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Analytical nonparaxial vectorial electric field expressions for both Gaussian beams and plane waves diffracted

through a circular aperture are derived by using the vector plane angular spectrum method for the first time, which is

suitable for the subwavelength aperture and the near-field region. The transverse properties of intensity distributions and

their evolutions with the propagating distance, and the power transmission functions for diffracted fields containing the

whole field, the evanescent field and the propagating field are investigated in detail, which is helpful for understanding

the relationship between evanescent and propagating components in the near-field region and can be applied to apertured

near-field scanning optical microscopy.
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1. Introduction

The electromagnetic fields passing through a cir-

cular aperture have been investigated for a long

time,[1−9] and the incident light model of a Gaus-

sian beam in transverse distribution is generally

studied,[6,7] while the plane wave has also been

taken into consideration for simpler incident light

models.[8,9] Recently, more accurate solutions to the

electromagnetic equations for aperture diffraction

have received much attention. Generally, the scalar

representation from paraxial approximation cannot

satisfy the Maxwell equations and cannot be used in a

large divergent beam or a small beam spot size com-

parable to the wavelength.

To overcome this drawback, the vector represen-

tation based on the nonparaxial framework has been

developed to resolve the Maxwell equations, such as

the vector angular spectrum method,[10,11] the Hertz

vector diffraction theory,[3,7−9] the vectorial Rayleigh

diffraction, and so on.[6,12] The vector angular spec-

trum method has received more and more attention

recently because it is a useful and convenient tool

to resolve the propagation of a light field[10,13−20]

and the far-field diffraction of nonparaxial Gaussian

beams at a circular aperture.[11] At the same time,

the Hertz vector diffraction theory has also been taken

as an important method to study circular aperture

diffraction.[3,7−9] In 2005, Guha and Gillen[8] derived

integral expressions for the electric and magnetic field

components of light within and beyond an apertured

plane for an incident plane wave by using the non-

paraxial vector diffraction theory. In 2009, Gillen

et al.[7] investigated a focused TEM00 Gaussian light

field passing through a circular aperture by using the

Hertz vector diffraction theory. In addition, in 2003,

Lü and Duan[6] investigated the nonparaxial propaga-

tion of vectorial Gaussian beams diffracted at a circu-

lar aperture by using the vectorial Rayleigh diffraction

integral. And in 2004, Gillen and Guha[12] also used

the complete Rayleigh–Sommerfeld method to discuss

the model and propagation of near-field diffraction

patterns.

Moreover, as is well known, the diffraction of light

at an aperture with a radius comparable to or smaller

than the wavelength λ of light is a challenging re-

searching topic and must be described by the vector

theory, in which the light field is restricted to about a

wavelength size scale, and it is composed of an evanes-

cent field and a propagating wave in the near-field. So
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far, the analytical nonparaxial vector expression for

the diffraction through the circular aperture with sub-

wavelength size (several 0.1λ) in the near-field (several

0.1λ) and the properties of the evolving evanescent

field and the propagating wave, as well as their re-

lationship, have not been achieved completely. The

diffraction through a circular subwavelength-size aper-

ture in the near-field is important for apertured near-

field scanning optical microscopy using a near-field op-

tical probe with a subwavelength-sized opening, which

has already become a widely used tool for optical

imaging with several 10-nm spatial resolution. There-

fore, it would be interesting and worthwhile to study

the diffraction through a circular subwavelength-size

aperture.

In this paper, analytical nonparaxial vectorial

electric field expressions in the form of convergent

series and the power transmission functions and

their prosperities of the diffraction through a circu-

lar subwavelength-size aperture are investigated based

on the vector plane angular spectrum. The rest of the

present paper is organized as follows. In Section 2,

we derive the analytical expression of a nonparaxial

electric field diffracted through a circular aperture for

both Gaussian beams and plane waves. In Section 3,

we analyse and discuss the diffracted intensity distri-

bution prosperities in the near-field. In Section 4, we

study the power transmission functions in the near-

(and far-) field. Some main results and conclusions

are summarized in Section 5 finally.

2. Analytical expressions of elec-

tric fields diffracted through a

circular aperture

A Gaussian beam with polarization in the x direc-

tion propagates along the z axis, and a circular aper-

ture of radius R is located at the plane z = 0. The

electric fields just at the aperture can be expressed

as[11]

Ex(x0, y0, 0) = t(x0, y0) exp
(
−x2

0 + y20
w2

)
, (1a)

Ey(x0, y0, 0) = 0, (1b)

where w is the beam waist, and the window function

of the circular aperture t(x0, y0) = 1 as x2
0 + y20 ≤ R2,

and t(x0, y0) = 0 otherwise.

