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Quantum computing requires ultracold ions in a ground vibrational state, which is achieved by sideband cooling.

We report our recent efforts towards the Lamb–Dicke regime which is a prerequisite of sideband cooling. We first

analyse the possible imperfection in our linear ion trap setup and then demonstrate how to suppress the imperfection

by compensating the excess micromotion of the ions. The ions, after the micromotion compensation, are estimated to

be very close to the Doppler-cooling limit.
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1. Introduction

Among the candidates for quantum information

processing (QIP), trapped ions are most promising

due to full controllability of the ionic qubits and the

long coherence time of the ionic states.[1−5] The origi-

nal idea came Cirac and Zoller’s proposal,[6] in which

the qubits are encoded into the internal states of the

ions and the common quantized vibrational modes are

used for coupling the qubits. To realize the idea, we

have to first achieve the cooling of the vibrational

states of the ions to the ground state. The cooling

consists of two steps, i.e., Doppler cooling and side-

band cooling.[7,8] The former could cool the ions to be

within the Lamb–Dicke regime and the latter achieves

the ground vibrational state of the ions.[9]

However, the ion trap suffers from imperfections

due to misalignment of the endcap electrodes, the un-

even coating of calcium (also called patch effects), the

deposit of electrons on the electrodes and the radio fre-

quency (RF) inductive voltage in the DC electrodes.

These negative effects heat the trapped ions and hin-

der the cooling towards the Lamb–Dicke regime. We

report in this paper our recent effort in our home-built

linear ion trap to minimize the negative effects due to

imperfection of the trap and to cool the trapped 40Ca+

ions reaching the Lamb–Dicke regime.

As presented previously, we have achieved in our

linear ion-trap setup the photoionization and the sta-

ble confinement of a string of ions by micromotion

compensation,[10] and have also measured some typ-

ical characteristic parameters.[11] In that work, how-

ever, the compensation was accomplished only in one

of the radial directions and the RF inductive voltage

was not well suppressed. So the ions were still confined

much beyond the Doppler-cooling limit, which hinders

us in carrying out sideband cooling. We demonstrate

below our recent work on the compensation for the ex-

cess micromotion in all dimensions and the suppres-

sion of the RF inductive voltage. A much narrower

linewidth of the excitation spectrum of the trapped
40Ca+ ions has been obtained. We also estimate the

negative effects left in our setup and the misalignment

of the trap structure. Our calculation indicates that

the Lamb–Dicke regime has been reached in our linear

ion trap.

This paper is structured as follows. We first the-
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oretically analyse the origin of the excess micromo-

tion and the method of micromotion compensation.

Then we report our experimental effort for compensat-

ing the excess micromotion and for measuring differ-

ent characteristic parameters. Some discussions and a

brief conclusion are given in the final section.

2. Theory of the linear ion trap

2.1.Basic equations for the trapped ions

The linear ion trap in our experiment has been

described in Ref. [12] and shown in Fig. 1(a), where

the blade-like electrodes provide RF: electrodes 1

and 3 are connected to the ground and electrodes 2

and 4 produce the potential V cos(Ωt) with Ω/2π =

20.1 MHz. So the potential due to the electrodes near

the trap axis is

Φrf(x, y, t) =
αacV

2

(
1 +

x2 − y2

r02

)
cos(Ωt), (1)

where r0 is the perpendicular distance from the trap

axis to the RF electrodes and αac(< 1) is an RF ge-

ometrical factor. In addition, a harmonic pseudopo-

tential

Φec(x, y, z) =
κUec

L2

[
z2 − 1

2
(x2 + y2)

]
(2)

is created by the static voltage Uec near the center

of the trap, where κ(< 1) is an axial geometrical

factor and L is half of the length between the two

endcaps. As a result, the total potential is given by

Φ = Φrf + Φec.

