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Based on the traditional scheme for a nonlinear system with multiple time scales, the enveloping slow-fast analysis

method is developed in the paper, which can be employed to investigate the dynamics of nonlinear fields with multiple

time scales with periodic excitation. Upon using the method, the behaviors of the kinetic model of CO oxidation on

the platinum group metals have been explored in detail. Two typical bursting phenomena such as Fold/Fold/Hopf

bursting and Fold/Fold bursting, are presented, the bifurcation mechanisms of which have been obtained. Furthermore,

the dynamic difference between the two cases corresponding to relatively large and small perturbation frequencies,

respectively, has been presented, which can be used to describe the influence of the frequencies involving in the evolution

on the bursting behaviors in the system.
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1. Introduction

Many chemical systems refer to multiple time

scales, since an order gap may exist between the

rates associated with different steps of chemical re-

actions, in which some special phenomena such as

steady-state multiplicity, relaxation oscillations, and

chaos can be observed.[1,2] The dynamics of the chem-

ical systems often behave in periodic oscillation with

large-amplitude oscillations characterized by small-

amplitude oscillations, which can be called a burst-

ing oscillation.[3] Many studies have reported the in-

vestigation of the mechanism of the relaxation or the

complex irregular oscillation.[4,6] However, up to now,

only a few results related to some simple reaction os-

cillations have been published,[6] while for a general

chemical reaction, it is still an open problem, espe-

cially when time-dependent perturbation is involved.

In this paper, we focus on the heterogeneous

catalytic reactions of the CO oxidation on the plat-

inum group metals, which is one of the most widely

studied reactions related to multiple time scales.[7]

There have been many efforts to explain theoret-

ically the relaxation oscillations with different hy-

potheses, such as the dependence of activation energy

on the surface coverage, the formation of the metal

oxide, and the absorbate induced reversible surface

transformation.[8−10] Based on the experimental ob-

servation, some oxygen atoms can penetrate into the

subsurface layers to cause both structural and chem-

ical modification of the adsorption sites, which may

lead to different reaction rates with order gap in the

whole kinetic model, resulting in the system with mul-

tiple time scales, on the facts that the processes of

formation of the subsurface oxygen and its interaction

with the adsorbed CO are slower than the adsorption,

desorption, and interaction of adsorbed species.[11−13]

Here we consider dynamics of the kinetic model

with small periodic perturbation, which occurs on

the dimensionless concentration of CO absorbed on

the surface. Though the bifurcation mechanisms of

a few models, such as the neuronal system,[14] the

controlled Lorenz oscillator,[15] CO oxidation,[16] and

the B–Z reaction,[17] have been obtained in previous

papers. However, for a system with periodic per-

turbation, slow–fast analysis cannot be directly used

to explore the mechanism of the bursting behavior

of the system.[18] In this paper, we develop a new

method, called enveloping slow–fast analysis, to in-

vestigate the dynamical behavior of the model. Some
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relaxation oscillations such as Fold/Fold/Hopf burst-

ing and Fold/Fold bursting have been observed, and

the bifurcation mechanisms are obtained to account

for the corresponding phenomena. Furthermore, the

influence of the parameters on the dynamics of the

system is presented.

2. Mathematical model

Consider the kinetic scheme of CO oxidation on

the platinum group metals based on the Langmuir–

Hinshewood mechanism[7]

CO+ Z
K1←−−−−−−−−−−−−→
K−1

ZCO,

O2 + 2Z
K2−−−−−−→ 2ZO,

ZCO+ ZO
K3−−−−−−→CO2 + 2Z. (1)

The processes of subsurface oxygen formation and its

reduction during the reaction are determined as fol-

lows:

ZO + ZV
K4−−−−−−→ZVO+ Z,

ZCO+ ZVO
K5−−−−−−→CO2+ZV+Z. (2)

A three-variable scaled chemical mechanism can be es-

tablished, written in the following dimensionless form:

x′ = K1(1− x− y)−K−1x−K3xy,

y′ = 2K2(1− x− y)2 −K3xy,

z′ = K4y(1− z)−K5xz, (3)

where x and y represent the dimensionless concen-

trations of CO and O absorbed on the surface re-

spectively, and z denotes the dimensionless concen-

trations of subsurface oxygen. Because all of variables

are concentrations, x, y, z > 0, z 6 1, x + y 6 1.