According to the angular spectrum representa-

tion, any electric field can be expanded into an an-

gular spectrum of plane waves in the region z ≥ 0,

where in the region p2 + q2 ≤ 1, every plane wave is

homogeneous, while in the region p2 + q2 > 1 every

plane wave decays exponentially along z. Note that p

and q are two coordinate components in the angular

spectrum Cartesian coordinate system here. Perform-

ing a coordinate transformation from the Cartesian

coordinate system (x0, y0) to the polar one (ρ, θ) with

ρ2 = x2
0 + y20 and also performing a coordinate trans-

formation from the Cartesian coordinate system (p, q)

to the polar one (r, α) with r2 = p2+q2, we can derive

the double integrals of evanescent electric field ampli-

tudes in the region p2 + q2 > 1 (that is r > 1) as

follows:[11,14−20]

Eev
x (x, y, z) = k2

∫ ∞

1

∫ R

0

J0(kρ r)J0
(
kr

√
x2 + y2

)
exp

(
− ρ2

w2

)
exp

(
−kz

√
r2 − 1

)
rρ dρ dr, (2a)

Eev
y (x, y, z) = 0, (2b)

Eev
z (x, y, z) =

2π

λ2

∫ ∞

1

∫ R

0

r2ρ√
r2 − 1

J0(kρ r)J1
(
kr

√
x2 + y2

)
sin

(
arctan

x

y

)
exp

(
− ρ2

w2

)
exp

(
−kz

√
r2 − 1

)
dρ dr,

(2c)

where k = 2π/λ is the wave number, and λ is the wavelength in the medium. Similarly, in the region p2+q2 ≤ 1

(that is r ≤ 1), we can derive the double integrals of the propagating electric field amplitudes as follows:[11,14−20]

Epr
x (x, y, z) = k2

∫ 1

0

∫ R

0

J0(kρ r)J0
(
kr

√
x2 + y2

)
exp

(
− ρ2

w2

)
exp

(
i kz

√
1− r2

)
rρ dρ dr, (3a)

Epr
y (x, y, z) = 0, (3b)

Epr
z (x, y, z) = i

2π

λ2

∫ 1

0

∫ R

0

r2ρ√
1− r2

J0(kρ r)J1
(
kr

√
x2 + y2

)
sin

(
arctan

x

y

)
exp

(
− ρ2

w2

)
exp

(
i kz

√
1− r2

)
dρ dr.

(3c)

In Eqs. (2) and (3), Jl(x) is the first kind l-th order Bessel function, and Jl(x) can be expanded into the

series as follows:

Jl(x) =
∞∑

m=0

(−1)mx2m+l

m!(m+ l)!22m+l
. (4)
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Substituting Eq. (4) into Eq. (2), then applying Newton’s Binomial Theorem, we can derive the expressions

of the evanescent electric field amplitudes in the form of series as follows:

Eev
x (x, y, z) =

∞∑
m=0

∞∑
n=0

m+n∑
l=0

{ (−1)m+mk2m+2n−2lw2m+2(2l + 1)!

(m!)2(n!)2l! 22m+2n+1

× (m+ n)(m+ n− 1) · (m+ n− l + 1) ·
[
m!− Γ

(
m+ 1,

R2

w2

)]
· (x

2 + y2)n

z2l+2

}
, (5a)

Eev
y (x, y, z) = 0, (5b)

Eev
z (x, y, z) =

1

2π
sin(arctan

x

y
)

∞∑
m=0

∞∑
n=0

m+n+1∑
l=0

{ (−1)m+mk2m+2n−2l+2w2m+2(2l)!

(m!)2n! (n+ 1)! l! 22m+2n+2

× (m+ n+ 1)(m+ n) · (m+ n− l + 2) ·
[
m!− Γ

(
m+ 1,

R2

w2

)]
· (x

2 + y2)n+1/2

z2l+1

}
, (5c)

where Γ(·, ·) is the incomplete gamma function. Similarly, substituting Eq. (4) into Eq. (3), we can derive the

expressions of the propagating electric field amplitudes in the form of series as follows:

Epr
x (x, y, z) =

∞∑
m=0

∞∑
n=0

m+n∑
l=0

{ (−1)m+m+1k2m+2n−2lw2m+2(m+ n)(m+ n− 1) · (m+ n− l + 1)

(m!)2(n!)2l! 22m+2n+1

×
[
!− Γ

(
m+ 1,

R2

w2

)]
·
[
(2l + 1)!− Γ(2l + 2,− i kz)

]
· (x

2 + y2)n

z2l+2

}
, (6a)

Epr
y (x, y, z) = 0, (6b)

Epr
z (x, y, z) =

1

2π
sin

(
arctan

x

y

) ∞∑
m=0

∞∑
n=0

m+n+1∑
l=0

{ (−1)m+m+1k2m+2n−2l+2w2m+2

(m!)2n! (n+ 1)!l!22m+2n+2

[
m!− Γ

(
m+ 1,

R2

w2

)]
× (m+ n+ 1)(m+ n) · (m+ n− l + 2) · [(2l)!− Γ(2l + 1,− i kz)] ·

(x2 + y2)n+1/2

z2l+1

}
. (6c)