Accordingly the total electric field is

E(x, y, z, t) = −V

(
xx̂− yŷ

r20

)
cos(Ωt)

− κUec

L2
(2zẑ − xx̂− yŷ), (3)

and the motion of a single ion of mass m and charge Q

in above field is determined by the Mathieu equation

üi + [ai + 2qi cos(Ωt)]
Ω2

4
ui = 0, (4)

where u = uxx̂ + uy ŷ + uz ẑ is the position of the ion

using the coordinate system shown in Fig. 1(b), and

the parameters are defined by

ax = ay = −1

2
az = −4QκUec

mL2Ω2
,

qx = −qy = −2QαacV

mr20Ω
2
, qz = 0. (5)

For convenience, we define the unit vectors ûx = x̂,

ûy = ŷ, and ûz = ẑ.
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Fig. 1. (colour online) The schematic of a linear ion trap,

where r0 = 0.9 mm, D = 7 mm, L = 2.5 mm. For clar-

ity, r0 is magnified in the plot with respect to the real

size. Panel (a) is the side view. The trap axis is along

the z direction, and the origin is centered between the two

endcaps; panel (b) is the axial view. The blade-like RF

electrodes (labeled as 1–4) are represented by four filled

circles in red and black. The compensation electrodes 5

(separated as 5a and 5b) and 6 are plotted as blue filled cir-

cles. The endcaps are omitted for clarity. For convenience

of description, we take two coordinate systems, where x

and y axes are along the diagonal RF electrodes, respec-

tively, and x′ and y′ axes are along the horizontal and

vertical directions, respectively. The z (z′) axis represents

the trap axis.

Since |qi| ≪ 1 and |ai| ≪ 1 are always satisfied

experimentally, we could only consider the first-order

solution to Eq. (4) as ui(t) ≈ u1i cos(ωit + φSi)[1 +

(qi/2) cos(Ωt)] (Ref. [13]) with the phase φSi and

ωi
∼=

Ω

2

√
ai +

1

2
q2i . (6)

For N ions trapped under the condition of

(ωz/ωr)
2 ≤ 2.53N−1.73,[14] the ions are strongly

bounded in the radial directions, and only weakly

bounded in the axial direction, which result in a lin-

ear chain geometry. The equilibrium positions (zi for

the i-th ion) are given by the minima of the potential

energy[15]

Ep =
N∑
j=1

m

2
ω2
zz

2
j +

N∑
i,j=1,i ̸=j

Q2

8πϵ0

1

|zj − zi|
. (7)
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2.2.The effect of extra uniform static

electric field and the compensation

If the trapped ion is subject to an extra uniform

static electric field Edc, Eq. (4) becomes

üi + [ai + 2qi cos(Ωt)]
Ω2

4
ui =

QEdc · ûi

m
. (8)

To the lowest order in ai and qi, the solution to Eq. (8)

is[13]

ui(t) ≈ [u0i + u1i cos(ωit+ φSi)]
[
1 +

qi
2
cos(Ωt)

]
, (9)

with

u0i
∼=

QEdc · ûi

mω2
i

.

The field Edc displaces the average position of the

ion and causes excess micromotion with the ampli-

tude 1
2u0iqi along ûi, which handicaps the efficiency

of the laser cooling.

The stray electric field is associated with the mis-

alignment of the endcap electrodes, the uneven coat-

ing of calcium and the deposit of electrons on the

electrodes. The former two factors can be easily dis-

tinguished from each other because the stray electric

field caused by misalignment varies with the endcap

voltage, but the other keeps constant. The deposit of

electrons could be neglected in our setup as we employ

photoionization, which largely suppresses the deposit

of the electrons.
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Fig. 2. (colour online) Misalignment of the endcaps,

which yields extra components in ŷ′ and x̂′ directions in

the case of the electric field applied along ẑ direction.

We denote the constant component by Edc1, and

the endcap-voltage dependent component by Edc2,

yielding Edc = Edc1 +Edc2. The small misalignment

of endcap 2 ∆y′ec2 (See Fig. 2) causes an extra electric

field along the ŷ′ direction

Edc2y′ = Eec2 · ŷ′ = Eec1 tan θ ∼= Eec1
∆y′ec2
L

and a small misalignment ∆x′
ec2 causes an extra elec-

tric field along the x̂′ direction

Edc2x′ = Eec2 · x̂′ = Eec1 tan θ ∼= Eec1
∆x′

ec2

L
.

The excess micromotion in different directions

should be compensated in different ways. In the ra-

dial direction, excess micromotion can be eliminated

by compensating electrodes 5 and 6, which cancel the

horizontal and vertical stray fields, respectively. The

x̂′ and ŷ′ components of the compensating electric

field are Ec1x′ = αc1Uc1/D and Ec2y′ = αc2Uc2/D,

respectively,[16] where Uc1 and Uc2 are voltages applied

to the electrodes 5 and 6, D is the effective distance

between the compensating electrode and trap center

and αc1, αc2 are called DC geometrical factors. On the

other hand, the axial stray field can be compensated

by unequal endcap voltage Eecz′ = αec(Uec2−Uec1)/L.

