
Chin. Phys. B Vol. 21, No. 6 (2012) 060508

Predictions of pressure-induced structural transition,

mechanical and thermodynamic properties of

α- and β-Si3N4 ceramics: ab initio and

quasi-harmonic Debye modeling∗

Yu Ben-Hai(余本海) and Chen Dong(陈 东)†

College of Physics and Electronic Engineering, Xinyang Normal University, Xinyang 464000, China

(Received 24 October 2011; revised manuscript received 3 December 2011)

The plane-wave pseudo-potential method within the framework of ab initio technique is used to investigate the

structural and elastic properties of α- and β-Si3N4. The ground-state parameters accord quite well with the experimental

data. Our calculation reveals that α-Si3N4 can retain its stability to at least 40 GPa when compressed at 300 K. The

α → β phase transformation would not occur in a pressure range of 0–40 GPa and a temperature range of 0–300 K.

Actually, the α → β transition occurs at 1600 K and 7.98 GPa. For α- and β-Si3N4, the c axes are slightly more

incompressible than the a axes. We conclude that β-Si3N4 is a hard material and ductile in nature. On the other hand,

β-Si3N4 is also found to be an ionic material and can retain its mechanical stability in a pressure range of 0–10 GPa.

Besides, the thermodynamic properties such as entropy, heat capacity, and Debye temperature of α- and β-Si3N4

are determined at various temperatures and pressures. Significant features in these properties are observed at high

temperature. The calculated results are in good agreement with available experimental data and previous theoretical

values. Many fundamental solid-state properties are reported at high pressure and high temperature. Therefore, our

results may provide useful information for theoretical and experimental investigations of the Si3N4 polymorphs.

Keywords: ab initio, elastic constants, phase transition, Poisson ratio

PACS: 05.70.Fh, 21.60.De, 62.20.dq DOI: 10.1088/1674-1056/21/6/060508

1. Introduction

Silicon nitride (Si3N4), which belongs to the fam-

ily of group IV nitrides, is an important technical ma-

terial as a ceramic and as a dielectric insulator.[1] Due

to its high hardness and strength, high decomposi-

tion temperature, low compressibility, good corrosion

resistance, wear resistance, and thermal shock resis-

tance, Si3N4 is used as a high-temperature structural

material for cutting tools, engineering dies, antifric-

tion bearings, and gas engines.[2] Its low density, tun-

able electrical conductivity, good creep resistance, and

fracture toughness lead to numerous applications in

nuclear industry and space project.[3] There are two

well-known crystalline phases of silicon nitride: α- and

β-Si3N4, both have hexagonal structures. β-Si3N4 is

generally considered to be more stable than α-Si3N4

under ambient conditions. About 13 years ago, the

third polymorph (spinel γ-Si3N4) was synthesized by

Zerr et al.[4]

Wang et al.[5] have investigated the bulk moduli

and the thermodynamic properties of α-, β-, and γ-

Si3N4 by using the analytic mean-field method. Chen

et al.[6] have computed the phonon density of states

and heat capacity for β-Si3N4 through lattice dynam-

ics. Using the same method, Kuwabara et al.[7] have

determined the phonon dispersion curves, phonon

densities of states (DOSs), bulk moduli, thermal ex-

pansion coefficients, and heat capacities of α-, β-, and

γ-Si3N4. Some thermodynamic properties, such as

heat capacities, entropies, free energies, phonon DOSs,

and phonon dispersion curves for α- and β-Si3N4, are

also given in Refs. [8] and [9]. Nevertheless, in these

above-mentioned papers the properties are often ob-

tained at zero pressure and some important thermo-

dynamic quantities are missing. Dodd et al.[10] have

measured the cell volumes, shear moduli, and Young’s

moduli of β-Si3N4 at different pressures and temper-

atures. In their work the temperature is limited to

300 K and some important elastic moduli (for exam-
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ple: bulk moduli and elastic constants) are missing.

Moreover, the structural properties, electronic struc-

tures, and optical properties of the Si3N4 polymorphs

are discussed in Refs. [2], [11], and [12].

The slightly less dense α-Si3N4 undergoes an ir-

reversible first-order phase transformation into the

β phase at high temperature.[11,13] The polymorphic

α → β phase transition in Si3N4 has a consider-

able effect on the consolidation and grain-structure

formation as well as on the strength of the Si3N4-

based ceramics.[14] As given in Ref. [15], the α → β

phase transition occurs at 3 GPa–6 GPa. The tran-

sition pressure between β- and γ-Si3N4 is around

12.5 GPa,[16] which indicates that the transition pres-

sure between α- and β-Si3N4 is less than 12.5 GPa.

Through the X-ray diffraction experiment, Kruger et

al.[17] have found that α-Si3N4 can retain its stabil-

ity to 48 GPa when compressed statically at 295 K.