Equations (5) and (6) are the basic analytical nonparaxial vector electric field expressions of the Gaussian

beam diffracted through the circular aperture, respectively. For mathematical simplicity, plane waves have been

chosen as the incident light for various vector diffraction theories.[8,9] When the aperture radius R is much

smaller than the beam width w in the aperture plane, a virtually uniform field within the aperture can be

produced and they can be thought as the plane wave. Since the radius R of the circular aperture considered in

this paper is very small (a fraction of wavelength λ) in the near-field region, the variation between the intensity

in the centre of the aperture and one at the edge of the aperture is very small. For example, this variation

of the intensity is about 0.02% for a value of R/w = 0.01. Thus the incident Gaussian beam in the aperture

region is virtually uniform, and calculations can be thought as a plane wave at the circular aperture. Therefore,

if we take the plane wave with the amplitude of 1 and a polarization in the x direction as the incident light in

Eq. (1), we can derive the expressions of evanescent electric field amplitudes for the plane wave as follows:

Eev
x (x, y, z) = kR

∫ ∞

1

J1(kRr)J0(kr
√

x2 + y2) exp(−kz
√
r2 − 1)dr

=

∞∑
m=0

∞∑
n=0

m+n∑
l=0

{ (−1)m+nk2m+2n−2lR2m+2(2l + 1)!

m!(m+ 1)!(n!)2l!22m+2n+1

× (m+ n)(m+ n− 1) · (m+ n− l + 1) · (x
2 + y2)n

z2l+2

}
, (7a)

Eev
y (x, y, z) = 0, (7b)

Eev
z (x, y, z) =

R

λ

∫ ∞

1

r√
r2 − 1

J1(kRr)J1(kr
√
x2 + y2) sin

(
arctan

x

y

)
exp(−kz

√
r2 − 1)dr

=
1

2π
sin

(
arctan

x

y

) ∞∑
m=0

∞∑
n=0

m+n+1∑
l=0

{ (−1)m+nk2m+2n−2l+2R2m+2(2l)!

m!(m+ 1)!n! (n+ 1)!l!22m+2n+2

× (m+ n+ 1)(m+ n) · (m+ n− l + 2) · (x
2 + y2)n+1/2

z2l+1

}
. (7c)

Similarly we can also derive the expressions of propagating electric field amplitudes for the plane wave as
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follows:

Epr
x (x, y, z) = kR

∫ 1

0

J1(kRr)J0(kr
√

x2 + y2) exp(i kz
√
1− r2)dr

=
∞∑

m=0

∞∑
n=0

m+n∑
l=0

{ (−1)m+n+1k2m+2n−2lR2m+2

m!(m+ 1)!(n!)2l!22m+2n+1
[(2l + 1)!− Γ(2l + 2,− i kz)]

× (m+ n)(m+ n− 1) · · · (m+ n− l + 1) · (x
2 + y2)n

z2l+2

}
, (8a)

Epr
y (x, y, z) = 0, (8b)

Epr
z (x, y, z) = i

R

λ

∫ 1

0

r√
1− r2

J1(kRr)J1(kr
√

x2 + y2) sin
(
arctan

x

y

)
exp(i kz

√
1− r2)dr

=
1

2π
sin

(
arctan

x

y

) ∞∑
m=0

∞∑
n=0

m+n+1∑
l=0

{ (−1)m+n+1k2m+2n−2l+2R2m+2

m!(m+ 1)!n!(n+ 1)!l!22m+2n+2
[(2l)!− Γ(2l + 1,− i kz)]

× (m+ n+ 1)(m+ n) · (m+ n− l + 2) · (x
2 + y2)n+1/2

z2l+1

}
. (8c)

Equations (7) and (8) are the basic analytical non-

paraxial vector electric field expressions of plane waves

diffracted through the aperture respectively.

We can find from Eqs. (2)–(8) that the diffracted

electric fields contain an evanescent electric field and a

propagating electric field, and the whole electric field

can be decomposed into Ewh
x , Ewh

y , and Ewh
z in the

spatial domain, and they can be given by

Ewh
x (x, y, z) = Eev

x (x, y, z) + Epr
x (x, y, z), (9a)

Ewh
y (x, y, z) = 0, (9b)

Ewh
z (x, y, z) = Eev

z (x, y, z) + Epr
z (x, y, z). (9c)

According to Eqs. (9), the whole electric intensity can

be given by

I(x, y, z) = Iwh
x (x, y, z) + Iwh

y (x, y, z) + Iwh
z (x, y, z),

(10)

where

Iwh
x (x, y, z) = |Ewh

x (x, y, z)|2

= Ievx (x, y, z) + Iprx (x, y, z)