So the well compensated condition in three dimensions

is Edc1 +Edc2 + Ec1x′ x̂′ + Ec2y′ ŷ′ + Eecz′ ẑ′ = 0.

We have to mention that, although the displace-

ment of the ions in the axial direction does not cause

excess micromotion by using qz = 0 in Eq. (9), the

ion compensated for the axial stray field does show a

better excitation spectrum for the reason discussed in

the following sections.

2.3.The effects of the RF phase shift and

the RF inductive voltage

Excess micromotion can also be caused by the

phase difference φ′
ac between the ac potentials of the

RF electrodes 2 and 4. If φac < 1 rad, the potential

of electrode 4 is

V cos

(
Ωt+

1

2
φac

)
∼= V cos(Ωt)− 1

2
V φac sin(Ωt)

and the potential of electrode 2 is

V cos

(
Ωt− 1

2
φac

)
∼= V cos(Ωt) +

1

2
V φac sin(Ωt).

So the total electric field near the trap center is writ-

ten as

E(x, y, z, t) ∼= − V

r20
(xx̂− yŷ) cos(Ωt)

− κUec

L2
(2zẑ − xx̂− yŷ)

+Edc +
V φacα

′
ac

2r0
sin(Ωt)x̂, (10)

where α′
ac is generally different from αac but depends

on the trap geometry. The equations of motion in ŷ

and ẑ directions remain the same as Eq. (8), but the

solution in x̂ direction becomes,[13]

ux(t) ≈ [u0x + u1x cos(ωxt+ φSx)]
[
1 +

qx
2

cos(Ωt)
]
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− 1

4
qxr0α

′
acφac sin(Ωt). (11)

Equation (11) shows that unless φac = 0, the ex-

cess micromotion in x̂ direction would not vanish for

any average ion position u0. The phase shift is al-

ways expected to be caused by asymmetry in the elec-

tric impedances of the electrodes. However, there ex-

ists another situation where the RF inductive voltage

plays a similar role.

Due to the static electrodes near the blade-like RF

electrodes, the RF inductive voltage through capacity

coupling is unavoidable, which produces an effective

phase shift. We denote the inductive ac voltage on

the compensation electrodes 5 and 6 by V1 and V2,

and denote the corresponding phase shifts by φ1 and

φ2. The additional electric field due to the induced ac

voltage can be expressed as

Eac1 =
αc1V1 cos(Ωt+ φ1)√

2D
(ŷ − x̂)

− αc1V1 cos(Ωt+ φ1)√
2D2

(yŷ − xx̂), (12)

Eac2 =
αc2V1 cos(Ωt+ φ2)√

2D2
(xx̂+ yŷ)

− αc2V2 cos(Ωt+ φ2)√
2D

(x̂+ ŷ). (13)

For Eac1 and Eac2 in the case φ1 = φ2 = 0, equa-

tion (10) is rewritten as

E(x, y, z, t)

= − κUec

L2
(2zẑ − xx̂− yŷ) +Edc

+
V φacα

′
ac

2r0
sin(Ωt)x̂

+
αc1V1 + αc2V2√

2D
sin(Ωt)x̂

− αc1V1 − αc2V2√
2D

sin(Ωt)ŷ

−
(
αacV

r20
− αc1V1 + αc2V2√

2D2

)
cos(Ωt)xx̂

+

(
αacV

r20
− αc1V1 − αc2V2√

2D2

)
cos(Ωt)yŷ. (14)

A more complete consideration is taken into ac-

count below for the RF inductive voltage by the end-

cap electrodes. If the inductive voltage of the endcap

is Vec cos(Ωt), the electric field is

Eac′ = −κVec

L2
(2zẑ − xx̂− yŷ) cos(Ωt).