The X-ray diffraction also shows that the α → β

phase transition begins at 1573 K (P = 7.7 GPa) and

ends at 2373 K.[14] The information on the α → β

phase transition is highly conflicting and the transi-

tion character is still unclear now.[14,18] Very recently,

Xu et al.[2] have investigated the α → γ, β → γ, and

β → δ phase transition characters for the Si3N4 poly-

morphs, where δ-Si3N4 is an unknown new phase.[4]

Some thermodynamic properties like thermal expan-

sion coefficient and Grüneisen parameter are investi-

gated in their work. Nevertheless, the pressure effects

on the thermodynamic quantities are not considered

and the α → β phase transition process is missing.

To the author’s knowledge, previous investigations of-

ten concentrated on β-Si3N4 and the newly discovered

γ-Si3N4. Little attention has been paid to α-Si3N4

especially at high temperature. The understanding

of some fundamental properties such as bulk modu-

lus, entropy, heat capacity, and Debye temperature of

α-Si3N4 is far from complete. We believe that the the-

oretical study on the thermodynamic properties of α-

and β-Si3N4 is very important for applications.

The aim of this paper is to highlight the phase

transition characters between α- and β-Si3N4. The

second goal of this paper is to determine the high-

pressure and high-temperature elastic properties and

thermodynamic properties of α- and β-Si3N4. In Sec-

tion 2, the computational details are presented. Then,

the computed results of lattice structures, elastic mod-

uli, thermal properties, and phase transition charac-

ters are discussed in Section 3. Finally, conclusions

are drawn from the present study in Section 4.

2. Computational method

Under ambient conditions, β-Si3N4 (phenacite-

type) has a hexagonal structure with two Si3N4 molec-

ular units (14 atoms) per unit cell. α-Si3N4 (nierite)

has a unit cell twice as large as that of β-Si3N4 and

each unit cell contains atoms twice as many as atoms

per unit cell of β-Si3N4. α-Si3N4 crystallizes into a

trigonal structure, with space gourp P31c.
[7] Silicon

atoms occupy the 6c (1/12, 1/2, 3/4) and 6c (1/4,

1/6, 1/2) Wyckoff sites. Nitrogen atoms occupy 6c

(2/3, 2/3, 1/2), 6c (1/3, 1/3, 3/4), 2b (1/3, 2/3, 3/4),

and 2a (0, 0, 1/2) positions.[19] For bulk β-Si3N4, the

P63/m structure is used in our calculation.[20,21] Dif-

ferent atoms occupy several 6h sites, namely N (1/3,

2/3, 1/4), N (0.321, 0.025, 0.25), and Si (0.1740,

0.7659, 0.25) positions.[20−22] The α-phase is usually

recognized as being meta-stable relative to the β-

phase.[17,23,24] The fundamental structures in α- and

β-Si3N4 are both the corner-linked SiN4 tetrahedra,

linked in such a way that the NSi3 unit is approxi-

mately planar.[9]

The ground-state structures of α- and β-Si3N4

are optimized in the framework of the ab ini-

tio method based on the Kohn–Sham equation.[25]

The self-consistent total energy calculations are per-

formed with the plane-wave pseudo-potential (PW-

PP) method.[26] The generalized gradient approxima-

tion (GGA) of Perdew–Burke–Ernzerhof [27] is used

for the exchange–correlation functional. Convergence

tests guided the choice of 500 eV for the cutoff en-

ergy. Pseudo-atomic calculations are performed for

Si-3s23p2 and N-2s22p3, and all the pseudo-potentials

are non-local. The k-point meshes of the Brillouin

zone, based on the Monkhorst–Pack scheme,[28] are

4×4×7 for α-Si3N4 and 4×4×12 for β-Si3N4, respec-

tively. Equilibrium structures of α- and β-Si3N4 are

optimized until the total energies are converged to at

least 10−6 eV/atom and the Hellman–Feynman force

becomes smaller than 5×10−2 eV/nm.

According to the standard thermodynamics, if a

system is held at finite temperature then the Gibbs

free energy G can be expressed as

G(V ;P, T ) = E(V ) + PV − TS, (1)

where E(V ) is the total energy, V the cell volume

and S the entropy of the system. Since the exper-

imental determination of thermodynamic properties

often takes place at a finite temperature and there-

fore the vibrational effects should be considered. So

we choose the vibrational Debye-like method (QHD
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method)[29] and according to this model the non-

equilibrium Gibbs free energyG∗(V ;P, T ) can be writ-

ten as

G∗(V ;P, T ) = E(V ) + PV +Avib(T, θD(V )), (2)

where PV corresponds to the constant hydro-

static pressure condition and Avib is the vibrational

Helmholtz free energy. A series of standard thermo-

dynamic relations can be determined by fitting the

calculated E–V data to the Birch–Murnaghan equa-

tion of state (EOS)[30]

P = 3B0fE(1 + 2fE)
5/2

[
1 +

3

2
(B′ − 4)fE

+
3

2

(
B0B

′′ + (B′ − 4)(B′ − 3) +
35

9

)
f2
E

]
, (3)

where fE = [(V0/V )2/3 − 1]/2. Then, some thermo-

dynamic properties such as heat capacity Cv, entropy

S, and Debye temperature θD can be determined by

Cv = 3nkB

[
4D(θD/T )−

3θD/T

eθD/T − 1

]
, (4)

S = nkB

[
4D(θD/T )− 3 ln(1− e−θD/T )

]
, (5)

θD =
h

2π
(6π2V 1/2n)1/3f(σ)

√
BS

k2BM
, (6)

where V , M , n, BS , f(σ), and kB are the primitive

cell volume, the molar mass, the number of atoms per

unit cell, the adiabatic bulk modulus, a scaling func-

tion that depends on Poisson ratio σ of the isotropic

crystal, and the Boltzmann’s constant, respectively,

and D(θD/T ) represents the Debye integral. A de-

tailed expression of the QHD method can be found in

Ref. [29] and references therein.