+ Icox (x, y, z), (11a)

Iwh
y (x, y, z) = 0, (11b)

Iwh
z (x, y, z) = |Ewh

z (x, y, z)|2

= Ievz (x, y, z) + Iprz (x, y, z)

+ Icoz (x, y, z) (11c)

with

Ievx (x, y, z) = |Eev
x (x, y, z)|2, (12a)

Iprx (x, y, z) = |Epr
x (x, y, z)|2, (12b)

Icox (x, y, z) = [Eev
x (x, y, z)]∗ · Epr

x (x, y, z)

+ Eev
x (x, y, z) · [Epr

x (x, y, z)]∗, (12c)

Ievz (x, y, z) = |Eev
z (x, y, z)|2, (12d)

Iprz (x, y, z) = |Epr
z (x, y, z)|2, (12e)

Icoz (x, y, z) = [Eev
z (x, y, z)]∗ · Epr

z (x, y, z)

+ Eev
z (x, y, z) · [Epr

z (x, y, z)]∗. (12f)

Here, Ievx (x, y, z), Iprx (x, y, z), and Icox (x, y, z) repre-

sent the evanescent field intensities, the intensity of

the propagating field, and the coherence intensity of

the evanescent and propagating fields for the x po-

larization, respectively, while Ievz (x, y, z), Iprz (x, y, z),

and Icoz (x, y, z) represent the evanescent field inten-

sities, the intensity of the propagating field, and the

coherence intensity of the evanescent and propagating

fields for the z polarization, respectively.

3. Intensity distribution prosper-

ities

We can find from Eqs. (5)–(8) that the analyt-

ical electric field expressions for both the Gaussian

beam and the plane wave diffracted through the cir-

cular aperture can be derived without making any ap-

proximations, which allows us to investigate them near

the circular aperture. And all the above presented se-

ries are from the expansion of Bessel functions and

Newton’s Binomial Theorem, and they are alternat-

ing and absolutely convergent. For the convenience

and the accuracy of calculation, the electric field ex-

pressions of the direct numerical integration for the

plane waves in Eqs. (7) and (8) are chosen in the fol-

lowing discussion. We can also find from Eqs. (7a)

and (7c) that the evanescent fields have no limitation

at z = 0 as r → ∞, so the evanescent fields are dis-

continuous in the aperture plane. Here we will discuss

evanescent fields from a small propagating distance,

such as z ≥ 0.001λ. Meanwhile, we can find from
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Eqs. (8a) and (8c) that propagating fields are contin-

uous in the aperture plane and we can discuss their

properties from z ≥ 0.

3.1. Evolution of the on-axis intensity of

the x polarization along z

According to Eqs. (7)–(12), the dependences of

the normalized intensity (we have supposed that the

amplitude of the incident plane wave is 1 throughout

this paper) of the x polarization on z as x = y = 0 are

calculated for different values of aperture radius R and

the results are shown in Figs. 1–4. Figure 1 shows the

evolutions of the normalized intensity of the evanes-

cent field Ievx (0, 0, z) along z for different values of R.

We can find from Fig. 1 that Ievx (0, 0, z) will decrease

rapidly with the increase of z, and the attenuation

distance is very small and typically smaller than 0.3λ.

The curve in Fig. 1 will become steady with the in-

crease of R, and the value of Ievx (0, 0, z) will increase

with the increase of R for the same z in Fig. 1(a), for

0.00 0.05 0.10

(a)

(b)

0.15 0.20

0.0

0.2

0.4

0.6

0.8
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I
e
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0.8

1.0

R=0.10λ 

R=0.15λ 

R=0.20λ 

R=0.25λ 

R=0.30λ 

R=0.35λ          

Fig. 1. Evolutions of the normalized on-axis intensity of

the evanescent field of the x polarization Ievx (0, 0 , z) along

z for different values of R.

example, the values of Ievx (0, 0, z) are 0.09, 0.3, 0.44,

0.52 for R = 0.02λ, 0.04λ, 0.06λ, 0.08λ respectively as

z = 0.02λ. Ievx (0, 0, z) will decrease to 0 as R ≥ 0.35λ

for any z, that is to say the on-axis evanescent field

exists only under the condition of the very small aper-

ture radius R(< 0.35λ).

Figure 2 shows the evolution of the normalized

on-axis intensity of the propagating field Iprx (0, 0, z)

along z for different values of R. We can find from

Fig. 2 that Iprx (0, 0, z) will decrease with the in-

crease of z for small R (R < 0.6λ in Fig. 2(a)) and

Iprx (0, 0, z) will increase with the increase of R for the

same value of z. However, the situation will change

when R is larger than 0.6λ. The intensity will first

increase to the maximum then decrease with the in-

crease of z as 0.6λ < R < 1.0λ. So the intensity will

oscillate with the increase of z as R > 0.6λ. The

number of on-axis intensity oscillations will be equal

to R/λ.[7,8] We can find from Fig. 2 that the maxi-

mal value of Iprx (0, 0, z) will increase with the increase

of R, and maximal values are 2.77, 3.29, and 3.57 as
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I
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I
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x

(a)

(b)

Fig. 2. Evolutions of the normalized on-axis intensity

of the propagating field Iprx (0, 0 , z) along z for different

values of R.