So equation (14) is replaced by

E(x, y, z, t)

= −κUec

L2
(2zẑ − xx̂− yŷ) +Edc

+
V φacα

′
ac

2r0
sin(Ωt)x̂

+
αc1V1 + αc2V2√

2D
sin(Ωt)x̂

− αc1V1 − αc2V2√
2D

sin(Ωt)ŷ

+

(
κVec

L2
− αacV

r20
+

αc1V1 + αc2V2√
2D2

)
cos(Ωt)xx̂

+

(
κVec

L2
+

αacV

r20
− αc1V1 − αc2V2√

2D2

)
cos(Ωt)yŷ

− 2κVec

L2
cos(Ωt)zẑ. (15)

We may solve the equations of motion to the low-

est order of ai, qi, φac, V1, and V2, yielding

ux(t) ≈ [u0x + u1x cos(ωxt+ φSx)]

[
1 +

q′x
2

cos(Ωt)

]
− 1

4
qxr0α

′
acφac sin(Ωt)

− Q√
2DmΩ2

(αc1V1 + αc2V2) sin(Ωt), (16)

uy(t) ≈ [u0y + u1y cos(ωyt+ φSy)]

[
1 +

q′y
2
cos(Ωt)

]
+

Q√
2DmΩ2

(αc1V1 − αc2V2) sin(Ωt), (17)

uz(t) ≈ [u0z + u1z cos(ωzt+ φSz)]

×
[
1 +

q′z
2
cos(Ωt)

]
, (18)

where, due to D, L ≫ r0, under the condition αc1V1,

αc2V2, κVec ≪ αacV , we have

q′x =
2Q

mΩ2

(
αacV

r20
− αc1V1 + αc2V2√

2D2
− κVec

L2

)
∼= qx,

q′y = − 2Q

mΩ2

(
αacV

r20
− αc1V1 − αc2V2√

2D2
+

κVec

L2

)
∼= qy,

q′z =
4Q

mΩ2

κVec

L2
≪ qr,

and ai, ωi are defined as given above.

Similar to the excess micromotion caused by ac

phase shift, equations (16)–(18) show that the excess

micromotion in both x̂ and ŷ directions would not van-

ish for any average ion position u0 unless the RF in-

ductive voltage V1 = V2 = 0. Besides, since q′z ̸= 0,

the ion displacements in the axial direction will result

in an excess micromotion.

From Eqs. (16)–(18), the average kinetic energy

due to the motion along the ûi direction is

EKi
∼=

1

4
mu2

1i

(
ω2
i +

1

8
q2iΩ

2

)
+

4

m

(
QqiEdc · ûi

(2ai + q2i )Ω

)2

+

(
1

64
m(qxr0α

′
acφacΩ)2
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+
1

4m

(
Q(αc1V1 + αc2V2)

DΩ

)2 )
δi,x

+
1

4m

(
Q(αc1V1 − αc2V2)

DΩ

)2

δi,y. (19)

The first term is the kinetic energy of secular motion

and micromotion, which can be reduced by laser cool-

ing. The second term is attributed to the excess mi-

cromotion caused by a stray static field, which can be

suppressed by applying a proper compensation volt-

age. However, the last two terms can only be sup-

pressed by improving the electric connections and the

filter network.

2.4.Detection of micromotion by us-

ing the two-dimensional cross-

correlation method

Several techniques have been developed to de-

tect excess micromotion.[13] In our previous work,[10]

position compensation, linewidth compensation, and

cross-correlation method in the x̂′ direction have been

carried out by using a 397-nm laser and an 866-nm re-

pumping laser (i.e., beam 1 in Fig. 3), and a 22-MHz

linewidth excitation spectrum at 397 nm has been

achieved. Recently, we employed another Doppler-

cooling laser (397-nm laser, i.e., beam 2 in Fig. 3)

together with the 866-nm repumping laser to detect

and compensate the excess micromotion in the vertical

direction and to suppress the inductive voltage, which

has achieved an excitation spectrum of (22.9/2)-MHz

linewidth.

a

b

4

5

1 2

3

6
20O

6O

beam 1

beam 2

trap axis

^ x′

y′

^

^

z′

Fig. 3. (colour online) Laser beams for the compensa-

tion of micromotion in both x̂′ and ŷ′ directions, where

one 397-nm laser and the repumping 866-nm laser are de-

noted by beam 1, and another 397-nm laser is denoted by

beam 2. Both beam 1 and beam 2 hold an angle of about

30◦ with respect to the trap axis, so the micromotion in ẑ

direction can also be detected.