The rate constants of the elementary reactions Ki

(i = 1,−1, 2, 3, 4, 5) depend on the partial pressures

PCO and PO2 of oxygen and carbon oxide in the gas

phase and on the temperature T (K) as follows:

K1 = 3.6× 105PCO, K−1 = 1013 × exp(−E1/RT ),

K2 = K20PO2 , K3 = 1013 × exp(−E3/RT ),

where R is the universal gas constant, while E1 and

E3 are the activation energies of interaction between

the adsorbed species . With the assumption that there

exist some critical values of the surface coverage with

oxygen at which a surface modification occurs, the

activation energy E3, which depends on the concen-

tration y of adsorbed oxygen, can be expressed as

E3 =


E31, y 6 yc − δ,

E32, |y − yc| < δ,

E33, y > yc + δ,

(4)

Where E31 and E33 are constants, while E32 = 25y +

18 Cal/mol (1 Cal= 1 kcal). The parameters yc and

0 < δ ≪ 1 determine the middle and the width of

the interval of y values over which E3 increases (see

Fig. 1(a)).

Moreover, due to the oxygen penetration into the

subsurface layer, a reconstruction of the metallic sur-

face can occur, changing the adsorption properties of

the catalyst. For some critical values of the concen-

tration of subsurface oxygen, K20 sharply decreases,

which can be described by the following function

K20 =


K21, z 6 zc − δ1,

K22, |z − zc| < δ1,

K23, z > zc + δ1,

(5)

where K21 and K23 are constants, while K22 =

(−39.5 × z + 24.8) × 104 s−1 · Torr−1 (1 Torr =

1.33322×102 Pa). The parameters zc and 0 < δ1 ≪ 1

determine the middle and the width of the z-interval

over which K20 decreases (see Fig. 1(b)).
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Fig. 1. yc = zc = 0.5, δ = δ1 = 0.1, (a) dependence of

E3 on y, (b) dependence of K20 on z.

The parameters fixed in this paper are obtained

in the experiment:[7] T = 500 K, PO2
= 9×10−7 Torr,

PCO = 1.1× 10−7 Torr, and the other parameters are

listed in Table 1.
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Table 1. Values of the activation energies and the rate constants.

E1/Cal ·mol−1 E31/Cal ·mol−1 E33/Cal ·mol−1 K21/s−1 · Torr−1 K23/s−1 · Torr−1

35 28 33 0.9× 105 0.11× 105

Obviously, the processes of adsorption desorption

and reactions between adsorbed species are faster than

the oxygen penetration and the interaction between

subsurface oxygen and adsorbed CO. Therefore, the

elementary reaction rate constants K4 and K5 are

much smaller than Ki, i = −1, 1, 2, 3, which implies

K4 ≪ 1, K5 ≪ 1. Here we introduce two parameters

ε and α, with ε = K5, α = K4/K5 for convenience

and fix ε = 0.00003, A = 4.645.

Furthermore, a small perturbation may exist

which affects the change of the dimensionless concen-

tration of CO absorbed on the surface. Here we as-

sume that the perturbation varies periodically, which

leads to the modified model expressed in the form

x′ = K1(1− x− y)−K−1x−K3xy + a cosωt, (6a)

y′ = 2K2(1− x− y)2 −K3xy, (6b)

z′ = K4y(1− z)−K5xz = ε(αy(1− z)− xz), (6c)

where a and ω measure the amplitude and the fre-

quency of the perturbation, respectively.

The elementary reaction rate in the subsurface

layer is much slower than that on the surface, which

yields the different timescales involved in the system,

implying that variables x and y change on a faster

timescale than variable z in several reaction steps.

Therefore, the full system (6) can be divided into slow

and fast subsystems. The slow subsystem (SS), is

given by Eq. (6c), while the fast subsystem (FS) by

Eqs. (6a) and(6b).

The system with multiple timescales often be-

haves in periodic bursting phenomena characterized

by a combination of relatively large amplitude and

nearly harmonic small amplitude oscillation. We say

the reaction is in a quiescent state (QS) if all the vari-

ables are at rest or exhibit small amplitude oscilla-

tions. It can fire spikes (SP) periodically when a large

amplitude limit cycle attractor exists. The quiescent

state and SP are mainly determined by the slow and

fast systems.

To reveal the bifurcation mechanism of bursting

behaviors, a quasi-steady-state will be used to reduce

the dimension of the vector field, i.e., consider the slow

variable z as the bifurcation parameter of the FS. Pe-

riodic bursting phenomena occur when the reaction

alternates between a QS and SP, in which two impor-

tant bifurcations can be observed: bifurcation of a QS

leading to repetitive SP and bifurcation of SP to a QS.

3. Bursting behaviors as well as

bifurcation mechanism

It is noted that the value of perturbation p =

a cosωt may change between p1 = a and p2 = −a. By
taking the slow variable z as a bifurcation parameter,

two patterns of bifurcation details can be obtained,

which correspond to the extreme cases with p = p1,2,

respectively. Because the perturbation is confined to

the two cases, the mechanism of slow–fast behaviors

of the full system can be explained by employing these

two bifurcation patterns, combining with the trajec-

tory of the full system. The method, called enveloping

slow–fast analysis, will be used to investigate the dy-

namic evolution of the full system in the following.