064202-5



Chin. Phys. B Vol. 21, No. 6 (2012) 064202

R = 1.0λ, 1.5λ, and 2.0λ respectively, and will be lo-

cated at a position of z ≈ R2/λ, which is similar to

the results from Refs. [7] and [8]. And Iprx (0, 0 , z) can

propagate over a larger distance z with the increase of

R.

Figure 3 shows the evolutions of the normalized

on-axis intensity of the coherent field Icox (0, 0, z) along

z for different values of R. Icox (x, y, z) comes from the

coherence of evanescent and propagating fields, and

Icox (0, 0, z) will be oscillatory and decrease to 0 with

the increase of z. It is obvious that the normalized

intensity of the coherent field plays an important role

in modulating the whole intensity in the near-field.
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Fig. 3. Evolutions of the normalized on-axis intensity of

the coherent field Icox (0, 0 , z) along z for different values

of R.

Figure 4 shows the evolutions of the normalized

whole on-axis intensity Iwh
x (0, 0, z) along z for differ-

ent values of R. We can find from Fig. 4(a) that

Iwh
x (0, 0, z) will decrease with the increase of z for

small value of R (for example, R ≤ 0.2λ) and the

intensity will increase with the increase of R for the

same value of z. And the intensity will first increase

to a maximum then decrease with the increase of z as

0.3λ < R < 0.75λ. We can also find from Fig. 4 that

Iwh
x (0, 0, z) is similar to Ievx (0, 0, z) for very small val-

ues of R (for example, R << 0.1λ), while Iwh
x (0, 0 , z)

is the same as Iprx (0, 0, z) for very large values of R

and a certain larger distance z, and we can think that

Iwh
x (0, 0, z) and Ievx (0, 0, z) are the same for R = 0.75λ

and z > 1.5λ as well as R = 1.0λ and z > 1.2λ

in Fig. 4(b). When R ranges from 0.1λ to 1.0λ, the

whole intensity is complicated and determined by all

components. Near the aperture plane (z → 0) the

central whole intensity is similar to the normalized in-

cident intensity value 1, while the maximal values of

the whole intensity at the z axis (z > 0) will be larger

than 1 and increase with the increase of R.
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Fig. 4. Evolutions of the normalized whole on-axis inten-

sity Iwh
x (0, 0, z) along z for different values of R.

Figure 5 shows the dependences of the ratio of

Iprx (0, 0 , z) to Ievx (0, 0 , z) on z for different values of

R. We can find from Fig. 5 that the ratio will in-

crease with the increase of z for a given value of R

and the ratio will also increase with the increase of R

for the same value of z. The ratio is smaller than 1 as

z < 0.1λ and R ≤ 0.2λ, which means the evanescent

field plays a key role only for small radius (for example

R ≤ 0.2λ) and in the near-field region (for example, a

fraction of wavelength λ). When the radius R becomes

large, Iprx (0, 0, z) will be much larger than Ievx (0, 0, z),

and the propagating field plays a key role for a large

radius R. For example, Iprx (0, 0, z) is about 5 times

Ievx (0, 0, z) for R = 0.3λ as 0.01λ < z < 0.1λ, and

Iprx (0, 0, z) is about 27 times Ievx (0, 0, z) for R = 0.3λ

as z = 0.4λ.
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Fig. 5. Dependences of the ratio of Iprx (0, 0, z) to

Ievx (0, 0, z) on z for different values of R.

3.2.Transverse distribution of the nor-

malized intensity of the x polariza-

tion

We can find from Eqs. (7)–(12) that the trans-

verse distributions of Ievx , Iprx , Icox , and Iwh
x are axi-

ally symmetrical, and here we discuss only the trans-

verse intensity of the x polarization in the x direction

(taking y = 0). According to Eqs. (11)–(16), the nor-

malized transverse intensities of the x polarization are

calculated in the x direction (y = 0) for different val-

ues of R and results are shown in Figs. 6–9. Figure 6

shows the transverse distributions of the normalized

intensity of the evanescent field Ievx (x, 0, z = c) in the

x direction for different values of z and R. We can

find from Fig. 6 that the transverse distributions of

Ievx (x, 0, z = c) are different for different values of R,

and values of Ievx (x, 0, z = c) will decrease rapidly to

0 with the increase of z. We can find from Figs. 6(c)