Taking all the effects that cause excess micromo-

tion into account, we define

β =

√√√√√1

2

∑
i=x,y,z

kiu0iqi

2

+

(
1

4
kxqxr0α′

acφac +
kxQ(αc1V1 + αc2V2)√

2mDΩ2
− kyQ(αc1V1 − αc2V2)√

2mDΩ2

)2

(20)

with k being the wave vector. In the frame with an ion undergoing excess micromotion, the laser frequency is

Doppler shifted by −k · Vµ = βΩ sin(Ωt+ δ). In the low intensity limit, the detected fluorescence rate is[13]

Rd = Rmax
(γ)2/2

(γ/2)2 + [Ωatom −Ωlaser − βΩ sin(Ωt+ δ)]2
. (21)

Since beam 1 has barely any action in the vertical direction, excess micromotion in that direction cannot

be detected and compensated effectively. As a result, it is the added beam 2 that achieves a more complete

compensation.

3. Experimental implementation of compensating excess micromotion

and measuring geometrical factors

3.1.Measuring the ion displacements by EMCCD

The displacements of the ions in the trap can be monitored by the EMCCD which is installed by an angle

θv with respect to the trap axis. The real size of the ions in the trap could be represented by the pixels on the

EMCCD camera based on the following method.
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20 mm

Fig. 4. (colour online) Images obtained under different

axial secular frequencies. From the top to bottom ωz is

150 kHz, 207 kHz, 259 kHz, and 334 kHz, respectively.

Larger secular frequency is not used for better accuracy.

The image in the top is blurry because the ions are out of

the optimal object area of the imaging system.
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i th ion

 ωz=150 kHz
 average
 ωz=207 kHz
average
 ωz=259 kHz
average
 ωz=334 kHz
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Fig. 5. (colour online) Calibration of the scale of a pixel in

EMCCD. The distances between the first ion and the other

ions (from the second to the seventh are labeled as 2, 3,

. . ., 7 in the horizontal axis) were both theoretically solved

and experimentally measured from the EMCCD images.

The scale is about 1.17 µm per pixel.

We exemplify seven ions trapped stably as a lin-

ear chain in Fig. 4, where the images are taken under

different axial secular frequencies. The separation of

the ions could be measured by pixels in the EMCCD

and the axial secular motion frequency is measured

by adding a tickle signal on the endcap.[11] The real

separation can be obtained by solving Eq. (7) using

the optimization method. We have compared the cal-

culated results with the measured data in Fig. 5 with

the scale 1.17 µm/pixel. Because the size of one pixel

on the EMCCD is 16 µm, and the image of the ions

is magnified by 15 times, we know that a single pixel

corresponds to the real size 1.07 µm. As a result, we

obtain the angle between the trap axis and the imag-

ing system to be

θv = arcsin

(
1.07

1.17

)
= 66.1◦.

These data are used to calculate the geometrical fac-

tors of the DC electrodes.

3.2.Measurement of the geometrical

factors

The axial geometrical factor κ can be obtained

by fitting the relationship between the axial secu-

lar motion frequency and the endcap voltage using

Eqs. (5) and (6). The measurement in Fig. 6 gives

κ = 0.1143(0.0001).
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 fit with κ=0.1143 (0.0001)  
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r 
m

o
ti
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n
/
k
H
z

Endcap voltage/V

Fig. 6. (colour online) Secular motion frequency is mea-

sured under different endcap voltages by adding a tickle

signal to the endcaps. Fitting to Eq. (6) gives κ = 0.1143.

In order to obtain the DC geometrical factors for

the compensation electrodes, we deliberately shifted

the ions by applying different voltages on the com-

pensation electrodes. The displacements and the cor-

responding voltages were recorded for calculating the

DC geometrical factors. The experimental data and

the results shown in Figs. 7(a) and 7(b) present us

with αc1 = 0.0080 and αc2 = 0.0064.

In order to gain more information about the axial

stray static field, we have also measured αec. When

endcap electrode 1 was held at 20 V and the endcap

electrode 2 varied around 20 V, the displacement was

recorded in Fig. 7(d), which means αec=0.0273.

Since these geometrical factors are deduced from

the displacements of the ions, the precision of the re-

sults is limited by the resolution of our imaging system

(about 1 µm). We have tried to reduce the limitation

by carefully adjusting the voltage to locate each ion

at the exact position on the EMCCD, which leads to

a fitting error of less than 0.001.
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Fig. 7. (colour online) Displacements of the ion in different cases, where the error bar is due to the resolution of

the imaging system. (a) Displacements in x̂′ direction caused by the compensation electrode 5, (b) displacements in

ŷ′ direction caused by the compensation electrode 6, (c) displacements in ẑ direction caused by the stray field under

different endcap voltages, and (d) displacements in the ẑ direction caused by the endcap electrode 2 with electrode 1 at