3. Results and discussion

3.1. Equilibrium crystal structure

As a first step, Si3N4 are optimized under pres-

sure and under no pressure, and the results are shown

in Fig. 1. At 0 GPa, the calculated equilibrium lat-

tice constants are a = 0.7781 nm and c = 0.5641 nm

for α-Si3N4. From Fig. 1(a), we can see that the lat-

tice parameters a and c decrease with applied pressure

increasing and the relationships between these param-

eters and pressures are all linear. The calculated lat-

tice constants are a little larger than the experimental

values for α- and β-Si3N4. This is due mainly to the

fact that GGA usually overestimates lattice constants.

The maximum relative error is only 0.47%, which is

within the general accuracy of ab initio methods us-

ing GGA (usually 1%–2%). Our results and the the-

oretical values (a = 0.7757 nm, c = 0.5623 nm;[17]

a = 0.7754 nm, c = 0.5630 nm;[31] a = 0.7761 nm,

c = 0.5628 nm;[9] a = 0.7718 nm, c = 0.5591 nm;[32]

a = 0.7792 nm, c = 0.5614 nm[22]) and the exper-

imental data (a = 0.7755 nm, c = 0.5621 nm;[11]

a = 0.7766 nm, c = 0.5615 nm[33]) for α-Si3N4 are in

excellent agreement. For β-Si3N4, the theoretical val-

ues (a = 0.7593 nm, c = 0.2921 nm;[31] a = 0.7533 nm,

c = 0.2934 nm;[9] a = 0.7622 nm, c = 0.2910 nm;[22]

a = 0.7595 nm, c = 0.2902 nm[32]) and the exper-

imental data (a = 0.7607 nm, c = 0.2907 nm;[11]

a = 0.7607 nm, c = 0.2911 nm[34]) are reliable. The

obtained lattice parameters are also very close to the

reported values of β-Si3N4. The computed lattice pa-

rameters and other available results are also in good

agreement, indicating that our calculations are valid

and reliable. To the best of our knowledge, in the case

of high pressure no previous experimental and theo-

retical results are available to compare with our data.
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Fig. 1. Structural parameters of α-Si3N4 (a) and β-Si3N4

(b) at different pressures.

According to the Voigt–Reuss–Hill approxima-

tions,[35] the polycrystalline bulk modulus BH , shear

modulus GH , Young’s modulus E, Poisson ratio σ,

and compressibility K can be obtained respectively
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by

BH =
BV +BR

2
, GH =

GV +GR

2
, (7)

E =
9BHGH

3BH +GH
, σ =

3BH − 2GH

2(3BH +GH)
, (8)

K =
(C11 + C12)C33 − 2C2

13

C11 + C12 + 2C33 − 4C13
. (9)

The calculated results for β-Si3N4 are shown in Fig. 2.

Unfortunately, we cannot calculate the elastic con-

stants of α-Si3N4.
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Fig. 2. Elastic constants Cij (GPa), polycrystalline bulk

modulus BH (GPa), shear modulus GH (GPa), compress-

ibility K (10−3/GPa), Young’s modulus E (GPa), com-

pressibility K (10−3/GPa), BH/GH ratio, and Poisson

ratio σ for β-Si3N4.

As is well known, the hardness and strength of

solids are related to their elastic moduli. From Figs. 1

and 2, one can see that a decrease in lattice constant

leads to an enhancement in bulk modulus. All the

elastic constant Cij (except C44 and C66) and elastic

moduli (except GH , BH/GH , K, E, and σ) increase

monotonically when the pressure is enhanced, but the

slopes of their increase are different from each other.

