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Arbitrary full-state hybrid projective synchronization

for chaotic discrete-time systems via a scalar signal
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In this paper we present a new projective synchronization scheme, where two chaotic (hyperchaotic) discrete-

time systems synchronize for any arbitrary scaling matrix. Specifically, each drive system state synchronizes with a

linear combination of response system states. The proposed observer-based approach presents some useful features: i)

it enables exact synchronization to be achieved in finite time (i.e., dead-beat synchronization); ii) it exploits a scalar

synchronizing signal; iii) it can be applied to a wide class of discrete-time chaotic (hyperchaotic) systems; iv) it includes,

as a particular case, most of the synchronization types defined so far. An example is reported, which shows in detail that

exact synchronization is effectively achieved in finite time, using a scalar synchronizing signal only, for any arbitrary

scaling matrix.

Keywords: chaos synchronization, full-state hybrid projective synchronization, observer-based syn-
chronization, chaotic discrete-time systems, dead beat control, attractor scaling

PACS: 05.45.–a, 05.45.Xt DOI: 10.1088/1674-1056/21/6/060504

1. Introduction

Chaos is a ubiquitous and extremely complex non-

linear phenomenon.[1−3] Since Carroll and Pecora[4]

introduced a method of synchronizing two identical

chaotic systems, chaos control and synchronization

have played an important role in nonlinear science (see

Refs. [5]–[15] and the references therein). In particu-

lar, in Ref. [4] it has been shown that a drive system

and a driven (response) system achieve synchronized

dynamics when the Lyapunov exponents of the driven

system are negative. Different synchronization meth-

ods have been successively proposed in Refs. [7]–[15].

Among them, some techniques have focused on the

synchronization of chaotic systems via a scalar syn-

chronizing signal.[8−13]

The projective synchronization was introduced in

1999.[16] In projective synchronization the response

system states are scaled replicas of the drive system

states.[17] Since in Ref. [16] the scaling factor was

not predictable, some control methods have been suc-

cessively developed for choosing any desired scaling

factor.[17−22]

A variation of the projective synchronization has

been recently developed in Refs. [23]–[27], where the

concept of full state hybrid projective synchronization

(FSHPS) has been introduced. In this type of syn-

chronization the scaling factor can be different for each

state variable. Namely, the single scaling parameter

originally introduced in Ref. [16] has been replaced by

a diagonal scaling matrix in Refs. [23]–[28]. In particu-

lar, in Refs. [25] and [26] an active control scheme was

utilized to achieve FSHPS in continuous-time systems,

whereas in Ref. [27] an active control is used to syn-

chronize a class of chaotic maps, which includes the

so-called Grassi–Miller map. Moreover, in Ref. [28]

the Lyapunov stability theory is utilized to achieve

FSHPS (called therein modified generalized projective

synchronization) for a new chaotic system.

Even though the FSHPS methods developed in

Refs. [23]–[28] are interesting, they present the draw-

back that synchronization is achieved using several

control signals, i.e., one control input for each system

equation. On the other hand, chaos-based communi-

cations benefit from the use of a scalar synchronizing

signal.[10] Moreover, a desirable feature in discrete-

time system is to achieve exact synchronization in fi-

nite time (i.e., dead-beat synchronization).[29] Previ-

ous discrete-time FSHPS methods, such as those de-

scribed in Refs. [24] and [27], did not present this fea-

ture.

According to these considerations, in this paper

we present a further contribution to the topic of syn-

chronization by introducing a novel scheme, where two

chaotic (hyperchaotic) discrete-time systems synchro-

nize for any arbitrary scaling matrix. Specifically, each
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drive system state synchronizes with a linear combi-

nation of response system states. Since the adoption

of an arbitrary scaling matrix represents a generaliza-

tion of FSHPS (where the scaling matrix is a diago-

nal one), the proposed method is called herein arbi-

trary full-state hybrid projective synchronization (AF-

SHPS). The approach presents some useful features:

i) it enables exact synchronization to be achieved in

finite time (dead-beat synchronization); ii) it exploits

a scalar synchronizing signal; iii) it can be applied to a

wide class of discrete-time chaotic (hyperchaotic) sys-

tems; iv) it includes, as a particular case, most of the

synchronization types defined so far. The rest of the

present paper is organized as follows. In Section 2

we define the proposed observer-based AFSHPS and

present a Theorem, which assures that AFSHPS is

achieved when a structural condition in the consid-

ered class of discrete-time systems is satisfied. Finally,

in order to show the effectiveness of the approach, in

Section 3 we illustrate an example of AFSHPS involv-

ing the recently introduced hyperchaotic double scroll

map.[30]

