− P ) e−2i(q−q′)(p−p′)

= ∆ (p′, q′) . (21)

On the other hand, when s = 1,

Ωs=1 (p, q) =
1

4π2

∫ ∞

−∞
dydu exp

[
iu (q −Q)

+ iy (p− P ) + i
1

2
yu

]
=

1

4π2

∫ ∞

−∞
dydu e iy(p−P ) e iu(q−Q)
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= δ (p− P ) δ (q −Q) , (22)

so

δ (p− P ) δ (q −Q)

=
1

π

∫ ∞

−∞
dp′dq′∆(p′, q′) e−2i(q−q′)(p−p′), (23)

its reciprocal transform is

1

π

∫ ∞

−∞
dp′dq′ e2i(q−q′)(p−p′)δ (p− P ) δ (q −Q)

= ∆ (p′, q′) . (24)

From Eq. (17) we know that the classical Weyl corre-

spondence of Ωs (p, q) is

1

πs
exp

[
−2i

s
(q − q′) (p− p′)

]
, (25)

so from Eqs. (4) and (5) we also have

Ωs (p, q) =
1

π2s

∫
dp′dq′ exp

[
−2i

s
(q − q′) (p− p′)

]
: e−(q′−Q)2−(p′−P )2 :

=
1

π
√
(1 + s2)

: exp

{
− 1

1 + s2
[(q −Q)2 + 2is(q −Q)(p− P ) + (p− P )2]

}
: . (26)

4. Explicit form of Ωs(α) and unifying P Q, Q P , and Weyl ordering

From another aspect, let z = (u+ iy) /
√
2, α = (q + ip) /

√
2 and using the IWOP technique we have

Ωs (α) =
1

2π2

∫
d2z exp

[
iz∗ (α− a)− iz

(
a† − α∗)+ s

4

(
z2 − z∗2

)]
=

1

2π2

∫
d2z : exp

[
−1

2
|z|2 − iz

(
a† − α∗)+ iz∗ (α− a) +

s

4

(
z2 − z∗2

)]
:

=
1

π
√
1 + s2

: exp

{
1

1 + s2
[
−2 (a− α)

(
a† − α∗) + s

(
a† − α∗)2 − s (a− α)

2
]}

:

=
1

π
√
1 + s2

exp

[
s

1 + s2
(
a† − α∗)2] : exp

{
−2 (a− α)

(
a† − α∗) 1

1 + s2

}
: exp

[
−s

1 + s2
(a− α)

2

]
,(27)

where

: exp

{
− (a− α)

(
a† − α∗) 2

1 + s2

}
: = exp

[(
a† − α∗) (a− α) ln

s2 − 1

1 + s2

]
. (28)

From Eq. (12) we know that the s-parameterized classical correspondence function of the coherent state projector

is

2π ⟨z|Ω−s (α) |z⟩ = 2πTr [|z⟩ ⟨z|Ω−s (α)]

=
2√

1 + s2
exp

{
s[(z − α)

2 − (z∗ − α∗)
2
]

1 + s2
− 2 (z − α) (z∗ − α∗)

1 + s2

}
=

2√
(1 + s2)

exp

{
− 1

1 + s2
[(q − u)2 − 2is(q − u)(p− y) + (p− y)2]

}
, (29)

thus equation (10) tells us

|z⟩ ⟨z| = 2√
(1 + s2)

∫
dpdqΩs (α) exp

{
− 1

1 + s2
[(q − u)2 − 2is(q − u)(p− y) + (p− y)2]

}
, (30)

so when s = 1, Ωs=1 (α) = δ (p− P ) δ (q −Q), substituting it into Eq. (30) yields

|z⟩ ⟨z| =
√
2P exp

{
−1

2
[(q −Q)2 − 2i(q −Q)(p− P ) + (p− P )2]

}
P, (31)
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where the symbol P · · ·P indicates P–Q ordering;

when s = −1, Ωs=−1 (α) = δ (q −Q) δ (p− P ), sub-

stituting it into Eq. (30) leads to

|z⟩ ⟨z|=
√
2Q exp

{
− 1

2
[(q −Q)2

+2i(q −Q)(p− P ) + (p− P )2]

}
Q, (32)

where Q · · ·Q indicates Q–P ordering; When s = 0

|z⟩ ⟨z| = 2:: exp
{
−
[
(q −Q)2 + (p− P )2

]}
:
: ,(33)

as expected.[9] Especially, when z = 0, equation (32)

becomes to

|0⟩ ⟨0|= 2 :
: exp

{
−Q2 − P 2

}
:
:

= 2 :
: exp

{
−2a†a

}
:
: . (34)

Since equation (32) is in Q–P ordering, so we obtain

the Q–P ordered form of |0⟩ ⟨0|

|0⟩ ⟨0|=
√
2 exp

(
−1

2
Q2

)
Q [exp(−iQP )]Q

× exp

(
−1

2
P 2

)
=

√
2 e−1/2Q2

∞∑
n=0

(−i)
n
QnP n

n!
exp

(
−1

2
P 2

)
,(35)

which can be confirmed by checking the overlap

⟨q |0⟩ ⟨0| p⟩ =
√
2 ⟨q| exp

(
−1

2
Q2

)
×

∞∑
n=0

(−i)
n
QnP n

n!
exp

(
−1

2
P 2

)
|p⟩

=
√
2 exp

(
−1

2
p2 − 1

2
q2
)

× exp {−iqp} 1√
2π

e ipq

=
1√
π
exp

(
−1

2
p2 − 1

2
q2
)
, (36)

as it should be.