and 6(d) that the transverse distributions will change

with the increase of z for R = 0.3λ or 0.4λ, and the

dark spot in the vicinity of the centre for R = 0.3λ

as z = 0.025λ will be converted into a light spot as

z ≥ 0.075λ as well as the dark spot in the vicinity of

the centre for R = 0.4λ as z ≤ 0.15λ will be converted

into a light spot as z ≥ 0.2λ.
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Fig. 6. Transverse distributions of the normalized intensity of the evanescent field Ievx (x, 0, z = c) in the x direction

for different values of z and R, as indicated in each panel.
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Figure 7 shows the transverse distributions of

the normalized intensity of the propagating field

Iprx (x, 0, z = c) of the x polarization in the x direc-

tion for different values of R and z. We can find from

Figs. 7(a) and 7(b) that the transverse distributions

of Iprx (x, 0, z = c) are not Gaussian distributions as

R = 0.1λ, and they have maximal values in the centre

and decrease to zero with the increase of x in the trans-

verse spot. However, the oscillation of Iprx (x, 0 , z = c)

will disappear and the transverse spot will evolve into

a Gaussian one with the values of R and z increasing,

which can be seen in Figs. 7(c) and 7(d) as R = 0.4λ

and z = 1.0λ. It means that the transverse distri-

bution of the normalized intensity of the propagating

field will be converted from a non-Gaussian mode dis-

tribution into a Gaussian one with light propagating

as R ≥ 0.4λ.
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Fig. 7. Transverse distributions of the normalized intensity of the propagating field Iprx (x, 0, z = c) in the x direction

for different values of z and R as indicated in each panel. Panel (d) is the enlarged panel (c) as R = 0.4λ.

Figure 8 shows the transverse distributions of

the normalized intensity of the coherence component

Icox (x, 0, z = c) of the x polarization in the x direc-

tion as R = 0.1λ and z = 0.5λ, 0.75λ, 1.0λ. We can

find from Fig. 8 that the transverse distributions of

Icox (x, 0, z = c) are not Gaussian distributions, and

they have maximal values in the centre and decrease

to zero with the increase of x in the transverse spot.

And values of Icox (x, 0 , z = c) will also decrease to 0

with the increase of z, which is similar to the case of

the evanescent field.
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Fig. 8. Transverse distributions of the normalized inten-

sity of the coherence component Icox (x, 0, z = c) of the x

polarization in the x direction as R = 0.1λ and z = 0.5λ,

0.75λ, 1.0λ.
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Figure 9(a) shows the transverse distributions of

the normalized intensity of the whole field Iwh
x (x, 0, z)

of the x polarization in the x direction as R = 0.1λ

and z = 0.1λ, 0.15λ, 0.2λ. We can find from Fig. 9(a)

that the transverse distribution of Iwh
x (x, 0, z = c) can

be thought as a Gaussian distribution. Figure 9(b)

shows the transverse distributions of Ievx , Iprx , Icox , and

their overlapping Iwh
x as R = 0.1λ and z = 0.2λ. Fig-

ure 9(c) shows the transverse distributions of Iwh
x and

Iprx as R = 1λ and z = 1.0λ, 1.5λ, 2.0λ. We can

find from Fig. 9(c) that the transverse distributions of

Iwh
x (x, 0, z = c) can be thought of as a Gaussian dis-

tribution, and Iprx and Iwh
x can be thought of as the

same as R = 1.0λ and z ≥ 0.2λ.
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Fig. 9. (a) Transverse distributions of the normalized

intensity of the whole field Iwh
x (x, 0 , z) of the x polariza-

tion in the x direction as R = 0.1λ and z = 0.1λ, 0.15λ,

0.2λ; (b) the transverse distributions of Ievx , Iprx , Icox , and

their overlapping Iwh
x as R = 0.1λ and z = 0.2λ; (c) the

transverse distribution of Iwh
x and Iprx as R = 1.0λ and

z = 1.0λ, 1.5λ, 2.0λ.

3.3.Transverse distribution of the nor-

malized intensity of the z polariza-

tion

We can find from Eqs. (7)–(12) that the trans-

verse distributions of Ievz , Iprz , Icoz , and Iwh
z of the z

polarization are not axially symmetric and their val-

ues are always 0 as x = 0, which are different from the

case of the axially symmetric transverse distributions

of Ievx , Iprx , Icox , and Iwh
x .
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Fig. 10. Transverse distributions of the normalized in-

tensity of the evanescent field Ievz (x, 0, z = c) of the z

polarization for different values of z and (a) R = 0.1λ; (b)

R = 0.2λ.