C66, K, and σ decrease with applied pressure increas-

ing while E, C44, and GH first increase, and then

gradually decrease with pressure increasing. β-Si3N4

is almost incompressible at high pressures. According

to the Pugh’s criterion,[36] a material is ductile if the

B/G ratio is larger than 1.75. Our calculations have

given the B/G ratios of 1.954–2.238 at different pres-

sures, suggesting a ductile behaviour in β-Si3N4.
[37]

The ductility of β-Si3N4 increases with pressure in-

creasing. On the other hand, it is generally believed

that the values of Poisson ratio smaller than 0.1 are as-

sociated with covalent compound, whereas ionic mate-

rials have typical values close to 0.25.[38] For covalent

and ionic solids, the typical relations between bulk

and shear modulus are G/B ≈1.1 and G/B ≈ 0.6,

respectively.[39] The G/B ratio and the Poisson ratio

vary from 0.516 to 0.447 and from 0.281 to 0.306 in

pressure range 0–10 GPa, respectively. These results

imply that the chemical boding in β-Si3N4 is more

ionic than covalent, which is in agreement with the

results given in Ref. [40]. Moreover, the Born’s me-

chanical stability criteria[41] for hexagonal lattice are

C11 > |C12| , (10)

(C11 + C12)C33 − 2C2
13 > 0, (11)

C44 > 0, C66 > 0. (12)

The elastic constants shown in Fig. 2 satisfy all these

inequalities. Therefore, β-Si3N4 can retain its me-

chanical stability in pressure range 0–10 GPa.

The experimental data (C11 = 343 GPa–433 GPa,

C12 = 136 GPa–195 GPa, C13 = 120 GPa–127 GPa,

C33 = 574 GPa–600 GPa, C44 = 108 GPa–124 GPa,

C66 =∼ 119 GPa)[42,43] and the theoretical val-

ues (C11 = 409.3 GPa, C12 = 271.2 GPa, C13 =

200.6 GPa, C33 = 603.6 GPa, C44 = 108.0 GPa, C66 =

69.0 GPa),[9] (C11 = 447.5 GPa, C12 = 214.6 GPa,

C13 = 165.1 GPa, C33 = 580.2 GPa, C44 = 115.0 GPa,

C66 = 116.5 GPa)[8] are used to compare with our

results. Using molecular dynamics, Hirosaki et al.[32]

have calculated the elastic constants of β-Si3N4. Their

values are C11 = 591 GPa, C12 = 182 GPa, C13 =

162 GPa, C33 = 690 GPa, C44 = 189 GPa, and C66 =

205 GPa. The experimentally determined elastic con-

stants are widely scattered, because such measure-

ments would require the availability of Si3N4 single

crystal samples of reasonable size. Generally speaking,

our calculated elastic constants are in agreement with

these results. Consider the fact that GGA usually un-

derestimate bulk modulus, the experimentally mea-

sured elastic moduli (B = 233 GPa, G = 123 GPa,[44]

B = 249 GPa,[45] B = 259 GPa,[43] and B = 238 GPa,

E = 306 GPa, σ = 0.285[10]) and the theoreti-

cal values (B = 262.1 GPa,[31] B = 234 GPa,[46]

B = 232.7 GPa–266 GPa[2]) also proven the validity

of our calculations.

3.2.Phase transition

Firstly, the pressure dependence of enthalpy dif-

ference Hβ–Hα is plotted in Fig. 3(a). It can be seen

that the enthalpy difference decreases initially with
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applied pressure increasing and then increases at high

pressure (P > 25 GPa). Hβ < Hα holds true in the

whole pressure range 0–40 GPa, which implies that β-

Si3N4 is more stable than α-Si3N4. Clearly the max-

imum enthalpy difference −0.062 eV corresponds to

P = 25 GPa. Nevertheless, Hβ–Hα is so small that

we are not sure whether the pressure-induced phase

transition will occur during the increase of pressure.

Then, the pressure dependence of total energy differ-

ence Eβ–Eα is calculated and displayed in Fig. 3(b).

When P < 10 GPa, the energy difference Eβ–Eα de-

creases slowly with applied pressure increasing. When

P > 10 GPa, Eβ–Eα decreases dramatically as P in-

creases. In the whole pressure range of 0–40 GPa,

the energy differences are negative, which also implies

that β-Si3N4 is more stable than α-Si3N4. Finally, in

order to obtain a deep insight into the phase stability

of Si3N4, we carry out the calculations of the Gibbs

free energy for the involved polymorphs. Since the

PW–PP method is unable to obtain the Gibbs free

energy at non-zero temperature, the QHD method is

used to calculate the Gibbs free energy and the results

are drawn in Fig. 3(c).
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Fig. 3. Pressure dependences of enthalpy difference Hβ–Hα obtained by the plane-wave pseudo-potential method (a);

pressure versus total energy difference Eβ–Eα at 0 K (b); Gibbs free energy variations versus applied pressure for α-

and β-Si3N4 (QHD) at 300 K.

Figure 3(c) shows the changes of Gibbs free en-

ergy with the increase of pressure for α- and β-

Si3N4. It is obviously seen that the Gibbs free en-

ergy smoothly increases with pressure increasing. The

Gibbs free energy of β-Si3N4 is always smaller than

that of α-Si3N4 in the pressure range 0–40 GPa, which

is in agreement with the results shown in Ref. [2].

Thus, the phase transition will not occur during the

increase of pressure. β-Si3N4 is more stable under

pressure. This means, consistently with the experi-

mental observation,[23] that β-Si3N4 is more energy

favourable than α-Si3N4. Pressure may distort the

tetrahedral structure in α-Si3N4 toward a more β-

like tetrahedral structure, without changing the long-

range order of the α-Si3N4 crystal.[17] At 0 K, the

Gibbs free energy curves are similar to the curves

shown in Fig. 3(c), so these 0 K curves are not given

there.