3.1. Fold/Fold/Hopf bursting

Firstly, the oscillation of the system is taken into

consideration with a relatively large perturbation fre-

quency, which implies that the change of the values of

the perturbation varies critically. For the fixed param-

eters k1 = 0.0396, a = 0.0014, ω = 0.095, a periodic

burster can be observed, the phase portrait of which

is shown in Fig. 2(a), while the projection on the y–z

plane is presented in Fig. 2(b). The direction of the

trajectory on the y–z phase is counterclockwise, which

can be demonstrated by using the time history plotted

in Figs. 2(c) and (2d).

By employing the enveloping slow–fast analy-

sis, the two equilibrium curves Eq1 and Eq2 for

p = ±0.0014 of the fast subsystem are presented in

Fig. 3(a), with the variation of the slow variable z,

where L11, L12, and H1 are the critical points for the

fold bifurcation and Andronv–Hopf bifurcation of the

fast-subsystem, respectively, for p = 0.0014. While

L21, L22, and H2 are the critical points for the fold bi-

furcation and Andronv–Hopf bifurcation, respectively,

for p = −0.0014. Note that the dashed branches repre-

sent unstable equilibria, while the solid is stable equi-

libria.
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Fig. 2. K1 = 0.0396, a = 0.0014, ω = 0.095. (a) Three-dimensional phrase portrait, (b) the projection of transformed

phase portrait onto y–z plan, (c) time history, and (d) the local enlargement for panel (c).

To explore the bifurcation mechanism of the

burster, we overlap the bifurcation diagram as well

as the phase portrait on the y–z plane, as shown in

Fig. 3(b). It can be checked that the whole trajec-

tory of the periodic burster is almost confined to the

two equilibrium curves Eq1
and Eq2

except the large-

amplitude oscillations around H1 and H2. The trajec-

tory, starting from the point A with y approximated at

0.36, moves with large-amplitude oscillations, which

can be called repetitive SP, until the point B around

H2. Hopf bifurcation associated with the fast subsys-

tem occurs, leading the trajectory to small-amplitude

oscillations, which implies that the system changes

from SP to a QS via Hopf bifurcation. The amplitudes

of the oscillations reduce to zero when the trajectory

moves near the point C, at which fold bifurcation takes

place. A jumping phenomenon can be observed, which

leads the trajectory to steadily move from point C to

point D, at which another fold bifurcation occurs, re-

sulting in the jumping phenomenon, corresponding to

the quick movement of the trajectory from point D

to point A. The trajectory then completes the whole

periodic bursting, called Fold/Fold/Hopf bursting.
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Fig. 3. (colour online) K1 = 0.0396, a = 0.0014,

ω = 0.095. (a) The bifurcation diagram with respect to z

for p1 = 0.0014 in Eq1 and p2 = −0.0014 in Eq2 , (b) the

overlay of the bifurcation diagram with the projection of

transformed phase portrait onto y–z plan.
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Here we would like to point out two phenomena

during the periodic bursting of the system. Firstly,

after the point B corresponding to Hopf bifurcation

of the fast-subsystem, the trajectory related to the

small-amplitude oscillation is full confined to the two

equilibrium curves Eq1 and Eq2 . Since the value of the

periodic perturbation varies from p1 to p2, while both

the equilibrium states from L12 to H1 and from L22

to H2 are stable, therefore, the trajectory may alter-

nates between the two approaching trends to Eq1 and

Eq2 , which results in the small-amplitude oscillations

of the trajectory. Secondly, the value of z related to

the fold bifurcation point C can be observed between

the values of z related to two fold bifurcation points

L12 and L22, of the fast subsystem, while D between

L11 and L21, which implies that the transition points

of the trajectory confine to the bifurcations of the fast

subsystem.

Further investigation reveals that three frequen-

cies are involved in the periodic bursting phenomenon.

The period of the burster can be determined by the

natural frequency ωn approximated at 0.000613, while

the small-amplitude oscillations from point B to point

C vibrate according to the frequency of the pertur-

bation ω = 0.095. Furthermore, the frequencies re-

lated to H1 and H2 can be computed approximated

at 0.08376 and 0.1265, which results in the frequency

of large-amplitude oscillation from point A to point B

at ωs ≈ 0.0915.

3.2. Fold/Fold bursting

If the parameters change to k1 = 0.0278, a =

0.002, ω = 0.02, Hopf bifurcation points H1 and H2

of the fast-subsystem separate from the trajectory of

the full system, which leads to another type of burst-

ing phenomenon case (see Fig. 4).

The trajectory, starting from point A with oscilla-

tions moving to point C, at which fold bifurcation oc-

curs, the jumping phenomenon can be observed, which

leads the trajectory to the movement from point C to

point D, while another fold bifurcation takes place,

resulting in the jumping of the trajectory from point

D to point A. Therefore the periodic solution can be

called Fold/Fold bursting.