2. Arbitrary full state hybrid pro-

jective synchronization

Definition 1 Given the discrete-time drive and

response systems described by the n-dimensional state

vectors x(k) and x̂(k), respectively, those two sys-

tems are in arbitrary full-state hybrid projective syn-

chronization (AFSHPS) when, for an initial condition,

there is a matrix

α =


α11 α12 . . . α1n

α21 α22 . . . α2n

. . . . . . . . . . . .

αn1 αn2 . . . αnn

 ∈ ℜn×n, (1)

such that

∥ei(k)∥ =

∥∥∥∥∥∥
xi(k)−

n∑
j=1

αij x̂j(k)

∥∥∥∥∥∥ → 0

as k → ∞, i = 1, 2, . . . , n. (2)

Condition (2) means that each drive sys-

tem variable xi(k) synchronizes with a lin-

ear combination of response system variables

(αi1x̂1(k) + αi2x̂2(k) + · · ·+ αinx̂n(k)), i = 1, 2, . . . ,

n.

Referring to the systems to be synchronized, in

this paper we focus our attention on the class of dy-

namical systems defined by the following state and

output equations, respectively:

x(k + 1) = Ax(k) + bf(x(k)) + c, (3)

y(k) = f(x(k)) + kx(k), (4)

where x(k) ∈ ℜn×1, A ∈ ℜn×n, b ∈ ℜn×1, c ∈ ℜn×1,

f : ℜn → ℜ, y(k) is a scalar synchronizing output,

and k ∈ ℜ1×n is a gain vector to be determined.

Remark 1 As pointed out in Ref. [13], the class

described by Eq. (3) includes several chaotic and hy-

perchaotic discrete-time systems, that is, the logistic

map, the cubic map, the Duffing map, the Gauss map,

the Lozi map, and the generalized Henon map. Class

(3) also includes the so-called Grassi–Miller map,[27]

the gingerbreadman map,[29] and the recently intro-

duced double scroll map.[30]

Now, the following assumption is made.

Assumption 1 Given the matrices A and b in

Eq. (3), the matrix[
b Ab A2b . . . An−1b

]
(5)

is full rank.

Given drive system (3), the observed-based ap-

proach enables the state x(k) to be reconstructed by

a response system using a scalar function of the states

in the form of Eq. (4). By utilizing the fact that the

response system need not be a copy of the drive sys-

tem in order to obtain synchronized dynamics (see

Refs. [8]–[12]), a theorem that AFSHPS is achievable

using a scalar synchronizing signal can be developed.

Theorem 1 (dead-beat AFSHPS)

If Assumption 1 is satisfied, the nonlinear dynam-

ical system

x̂(k + 1) = α−1Aαx̂(k) +α−1bf(x̂(k))

+ α−1c+α−1b (y(k)− ŷ(k)) , (6)

ŷ(k) = f(x̂(k)) + kαx̂(k), (7)

and drive systems (3) and (4) achieve dead-beat AF-

SHPS for any arbitrary scaling matrix α, provided

that the eigenvalues of [A− bk] are placed at zero by

suitable k.

Proof First of all, it is worth while noting that

error (2) can be written in matrix form as

∥e(k)∥ = ∥(x(k)−αx̂(k))∥ → 0. (8)

By considering error (8) and by taking into account

equations (3), (4), and (6), (7), it follows that the

error dynamics is described by:

e(k + 1) = (x(k + 1)−αx̂(k + 1))

= Ax(k) + bf(x(k)) + c−Aαx̂(k)
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− bf(x̂(k))− c− b (y(k)− ŷ(k))

= A (x(k)−αx̂(k)) + bf(x(k))− bf(x̂(k))

− b (f(x(k)) + kx(k)− f(x̂(k))− kαx̂(k))

= A (x(k)−αx̂(k))− bk (x(k)−αx̂(k))

= Ae(k)− bke(k). (9)

Error dynamics (9) can be written as

e(k + 1) = Ae(k) + bu(k), with u(k) = −ke(k). (10)

Since matrix (5) is the controllability matrix of the

linear time-invariant error system (10), by virtue of

Assumption 1 all the eigenvalues of Eq. (10) can be

placed at the origin by suitable k, indicating that dead

beat control is achieved.[31] Thus, the error dynamics

will reach exactly zero in n steps. This means that

deadbeat AFSHPS is achieved, i.e., the drive system

and the response system will exactly synchronize with

an arbitrary scaling matrix α in n steps.