Summarizing, the phase transition between α-

and β-Si3N4 will not occur in temperature range 0–

300 K and pressure range 0–40 GPa. Although β-

Si3N4 transforms into γ-Si3N4 at high temperature

and high pressure,[2] the β phase is stable up to at

least 40 GPa (at 300 K). Through the X-ray diffrac-

tion experiment, Kruger et al.[17] have found that the

α-Si3N4 crystal is meta-stable to at least 48 GPa when

compressed statically at 295 K. At 295 K, there is

no phase transition between α- and β-Si3N4, which is

confirmed by our calculations.

It is generally accepted that the transition pres-

sure of α to β phase occurs at elevated temperatures

above 1500 K.[5,14] Thus, we calculate the pressure de-

pendence of the Gibbs free energy to find out whether

there exists a phase transition. In Fig. 4, we show

the calculated Gibbs free energy difference Gα–Gβ as

a function of pressure at 1600 K. This figure shows

that Si3N4 will undergo a structural phase transforma-

tion from α phase to β phase with pressure increasing.

The intersection (Gα–Gβ = 0) implies that the phase

transition occurs at 7.98 GPa and 1600 K. α-Si3N4

has a lower Gibbs free energy at low pressure, and

β-Si3N4 has a lower Gibbs free energy at pressures

higher than 7.98 GPa, which indicates that at suffi-

ciently high pressure β-Si3N4 would be favoured. The
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calculated transition pressure is in excellent agreement

with the result of 7.7 GPa (at 1573 K) using transmis-

sion electron microscopy from Danilenko et al.[14] in

1992. They found that the phase transition begins at

1573 K (The amount of β-Si3N4 increases with tem-

perature increasing) and ends at 2373 K. Even in the

initial stage, the perfect grains of the β-phase Si3N4

are formed. We think that the α → β transforma-

tion is a solid-state reconstructive transition process,

which will not occur below 1500 K. The reason why

temperatures above 1500 K are required for the phase

transition is that solvents suitable for the generation

of β-Si3N4 do not melt until 1500 K–1700 K.[8]
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Fig. 4. Gibbs free energy difference Gα–Gβ as a function

of pressure.

3.3. Elastic and thermodynamic proper-

ties at finite temperature

In Figs. 5(a) and 5(c), we illustrate the normal-

ized lattice parameters (a/a0, c/c0, V/V0) for α- and

β-Si3N4 at 0 K (obtained by the PW–PP method).

a0, c0, and V0 are the zero pressure equilibrium lattice

parameters and cell volume, while a, c, and V repre-

sent the lattice parameters and cell volume at given

pressures. In Figs. 5(b) and 5(d), the normalized vol-

ume V/V0 dependences on pressure P at 0, 600, and

1500 K are plotted. It is obvious from Figs. 5(a) and

5(c) that, a/a0 decreases faster than c/c0 with a lit-

tle difference. All the parameters smoothly decrease

as pressure increases and no fluctuation can be seen.

For α- and β-Si3N4, the c-axis crystal direction is

substantial, slightly more incompressible than along

a-axis direction, which is in agreement with the ex-

perimental measurements.[8,17,47] At 0 K and 10 GPa,

the a/a0 (α-Si3N4), c/c0 (α-Si3N4), a/a0 (β-Si3N4),

and c/c0 (β-Si3N4) values are 0.9857, 0.9867, 0.9863,

and 0.9877, respectively. This result indicates that β-

Si3N4 is more incompressible in the a and c axes than

α-Si3N4. From Figs. 5(b) and 5(d), we can see that

the temperature effects on Si3N4 are very small. As

shown in Fig. 5(d), both the temperature effect and

the pressure effect on V/V0 are so small that β-Si3N4

is considered as an incompressible material. Besides,

the values of zero temperature V/V0 obtained from

the PW–PP method and the QHD method accord well

with each other.

Since pure single α- and β-Si3N4 crystals are hard

to grow, very few experimental data are available on

the elastic modulus of Si3N4. Using the QHD method,

the pressure dependences of bulk moduli at three

different temperatures are calculated and plotted in

Fig. 6. It is clear in Fig. 6(a) that B increases with

pressure increasing linearly and sharply at a given

temperature, and at low temperature B is larger than

at high temperature. The effect of pressure increasing

on Si3N4 is the same as that of its temperature de-

creasing. Figure 6(b) shows the computed bulk mod-

uli versus pressure at high temperatures, where the

phase transition is also considered. As expected, B

(α-Si3N4) increases monotonically with applied pres-

sure up to 7 GPa. The bulk modulus undergoes a

sudden upward jump at approximately 8 GPa, which

is believed to be a first-order phase transition. When

P > 8 GPa, the variation in bulk modulus with tem-

perature is trivial. This indicates that the tempera-

ture effect on α-Si3N4 is greater than on β-Si3N4. The

pressure effect on α-Si3N4 is similar to on β-Si3N4.