20 V.

3.3.Measurement of the stray static

fields and the endcap misalignment

We have also varied the voltages on the two end-

cap electrodes simultaneously and compensated the

micromotion in the x̂′ and ŷ′ directions. As shown in

Fig. 8, the compensation voltages are varied with the

changes of the endcap voltages, indicating misalign-

ment of the endcaps. The stray static electric field

and the size of misalignment of the endcap in x̂′ and

ŷ′ directions can be deduced by fitting the obtained

data using the definitions of Edc2x′ and Edc2y′ . From

Fig. 8, we can know the pure effect of the stray field by

considering a zero endcap electrode voltage and also

know the misalignment of the endcaps by the slope of

the line.

Figure 8 also indicates that our employed pho-

toionization has largely suppressed the patch effect

and the deposit of the electrons on the electrodes since

our observation of the stray field varied only for a few

volts per meter during the period of two hours, where

the stray field in x̂′ direction is varied from 195.4 V/m

to 192.0 V/m and in ŷ′ direction varied from 53.0 V/m

to 46.6 V/m. Moreover, the endcap electrode 2 devi-

ated from the trap axis due to misalignment was esti-

mated to be ∆x′
ec2 = −47 µm and ∆y′ec2 = 105 µm.

Although this deviation in ŷ′ direction could be ver-

ified by the image of the endcaps on the EMCCD,

it is impossible to observe the deviation in the x̂′ di-

rection directly. The misalignment could be hopefully

reduced by more careful work in the manual assembly.
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Fig. 8. (colour online) The compensation voltages with

respect to the endcap voltages, where each data point

is obtained using the cross-correlation method and after

compensation to β < 0.005. The black points are obtained

immediately after loading, and the red ones are obtained

two hours later. Panels (a) and (b) are for the compensa-

tion voltages in the x̂′ and ŷ′ directions, respectively.

The stray field in the ẑ direction is derived by

the measured displacements under different axial sec-

ular frequencies ωz. Figure 7(c) shows a stray field

of −43.7 V/m in ẑ direction, which is large enough
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to push the ions away from the trap center by several

tens of µm. This field can be compensated by apply-

ing a voltage on endcap 1 higher than on endcap 2 by

4.00 V.

3.4.Detection of the effect due to the

RF inductive voltage

In order to detect the excess micromotion caused

by the RF inductive voltage, we have changed the filter

network of the compensation electrodes to form differ-

ent RF inductive voltages. Then the excess micromo-

tion was minimized by cross-correlation method. Un-

der this condition the suppressed β is attributed to

the RF inductive voltage. The results given in Fig. 9

demonstrate that, when the inductive voltage is sup-

pressed to be less than 1 V, the modulation of the

fluorescence signal by RF is negligible to the accuracy

of β < 0.01. When the inductive voltage is adjusted to

8 V, the value of β is measured to be 0.07, which is 6.5

times larger than that expected from Eq. (20). This

mismatch indicates that the geometrical factor for the

compensation electrodes in the RF situation is larger

than what we have measured in the DC situation by

6.5 times.
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Fig. 9. (colour online) Typical cross-correlation signal

obtained by laser beam 1 or beam 2, where panel (a) is

obtained by compensating the static stray field to the best

under the 8-V RF inductive voltage in both compensa-

tion electrodes; panel (b) is obtained by compensating the

static stray field to the best under the RF inductive volt-

age less than 0.8 V.

3.5. Estimate of the temperature of the

cooled ions

The trapped ion temperature is usually measured

by the relative sideband intensity of the quadrupole

transition. In our case, this could be done by using a

narrow band 729-nm laser based on the resolved side-

band transition.[17] However, since the linewidth of

our 729-nm laser is still not satisfied for the resolved

sideband transition, we have made a coarse estimate of

the ion temperature following the method in Refs. [17]

and [18]. After compensating all these negative ef-

fects, we measured the linewidth with different 397-

nm radiations between 4 µW and 45 µW. We fit the

experimental data by Lorentz fitting. This is because

the Gaussian component due to Doppler broadening

made negligible contribution in our spectra, which re-

sults in a the Lorentz-shape profile. A typical exci-

tation spectrum given in Fig. 10 corresponds to the

cross-correlation signal with β = 0 (0.01) in Fig. 9(b),

where the intensity of 397-nm laser is 4 µW.
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Fig. 10. (colour online) Typical excitation spectrum

with a 4-µW 397-nm laser for a single ion when the stray

field has been compensated in three dimensions and the

inductive voltage has been suppressed to be less than

0.8 V. Since the residual Doppler broadening is very small,

Lorentz fitting is used to estimate the linewidth. The

drop-off of the fluorescence after the peak is due to the

heating of the ion by the laser if the laser frequency is

larger than the ion rest-frame resonance frequency.
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Fig. 11. (colour online) The linewidth squared versus