Note that no Hopf bifurcation can be observed

related to the trajectory, which implies only two fre-

quencies are involved in the oscillation, i.e., the natu-

ral frequency and the perturbation frequency.
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Fig. 4. (colour online) K1 = 0.0278, a = 0.002, ω = 0.02.

(a) Projection of the phase portrait onto the y–z plan; (b)

the overlay of the bifurcation diagram for p1 = 0.002 in

Eq1 and p2 = −0.002 in Eq2 with the projection of then

transformed phase portrait onto the y–z plan.

3.3.Bursting mechanism with low per-

turbation frequency

Now we decrease the frequency of the periodic

perturbation to 0.0095 to investigate the periodic

bursting of the full system. The overlay of the bi-

furcation details of the fast subsystem and the phase

portraits with different values of the amplitude of pe-

riodic perturbation is shown in Fig. 5. Note that from

the three cases, Hopf bifurcation is involved in the pe-

riodic bursting only for a = 0.001 . Bifurcation mech-

anisms related to Fold/Fold/Hopf bursting in Fig. 5(a)

and Fold/Fold bursting in Figs. 5(b) and 5(c) are sim-

ilar to those described above.

The purpose of Fig. 5 is to describe the frequen-

cies involved in the bursters more clearly. It can be

checked that only two frequencies, i.e., the natural fre-

quency and the perturbation frequency, are involved in

the Fold/Fold bursters in Figs. 5(b) and 5(c). However

for the Fold/Fold/Hopf bursting in Fig. 5(a), com-

putation reveals that the frequencies related to H1

and H2 are ωH1 ≈ 0.124, ωH2 ≈ 0.153, which lead

to the frequency of the repetitive spiking from point
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A to point B, approximated at ωs = 0.141. While

the small-amplitude oscillations vibrate according to

the frequency of the perturbation at ω = 0.0095, and

the period of the buster is determined by the natural

frequency ωn = 0.0007288.
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Fig. 5. (colour online) The overlay of the bifurcation

diagrams with the projection of transformed phase por-

traits onto the y–z plan for K1 = 0.0396, ω = 0.0095.

(a) Fold/Fold/Hopf bursting for p1 = 0.001 in Eq1 and

Eq2 , (b) Fold/Fold bursting for p1 = 0.002 in Eq1 and

p2 = −0.002 in Eq2 , (c) Fold/Fold bursting for p1 = 0.003

in Eq1 and p2 = −0.003 in Eq2 .

Here we would like to point out that when

the frequency related to the periodic perturbation

is much less than the two frequencies associated

with the Hopf bifurcations of Eq1 and Eq2 , for

the Fold/Fold/Hopf bursting, obvious separation be-

tween the small-amplitude oscillations and the large-

amplitude oscillations can be observed. Furthermore,

for the Fold/Fold bursting, because of the small fre-

quency of the perturbation, the oscillating times may

be greatly reduced compared to the case related to the

bursting with a relatively large frequency of periodic

perturbation.

4. Conclusion

Based on the traditional slow–fast analysis for au-

tonomous nonlinear systems with multiple time scales,

the enveloping slow–fast analysis method is devel-

oped to explore the dynamical behaviors of the ki-

netic model of CO oxidation on the platinum group

metals with periodic perturbation. Two typical burst-

ing phenomena have been presented, which can be

called Fold/Fold/Hopf bursting and Fold/Fold burst-

ing, respectively, according to the bifurcation forms

between the QS and the repetitive SPs. It is found

that when the Hopf bifurcation occurs before the al-

ternation between small-amplitude oscillation and the

steady state, large-amplitude oscillations can be ob-

served for the bursting, and a new frequency asso-

ciated with the Hopf bifurcation may describe the

approximation of the frequency of the spiking corre-

sponding to the large-amplitude oscillations. On the

other hand, if the Hopf bifurcation takes place after

the alternation, only fold bifurcation is involved in the

bursting, which results in no large-amplitude oscilla-

tions.

Furthermore, when the frequency of the perturba-

tion is much less than the frequencies associated with

the Hopf bifurcation corresponding to two equilibrium

curves, respectively, for the Fold/Fold/Hopf bursting,

an obvious separation between the small-amplitude os-

cillations and the large-amplitude oscillations can be

observed, while for the Fold/Fold bursting, the times

of the small-amplitude oscillations may be greatly re-

duced, compared with the case with a relatively large

frequency of periodic perturbation. It can also be

found that the natural frequency determines the pe-

riod of the bursting, the perturbation frequency de-

scribes the frequency of the small-amplitude oscilla-

tions, and the frequencies associated with the Hopf

bifurcation of the fast subsystem, if they take place,

define the approximation of the frequency of the large-

amplitude oscillations.
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