Figure 6(c) is the pressure dependence of bulk modu-

lus for β-Si3N4. Similar to Fig. 6(a), the relationship

between bulk modulus and pressure is linear.

The calculated bulk moduli for α-Si3N4 are

234.9 GPa (P = 0, T = 0) and 233.3 GPa (P = 0,

T = 300 K), which are in agreement with the theoret-

ical values (228.5 GPa,[17] 257 GPa,[22] 242.5 GPa,[31]

229 GPa–248 GPa[17,48]) and the experimental data

(256 GPa,[11] 223 GPa,[44] 248 GPa,[49] 282 GPa[50]).

It is worth while noting that the experimental data

are measured under ambient conditions and the the-

oretical values are usually obtained at 0 K. Although

these values are widely scattered (maximal relative

error reaches 27%), the agreement between our calcu-

lated results and the available data is excellent. For β-

Si3N4, the bulk moduli obtained by the QHD method

are 212.4, 221.7, 231.4, 241.5, 252.1, and 263.1 GPa

at pressures of 0, 2, 4, 6, 8, and 10 GPa, respec-

tively. The bulk moduli obtained by the PW–PP

method are 237.3 (P = 0), 241.1 (P = 2 GPa), 247.6

(P = 4 GPa), 254.3 (P = 6 GPa), 261.2 (P = 8 GPa),

and 266.8 GPa (P = 10 GPa). Good agreement is ob-

served between ab initio bulk modulus and QHD bulk

modulus.
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In Fig. 7(a), we present the variations of the en-

tropy S each as a function of temperature for α-

Si3N4. Several interesting features are revealed. At

a given pressure, S increases sharply with tempera-

ture increasing up to 900 K. From this temperature,

S approaches to an almost linear increase with tem-

perature increasing. The propensity of increase be-

comes moderate, which means that the temperature

dependence of S is moderate at high temperature.

There exists two knee points (at 300 K and 900 K)

when S changes with temperature increasing. The

slope between S and T is significantly greater after

the first knee point (at 300 K) than before the first

knee point. After the second knee point (at 900 K),

the relationship between S and T is opposite. At

a given temperature, S decreases moderately with

the increase of pressure. The increasing of S with

temperature becomes smaller as pressure increases.

060508-7



Chin. Phys. B Vol. 21, No. 6 (2012) 060508

The temperature effect on S is more important than

the pressure effect. At 0 GPa, our calculated en-

tropies are 44.63 and 206.72 J·mol−1·K−1 at 300 K

and 1000 K, respectively. The entropies obtained by

Wendel and Goddard et al.[8] are 55.53 (at 300 K)

and 211.69 J·mol−1·K−1 (at 1000 K). Data from

the JANAF Thermochemical Tables[51] are 124.41 (at

300 K) and 270.64 J·mol−1·K−1 (at 1000 K). The val-

ues derived from the Thermo-Properties of Individ-

ual Substances (TPIS)[52] are 72.29 (at 300 K) and

222.52 J·mol−1·K−1 (at 1000 K). The wide range of

the scattering can be ascribed mainly to the lack

of single-crystal samples with good quality.[8] An-

other probable reason for this discrepancy is that the

Si3N4 material might have strong anharmonicity at

low temperature and pressure. Although these en-

tropies are scattered, our calculated values are in rea-

sonable agreement with them.
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Fig. 7. Entropies (a) and heat capacities (b) versus tem-

perature at different pressures for α-Si3N4.

The evolutions of the constant-volume heat ca-

pacities Cv for α-Si3N4 are drawn in Fig. 7(b). The

temperature dependence of the heat capacity fol-

lows the Debye law. At sufficiently low temperature

Cv(T ) ∼ T 3 and tends to zero when the temperature

vanishes. At intermediate temperature, Cv is gov-

erned by the details of vibrations of different atoms

and for a long time could only be determined from

experimental measurements. Cv indicates a sharp

increase up to 700 K, which is due to the anhar-

monic approximation of the QHD method used here.

At high temperature, the anharmonic effect on Cv

is suppressed and Cv is very close to the Dulong–

Petit’s classical limit (3R for monoatomic material,

174 J·mol−1·K−1 for α- and β-Si3N4). The heat

capacity increases with temperature increasing at a

given pressure, and decreases with applied pressure

increasing at a constant temperature. It can also be

seen from Fig. 7(b) that the temperature effect on Cv

is greater than the pressure effect.

Applying the QHD method, the zero pressure

heat capacities for α-Si3N4 are determined to be 8.13,

47.63, 89.91, 134.17, 152.18, 160.58, 165.08, 167.75,

and 169.45 J·mol−1·K−1 at temperatures of 100, 200,

300, 500, 700, 900, 1100, 1300, and 1500 K, re-

spectively. The experimentally measured values of

Cv at 300, 500, and 1100 K are 96.84, 127.94, and

165.21 J·mol−1·K−1, respectively.[53] Besides, Wendel

and Goddard[8] have investigated the heat capacities

of α- and β-Si3N4 using molecular dynamics simu-

lation. Their calculated heat capacities for α-Si3N4

are 15.29 (T = 100 K), 52.61 (T = 200 K), 85.81

(T = 300 K), 127.33 (T = 500 K), 146.92 (T = 700 K),

156.81 (T = 900 K), 162.32 (T = 1100 K), 165.66

(T = 1300 K), and 167.82 J·mol−1·K−1 (T = 1500 K).