5. General formula that can rear-

range a given operator into its

new s-parameterized ordering

We now try to derive the s-ordering form of gener-

alized Weyl quantization scheme. From Eqs. (30)–(32)

we conclude that the s-ordering form of |z⟩ ⟨z| is

|z⟩ ⟨z| = 2√
(1 + s2)

S exp

{
− 1

1 + s2
[(q −Q)2

+ 2is(q −Q)(p− P ) + (p− P )2]
}
S, (37)

where S · · ·S indicates the generalized s-ordering

within which Bose operators are commutable, or

|z⟩ ⟨z|= 2√
1 + s2

S exp

{
s
[
(z − a)

2 −
(
z∗ − a†

)2]
1 + s2

−
2 (z − a)

(
z∗ − a†

)
1 + s2

}
S. (38)

Using the Glauber–Sudarshan P -representation for-

mula for a density operator[12]

ρ =

∫
d2z

π
P (z) |z⟩ ⟨z| , (39)

where[13]

P (z) = e|z|
2

∫
d2β

π
⟨−β| ρ |β⟩ e|β|

2+β∗z−βz∗
, (40)

and Eq. (38) we have

ρ =
2√

1 + s2

∫
d2z

π
e|z|

2

∫
d2β

π
⟨−β| ρ |β⟩ e|β|

2+β∗z−βz∗

× S exp

{
s
[
(z − a)

2 −
(
z∗ − a†

)2]
1 + s2

−
2 (z − a)

(
z∗ − a†

)
1 + s2

}
S

=
2√

1 + s2

∫
d2β

π
⟨−β| ρ |β⟩ e|β|

2

∫
d2z

π
exp

(
s2 − 1

s2 + 1
|z|2 + β∗z − βz∗

)
× S exp

{
s
[
(z − a)

2 −
(
z∗ − a†

)2]
1 + s2

2za† + 2az∗ − 2a†a

1 + s2

}
S, (41)
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this integration can be done by using the integration

technique within the new s-ordered operators product,

and by virtue of the formula∫
d2z

π
exp

(
ζ |z|2 + ξz + λz∗ + fz2 + gz∗2

)
=

1√
ζ2 − 4fg

exp

[
−ζξλ+ ξ2g + λ2f

ζ2 − 4fg

]
, (42)

with the convergent condition

Re (ζ ± f ± g) < 0, Re

(
ζ2 − 4fg

ζ ± f ± g

)
< 0,(43)

and after a straightforward but lengthy calculation we

obtain

ρ =
2√

1 + s2
S

∫
d2β

π
⟨−β|ρ|β⟩

× exp
{ 1

1 + s2
[2s2 |β|2 + sβ2

− sβ∗2 + 2(β∗ − sβ)a

− 2 (β + sβ∗) a† + 2a†a− sa†2 + sa2]
}
S. (44)

This is the formula that can rearrange a given operator

into its new s-parameter ordering. When s = 0, equa-

tion (44) reduces to the Weyl ordering formula[11,14]

ρ=
2√

1 + s2
:
:

∫
d2β

π
⟨−β| ρ |β⟩

× exp {2β∗a− 2βa† + 2a†a} :: . (45)

In particular, when ρ is a unit operator, ⟨−β| 1 |β⟩ =
e−2|β|2 , substituting it into Eq. (44) we do have

2√
1 + s2

∫
d2β

π
S

× exp

{
1

1 + s2
[−2 |β|2 + sβ2 − sβ∗2

+2 (β∗ − sβ) a− 2 (β + sβ∗) a†

+2a†a− sa†2 + sa2]

}
S

= 1, (46)

which confirms the correctness of Eq. (44).

In summary, based on the s-parameterized gener-

alized Wigner operator Ωs we have analyzed the ac-

companied new generalized s-parameterized ordering

rule. This rule recovers P–Q ordering, Q–P ordering,

and Weyl ordering of operators for s = 1,−1, 0 respec-

tively. Hence it differs from the Cahill–Glauber order-

ing rule which unifies normal ordering, anti-normal or-

dering, and Weyl ordering. The formula which can re-

arrange a given operator into its new s-parameterized

ordering is presented. The generalized quantization

scheme with use of this special Ωs is also completed.

Many operator identities can then be derived using

this formula.
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