397-nm laser power due to power broadening of the excita-

tion spectrum, where each point is taken from the Lorentz

fitted results of different laser scans. From the fitting, the

zero power broadening linewidth can be determined.
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The linewidth square (∆f)2 is fitted linearly with

respect to the 397-nm laser power in Fig. 11, and

a linewidth without the power broadening was ob-

tained, by extrapolating to zero intensity, to be 22.1

(+0.6) MHz. The natural linewidth of the 40Ca+ ion

is about 20.7 MHz (22.3 MHz used in Ref. [17], but

not suitable for our setup because it is even larger than

the measured data). If we attribute the difference be-

tween the measured data and the natural linewidth to

the residual Doppler broadening, the effective temper-

ature of a single ion is estimated to be 0.6 mK, which

is close to the Doppler cooling limit (∼ 0.5 mK).

4. Discussion and conclusion

The sideband cooling works only after the trapped

ion has been confined in the Lamb–Dicke regime, cor-

responding to η⟨2ni + 1⟩1/2 ≪ 1 (Ref. [19]) with the

Lamb–Dicke parameters η = k
√

~/2mωi and the wave

vector k. In what follows, we assess the effective

temperature caused by the residual negative effects,

specifically the excess micromotion using typical trap

parameters ωx = ωy = 1.2 MHz, ωz = 0.5 MHz, and

qx = −qy = 0.17.

The Doppler-cooling limit is 0.5 mK for 40Ca+

in our experiments.[19] This implies that the mini-

mum average quantum numbers of Doppler-cooling

⟨ni⟩ are about 3.8 and 10.0 for the radial and axial

directions, respectively. For the 729-nm quadrupole

transition, η is about 0.14 in the axial direction and

0.088 in the radial direction, and thereby the Lamb–

Dicke regime for the quadrupole transition requires

⟨nr⟩ ≪ 64 and ⟨nz⟩ ≪ 25. As a result, the measured

residual 0.6 mK can be expressed as ⟨nz⟩ ∼ 13 < 25,

and ⟨nr⟩ ∼ 6 ≪ 64, which means that the trapped

ions are fully within the Lamb–Dicke regime after the

compensation is accomplished. A more precise esti-

mate will be carried out by resolved sideband transi-

tion after our 729-nm laser is qualified for the narrow

band linewidth.

We assess below the limitation of the method we

have taken for detecting and compensating for the im-

perfections of the linear trap. Considering the micro-

motion caused by the stray field in the radial direc-

tion, we find that, the residual field of 0.011 V/m in

x̂′ or ŷ′ direction due to 10-mV noise of the voltage

source leads to an extra temperature less than 0.1 µK.

However, the cross-correlation method can only de-

tect β (Eq. (20)) with the error on the order of 0.01,

which means the residual extra temperature is less

than 78 µK.

A phase shift of 0.05◦ causes an extra tempera-

ture 0.5 mK. After using cross-correlation method, no

phase shift was found in our experiment, which means

the corresponding extra temperature is less than 1 µK.

Our experimental results also indicate that the

inductive voltage should be suppressed to be less than

1.7 V for ensuring that the temperature isless than the

Doppler-cooling limit. In fact, by carefully choosing

the optimal capacity set between the DC electrodes

and the RF ground, we may suppress the inductive

voltage to be less than 0.8 V, corresponding to an ex-

tra temperature 74 µK.

Adding all these effects and including 0.5 mK due

to recoil energy, we obtain the temperature of our

trapped ions to be 0.65 mK, which matches our mea-

sured data quite well.

In conclusion, the origin and the suppression of

the excess micromotion in the linear ion trap have

been studied both theoretically and experimentally,

where the static stray field and the geometric fac-

tors of the DC electrodes were measured and the mis-

alignment of the endcaps was estimated. Since the

excess micromotion in three dimensions are almost

suppressed, the ions are fully within the Lamb–Dicke

regime.
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