Our calculated heat capacities are in excellent agree-

ment with the experimental data and previous theo-

retical results. Unfortunately, at high pressures there

are no results available to compare with our data.

The values of entropy S and the heat capacity Cv

of β-Si3N4 are listed in Table 1, together with avail-

able experimental values and theoretical results. It is

noticed that at a fixed pressure P , S and Cv increase

exponentially with temperature T , and then their in-

creases trend gentler. The effects of temperature on

S and Cv are more significant than the effects of pres-

sure, especially at low temperature. S and Cv display

roughly similar behaviors in the whole temperature

range of 0–2300 K. For α-Si3N4, the JANAF data[51]

differs significantly from those of TPIS[52] and Ref. [8].

Our results are in agreement with the TPIS data and

the values listed in Ref. [8]. Our computed S and Cv

are in agreement with the theoretical results obtained

by Wendel and Goddard[8] and the values given in

Refs. [51] and [52]. The maximal absolute errors be-
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tween our results and the results shown in Ref. [8] for

entropy S (β-Si3N4), heat capacity Cv (β-Si3N4), and

entropy S (α-Si3N4) are 8.90 (at 300 K), 11.32 (at

200 K), and 10.90 J·mol−1·K−1 (at 300 K), respec-

tively. The agreement between our results and the

results given in the other work partially proves the

validity of the QHD method at high temperatures.

It is important to notice that the neglect of intrinsic

anharmonicity in the quasi-harmonic approximation

leads to an overestimation of entropy at low temper-

ature and low pressure. On the other hand, the ex-

perimental measurements of S and Cv are taken from

polycrystalline samples including porosities and de-

fects. However, in our calculation all thermodynamic

properties are related to ideal crystal.

Table 1. Values of entropy S and heat capacity Cv of Si3N4. All functions are calculated per Si3N4 formula unit to

facilitate comparisons between the α- and β-phases. The available experimental and theoretical data are also reported.

S/J·mol−1·K−1 (β-Si3N4) Cv/J·mol−1·K−1 (β-Si3N4) S/J·mol−1·K−1 (α-Si3N4)

P 0 0 4 7.7 0 0 4 7.7 0 0 0 0

T/K Ref. [8] Calc. Calc. Calc. Ref. [8] Calc. Calc. Calc. Calc. Ref. [8] JANAF[51] TPIS[52]

100 5.93 2.76 2.70 2.64 15.59 6.68 6.53 6.39 2.53 5.78 – –

200 28.09 19.33 18.96 18.62 52.91 41.59 40.91 40.29 17.99 27.70 – 44.17

300 56.03 47.12 46.42 45.78 85.79 82.25 81.42 80.66 44.63 55.53 124.41 72.29

400 84.25 77.02 76.10 75.26 110.19 110.97 110.25 109.59 73.84 83.83 152.49 105.21

500 110.77 105.18 104.12 103.16 127.08 129.34 128.76 128.23 101.65 110.40 180.62 128.50

600 135.03 130.70 129.55 128.51 138.66 141.19 140.74 140.32 127.03 134.71 200.55 150.99

700 157.05 153.65 152.44 151.35 146.71 149.11 148.74 148.41 149.96 156.76 217.58 170.28

800 177.03 174.32 173.07 171.94 152.45 154.58 154.29 154.02 170.70 176.77 236.04 188.77

900 195.25 193.04 191.77 190.61 156.65 158.51 158.26 158.04 189.50 195.00 254.54 206.45

1000 211.92 210.11 208.81 207.64 159.79 161.40 161.20 161.01 206.72 211.69 270.64 222.52

1100 227.27 225.77 224.45 223.26 162.20 163.59 163.42 163.26 222.55 227.05 287.48 237.80

1200 241.46 240.21 238.88 237.67 164.07 165.28 165.14 165.01 237.18 241.26 301.86 250.67

1300 254.66 253.60 252.26 251.04 165.56 166.62 166.49 166.38 250.77 254.46 314.06 261.93

1400 266.97 266.08 264.73 263.50 166.77 167.69 167.58 167.48 263.47 266.78 326.96 277.20

1500 278.51 277.76 276.40 275.17 167.75 168.56 168.46 168.38 275.36 278.33 338.97 289.28

1600 289.37 288.73 287.36 286.12 168.56 169.28 169.19 169.11 – 289.18 348.64 299.74

1700 299.61 299.07 297.69 296.45 169.24 169.87 169.80 169.73 – 299.43 360.73 310.21

1800 309.30 308.84 307.47 306.22 169.81 170.38 170.31 170.25 – 309.12 371.19 320.67