Remark 2 It can be readily verified that ma-

trix (5) is full rank for several well-known chaotic (hy-

perchaotic) discrete-time systems. Specifically, all the

maps mentioned in Remark 1 satisfy Assumption 1.

As a consequence, according to Theorem 1, all these

maps achieve dead beat AFSHPS.

Remark 3 The proposed scheme represents a

general framework to achieve most of the synchro-

nization types defined so far. Namely, when α11 =

α22 = · · · = αnn = 1 and αij = 0, i ̸= j, identi-

cal (complete) synchronization is achieved, whereas

for α11 = α22 = · · · = αnn = −1 and αij = 0,

i ̸= j, anti-phase synchronization is obtained. More-

over, when α11 = α22 = · · · = αnn = α and αij = 0,

i ̸= j, the projective synchronization originally pro-

posed in Ref. [16] is obtained. On the other hand,

when α11 ̸= α22 ̸= · · · ≠ αnn and αij = 0, i ̸= j,

the scaling matrix α is diagonal, and therefore the

full state hybrid projective synchronization is achieved

(see Refs. [26]–[28]).

Remark 4 The proposed observer-based method

shares the same advantages illustrated in Ref. [8], i.e.,

it is rigorous and systematic, it can be applied to a

wide class of discrete-time systems, and it does not re-

quire computation of Lyapunov exponents in order to

check synchronization. In addition, note that the au-

thor has successfully implemented in hardware a sim-

ilar discrete-time observer (though without a scaling

ability),[13] indicating that the observer-based method

is able to be electronically realized.

3. Example

A new piecewise linear discrete-time system capa-

ble of generating hyperchaotic attractors has been re-

cently presented in Ref. [30]. The attractor generated

by the map has been called “the discrete hyperchaotic

double-scroll” due to its shape and the adoption of

the same nonlinearity as that used in the well-known

chaotic Chua’s circuit.[32] The map is described by the

following equations:[30] x1(k + 1) = x1(k)− ah (x2(k)) ,

x2(k + 1) = bx1(k),
(11)

where a and b are the bifurcation parameters whereas

h (x2(k)) = (2m1x2(k) + (m0 −m1)

× (|x2(k) + 1| − |x2(k)− 1|))/2 (12)

is the piecewise linear function originally introduced

in Chua’s circuit (see Ref. [32]). The map (11) can be

written in the form (3) as x1(k + 1)

x2(k + 1)

 =

 1 0

b 0

 x1(k)

x2(k)

+

−a

0

h (x2(k)) .

(13)

When a = 3.36, b = 1, m0 = −0.43, and m1 = 0.41,

the system exhibits the discrete hyperchaotic double

scroll shown in Fig. 1.

From Eq. (13) it can be readily shown that ma-

trix (5) is full rank. Since the eigenvalues of [A− bk]

can be placed at zero by k =
[
−0.2976 0

]
, the scalar

synchronizing signal (4) can be written as

y(k) = h(x2(k))− 0.2976x1(k). (14)

Thus, the nonlinear observer (6) and (7) is described

by

 x̂1(k + 1)

x̂2(k + 1)

 =

 α11 α12

α21 α22

−1  1 0

b 0

 α11 α12

α21 α22

 x̂1(k)

x̂2(k)

+

 α11 α12

α21 α22

−1 −a

0

h(x̂2(k))

+

 α11 α12

α21 α22

−1 −a

0

 (y(k)− ŷ(k)) , (15)
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ŷ(k) = h(x̂2(k)) +
[
−0.2976 0

] α11 α12

α21 α22


×

[
x̂1(k) x̂2(k)

]T
. (16)

According to Theorem 1, dead-beat AFSHPS is

achieved between systems (13) and (15), that is, the

error dynamics will reach exactly zero after two steps,

regardless of the scaling matrix α. In order to show

the effectiveness of the approach, some simulations

have been carried out for different scaling matrices.