According to Eqs. (7)–(12), the normalized trans-

verse intensities of the z polarization are calculated in

the x direction (y = 0) for different values of R and

the results are shown in Figs. 10–13. Figure 10 shows

the transverse distributions of the normalized inten-

sity of the evanescent field Ievz (x, 0, z = c) of the z

polarization for different values of R and z. We can

find from Fig. 10 that the transverse distributions of

Ievz (x, 0, z = c) for different values of R are similar,

and values of Ievz (x, 0, z = c) will decrease rapidly with

the increase of z. We can find from Figs. 6 and 10 that

the maximal value of Ievz (x, 0, z = c) is much smaller

than one of Ievx (x, 0, z = c) for the same values of R

and z. For example, maximal values of Ievx (x, 0, z = c)

and Ievz (x, 0, z = c) are 0.27 and 0.003 for R = 0.1λ
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and z = 0.05λ respectively, and the difference is 90

times. The difference will decrease with the increase

of R, for example, the difference is about 25 times for

R = 0.2λ and z = 0.05λ, while the difference is about

17.6 times for R = 1.0λ and z = 0.05λ. So the maxi-

mal amplitude of intensity distribution of the evanes-

cent field of the z polarization is much smaller than

that of the x polarization and can be neglected.

Figure 11 shows the transverse distributions of

the normalized intensity of the propagating field

Iprz (x, 0, z = c) of the z polarization in the x di-

rection for different values of R and z. We can

find from Fig. 11 that the transverse distributions of

Iprz (x, 0, z = c) are similar to each other for different

values of R, and values of Iprz (x, 0, z = c) will decrease

rapidly with the increase of z. We can find from Figs. 7

and 11 that the maximal value of Iprz (x, 0, z = c) is

much smaller than one of Iprx (x, 0, z = c) for the same

values of R and z. For example, maximal values of

Iprx (x, 0, z = c) and Iprz (x, 0, z = c) are 0.0091 and

0.0001696 for R = 0.1λ and z = 0.1λ respectively,

and the difference is about 53.7 times. Maximal val-

ues of Iprx (x, 0, z = c) and Iprz (x, 0, z = c) are 0.695
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Fig. 11. Transverse distributions of the normalized in-

tensity of the propagating field Iprz (x, 0, z = c) of the z

polarization in the x direction for different values of R

and z as indicated in the panels.

and 0.00607 for R = 0.4λ and z = 0.5λ respectively,

and the difference is about 114.5 times for R = 0.4λ

and z = 0.5λ. Maximal values of Iprx (x, 0, z = c) and

Iprz (x, 0, z = c) are 1.85 and 0.01 for R = 1.0λ and

z = 0.5λ, respectively, and the difference is 185 times.

So the maximal amplitude of intensity distribution of

the propagating field of the z polarization is much

smaller than that of the x polarization and can be

neglected.

Figure 12 shows the transverse distributions of the

normalized intensity of the coherent field Icoz (x, 0, z =

c) of the z polarization in the x direction for different

values of R and z. We can find from Fig. 12 that the

transverse distributions of Icoz (x, 0, z = c) are similar

to each other for different values of R, and values of

Icoz (x, 0, z = c) will decrease rapidly with the increase

of z. The maximal value of Icoz (x, 0, z = c) is much

smaller than one of Icox (x, 0, z = c) for the same val-

ues of R and z. So the maximal amplitude of intensity

distribution of the coherent field of the z polarization

is much smaller than that of the x polarization and

can be neglected.
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Fig. 12. Transverse distributions of the normalized in-

tensity of the coherent field Icoz (x, 0, z = c) of the z polar-

ization in the x direction for different values R and z.
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Figure 13(a) shows the transverse distributions of

the normalized intensity of the whole field Iwh
z (x, 0, z)

of the z polarization in the x direction as R = 0.1λ

and z = 0.1λ, 0.15λ, 0.2λ. We can find from

Fig. 13(a) that the values of Iwh
z (x, 0, z = c) will

decrease rapidly with the increase of z. Figure 13(b)

shows the transverse distributions of Ievz , Iprz , Icoz ,

and their overlapping Iwh
z as R = 0.1λ and z = 0.1λ.

We can find from Figs. 9 and 13 that the maximal

value of Iwh
z (x, 0, z = c) is much smaller than one

of Iwh
x (x, 0, z = c) for the same values of R and

z. For example, maximal values of Iwh
x (x, 0, z = c)

and Iwh
z (x, 0, z = c) are 0.133 and 0.000817 for

R = 0.1λ and z = 0.1λ respectively, and the dif-

ference is about 162.8 times. Maximal values of

Iwh
x (x, 0, z = c) and Iwh

z (x, 0, z = c) are 0.058 and

0.000334 for R = 0.1λ and z = 0.5λ respectively,

and the difference is about 173.7 times. Maxi-

mal values of Iwh
x (x, 0, z = c) and Iwh

z (x, 0, z = c)

are 2.71 and 0.00424 for R = 1.0λ and z = 1.0λ
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Fig. 13. (a) Transverse distributions of the normalized

intensity of the whole field Iwh
z (x, 0, z) of the z polariza-

tion in the x direction as R = 0.1λ and z = 0.1λ 0.15λ

0.2λ; (b) the transverse distributions of Ievz , Iprz , Icoz , and

their overlapping Iwh
z as R = 0.1λ and z = 0.1λ.

respectively, and the difference is about 639.2 times.