1900 318.49 318.12 316.73 315.48 170.30 170.80 170.74 170.69 – 318.32 380.85 331.14

2000 327.24 326.93 325.54 324.29 170.71 171.17 171.12 171.06 – 327.07 390.52 340.80

2100 335.57 335.33 333.94 332.68 171.07 171.49 171.44 171.39 – 335.41 399.38 349.67

2200 343.54 343.35 341.96 340.70 171.39 171.76 171.72 171.67 – 343.37 409.85 359.33

2300 351.17 351.03 349.63 348.37 171.66 172.00 171.96 171.92 – 351.00 416.54 367.36

The Debye temperature θD is one of the most im-

portant thermodynamic parameters of solids. When

T < θD, quantum mechanical effects are very im-

portant for clarifying the thermodynamic properties

of materials, while T > θD quantum effects can be

ignored. The calculated Debye temperatures of the

Si3N4 polymorphs are shown in Table 2. Our results

regarding α-Si3N4 listed in Table 2 are predictions,

since no experimental and theoretical data are avail-

able for α-Si3N4. We observe that all Debye tempera-

tures decrease monotonically and almost linearly with

temperature increasing. The Debye temperature θD
of Si3N4 has roughly the same pressure dependence,

showing an increase of the Debye temperature with

pressure increasing. At the same temperature and

pressure, θD for α-Si3N4 is greater than the Debye

temperature for β-Si3N4. This is in agreement with

our bulk modulus analysis because, as is well known,

the Debye temperature is proportional to the bulk

modulus and that hard materials usually exhibit el-

evated Debye temperatures. At 0 GPa, θD drops by

less than 1.61% and 0.13% (between 0 and 1500 K) for

α- and β-Si3N4, respectively. The temperature effect

is very small since θD is still above 1150 K at high

temperatures. The experimentally determined values

of θD for β-Si3N4 are 1100 K (at 300 K)[54] and 1160 K
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(at 0 K)[55] and 1140 K (at high temperatures).[55]

The theoretical values are 1140 K[56] and 1050 K–

1100 K.[56] The agreement between our results and

these values are excellent.

Table 2. Values of Debye temperature θD (K) of α- and

β-Si3N4 at different temperatures and pressures.

α-Si3N4 β-Si3N4

T/K 0/GPa 15/GPa 30/GPa 0/GPa 5/GPa 10/GPa

0 1178.08 1303.24 1408.54 1159.65 1171.15 1182.53

300 1177.14 1302.61 1408.08 1159.57 1171.09 1182.48

600 1173.57 1300.22 1405.94 1159.29 1170.84 1182.26

900 1169.40 1296.64 1403.05 1158.92 1170.52 1181.97

1200 1164.44 1292.79 1399.89 1158.53 1170.18 1181.66

1500 1159.34 1288.80 1396.60 1158.12 1169.82 1181.34

4. Conclusion

In this paper, we present complete investigations

for the structural, elastic, thermodynamic properties,

and the phase transition characters of α- and β-Si3N4

by using the plane-wave pseudo-potential method in

combination with the Debye-like (QHD) model. The

predicted lattice parameters of α-Si3N4 are given. Full

geometry optimization of β-Si3N4 is carried out to

obtain the fundamental properties like lattice param-

eters, cell volumes, elastic constants, elastic moduli,

Poisson ratios, and compressibilities of β-Si3N4. Our

results can be summarized as follows.

(i) The investigation shows that β-Si3N4 is a

mechanically stable material in a pressure range of

0–10 GPa. β-Si3N4 is a hard material with very

small compressibility and relatively high bulk mod-

ulus, which also exhibits a ductile behaviour. Besides,

the high-pressure nature of the chemical bonding in

β-Si3N4 is dominated by the presence of ionic charac-

ter.

(ii) Calculations show that the α → β phase tran-

sition cannot be observed in a temperature range of

0–300 K and a pressure range of 0–40 GPa. The β-

type Si3N4 is more energy favourable than α-Si3N4.

Additionally, the transition pressure is found to be

7.98 GPa at 1600 K.

(iii) Both the pressure dependence and the tem-

perature dependence of bulk moduli B, lattice param-

eters a/a0, c/c0, and cell volumes V/V0 are analysed.

For the two polymorphs, the c axes are less compress-

ible than the a axes. The ab initio bulk moduli and the

QHD bulk moduli are in agreement with each other.

(iv) Through the QHD model, the dependences

of the bulk modulus B, entropy S, heat capacity Cv,

and Debye temperature θD on temperature and pres-

sure are successfully obtained. Cv is found to in-

crease with temperature increasing and is close to the

Dulong–Petit’s limit at high temperature. S increases

sharply with temperature increasing first, and then

the propensity of increase becomes moderate. The

temperature effects on S and Cv are significant while

the pressure effects on B and θD are important.

Our calculated results are well consistent with

available experimental data and previous theoretical

results. Our calculations may provide useful infor-

mation for theoretical and experimental researches on

Si3N4 polymorphs, but still await experimental con-

firmation.
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