For example, by taking the following (full) matrix:

α =

 0.5 − 1

1 2

 , (17)

the results are shown in Fig. 1, which depicts the

attractor of drive system (13) in the (x1, x2)-plane

and the attractor of the response system (15) in the

(x̂1, x̂2)-plane.
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Fig. 1. Attractor of the drive system (13) in the (x1, x2)-

plane (a) and attractor of the observer (15) in the (x̂1,

x̂2)-plane (b) for the scaling matrix (17). Note that the

two figures have the same scale, so that sizes and positions

of the two attractors can be compared.

Note that the response system attractor has been

rotated with respect to the drive system attractor.

Moreover, the response system states have different

ranges from the corresponding drive system states

have. This is because, according to Eq. (2), each drive

system state synchronizes with a linear combination

of response system states. Namely, the error vector is

given by

e1(k) = x1(k)− 0.5x̂1(k) + x̂2(k),

e2(k) = x2(k)− x̂1(k)− 2x̂2(k). (18)

The corresponding error dynamics are described in

Fig. 2. This figure clearly shows that dead-beat AF-

SHSP is achieved between systems (13) and (15), since

the error is exactly zero after two steps.
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Fig. 2. Errors e1(k) (a) and e2(k) (b) each as a func-

tion of k, for the scaling matrix (17). Note that the errors

are zero after two steps, i.e., the errors are zero from step

three on.

Now the scaling matrix is chosen as a triangular

matrix:

α =

 2 1

0 0.5

 . (19)

Figure 3 shows the attractor of drive system (13) in

the (x1, x2)-plane and the attractor of the response

system (15) in the (x̂1, x̂2)-plane.

The error vector is given by

e1(k) = x1(k)− 2x̂1(k)− x̂2(k),

e2(k) = x2(k)− 0.5x̂2(k), (20)

indicating that state x1(k) is synchronized

with the linear combination of state variables,

(2x̂1(k) + x̂2(k)), whereas the state x2(k) is in pro-

jective synchronization with the variable x̂2(k). The

error dynamics (Fig. 4) clearly shows that dead-beat
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AFSHSP is achieved, given that the error is exactly

zero after two steps.
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Fig. 3. Attractor of system (13) in the (x1, x2)-plane (a)

and attractor of the observer (15) in the (x̂1, x̂2)-plane

(b) for the scaling matrix (19). The two figures have the

same scale, so that the two attractors can be compared.

Note that the variable x̂2(k) has been scaled by two with

respect to x2(k).
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Fig. 4. Errors e1(k) (a) and e2(k) (b) each as a function

of k, for the scaling matrix (19). The errors are zero after

two steps, i.e., from step three on.

Note that the FSHPS methods in the literature

(such as Refs. [24] and [27]) do not offer this capabil-

ity, since the errors between drive and response sys-

tems are not exactly zero in finite time. Namely, in

Refs. [24] and [27] only asymptotic synchronization

(k → ∞) is achieved. Moreover, note that in Ref. [27]

FSHPS is achieved using several control inputs, while

this approach enables AFSHPS to be achieved using

a scalar synchronizing signal only. Additionally, note

that most of the synchronization types defined so far

can be derived from the proposed framework. For ex-

ample, by choosing Eq. (17) as a diagonal matrix, the

full state hybrid projective synchronization defined in

Refs. [26]–[28] is achieved. By taking Eq. (17) as

a scalar matrix (i.e., a diagonal matrix with all its

main diagonal entries equal), the projective synchro-

nization proposed in Refs. [16]–[21] is obtained. By

selecting Eq. (17) as the identity matrix I, identical

(complete) synchronization is achieved. Finally, by

taking Eq. (17) as −I, the anti-phase synchronization

is obtained.

4. Conclusion

In this paper a new projective synchronization

scheme is presented, where two chaotic (hyperchaotic)

discrete-time systems synchronize for any arbitrary

scaling matrix. It is shown that the approach, based

on a simple and effective Theorem, presents some use-

ful features: i) it enables dead-beat synchronization

to be achieved; ii) it exploits a scalar synchronizing

signal; iii) it can be applied to a wide class of chaotic

(hyperchaotic) discrete-time systems; iv) it includes,

as a particular case, most of the synchronization types

defined so far. An example involving the hyperchaotic

double scroll map has illustrated in detail the capabil-

ity of the proposed observer-based technique.
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