So the maximal amplitude of intensity distribution of

the whole field of the z polarization is much smaller

than that of the x polarization and can be neglected.

Therefore, intensities of the z polarization (the

longitudinal electric field) are much smaller than ones

of the x polarization (the transverse electric field), and

we can think that the longitudinal electric field van-

ishes and the transverse electric field is treated as the

whole electric field.

4. Power transmission function

Since we have supposed that the amplitude of in-

cident plane wave is 1, we can define the amount of

incident power at the circular aperture as P = πR2.

If we then integrate the intensity of the x polarization

in the plane z=constant, we can derive the amount

of transmitted power. So we can define the power

transmission function T of the aperture by the ratio of

the amount of transmitted power to P0.
[8] The power

transmission functions T ev
x (z) and T pr

x (z) of evanes-

cent wave and propagating field of the x polarization

can be given respectively, by

T ev
x (z) =

P ev
x

P0

=
1

πR2

∫ ∞

−∞

∫ ∞

−∞
Ievx (x, y, z)dxdy, (13a)

T pr
x (z) =

P pr
x

P0

=
1

πR2

∫ ∞

−∞

∫ ∞

−∞
Iprx (x, y, z)dxdy, (13b)

According to Eqs. (7)–(13), the dependences of

the power transmission functions T ev
x (z) and T pr

x (z)

on z for different values of R are calculated, and re-

sults are shown in Figs. 14(a) and 14(b), respectively.

We can find from Fig. 14(a) that the power trans-

mission function T ev
x (z) decreases rapidly with the in-

crease of z and the attenuation distance is very small

and typically smaller than 0.3λ, which is consistent

with the evolving of the on-axis evanescent intensity.

Taking z = 0.001λ, we find that T ev
x (z) are 1.05 for

R = 0.05λ and 1.46 for R = 0.1λ respectively, which

shows an abnormal transmission due to the very small

aperture.

We can find from Fig. 14(b) that power trans-

mission function T pr
x (z) first increases to a maximal

value and then decreases with the increase of z as

R = 0.2λ and 0.4λ and the larger the radius R, the

less the value will decrease. While the power transmis-

sion function T pr
x (z) increases to the a maximal value
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and then nearly keeps this value with the increase of

z as R = 0.6λ, 0.8λ, and 1.0λ. We can also find from

Fig. 14(b) that the steady power transmission func-

tion T pr
x (z) increases with the increase of R, and the

steady value of T pr
x (z) can reach 0.9 as R = 1.0λ and

has nearly no change with the increase of z.
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Fig. 14. Dependences of power transmission functions

T ev
x (z) (a) and Tpr

x (z) (b) on z for different values of R.

5. Conclusion

In this paper, to the best of our knowledge,

the analytical nonparaxial vectorial electric field ex-

pressions including evanescent and propagating com-

ponents for both Gaussian beams and plane waves

diffracted through a circular aperture are obtained for

the first time. Their intensity prosperities and power

transmission functions of the diffraction through a cir-

cular subwavelength-size aperture are investigated in

detail.

It is shown that the evanescent field plays a key

role for a small aperture radius (such as R ≤ 0.2λ) in

the near-field region (such as several 0.1λ). The in-

tensity of the evanescent field decreases rapidly with

the increase of z and the attenuation distance is very

small, typically a fraction of wavelength λ, which is

consistent with the evolution of the power transmis-

sion function of the evanescent field with the increase

of z. When R increases, the whole intensity is com-

plicated and determined by all components. When

the radius R becomes larger (for example, R ≥ 0.3λ),

the propagating field will play a more important role.

The propagating field can propagate larger distance z

with the increase of R, and the value of steady power

transmission function of the propagating field of the x

polarization can reach 0.9 as R = 1.0λ and has nearly

no change with the increase of z. So the propagat-

ing field plays a key role for a large radius (such as

R ≥ 1.0λ) in the near- and far-field regions (for exam-

ple, R ≥ 0.1λ).

It is shown that the transverse distribution of the

x polarization is axially symmetric while the trans-

verse distribution of the z polarization is always 0 as

x = 0, and intensities of the z polarization are much

smaller than ones of the x polarization and can be ne-

glected. The transverse distribution of the intensity

of the propagating field of the x polarization can be

converted from a non-Gaussian mode distribution to a

Gaussian one with the propagation of light for a larger

radius (for example R ≥ 0.4λ).

Our study can be helpful for understanding the

essence of diffraction at a subwavelength aperture and

the relationship between evanescent and propagating

components in the near-field region,[21] and be applied

to apertured near-field scanning optical microscopy.
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