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Gravitational collapse with standard and dark energy in
the teleparallel equivalent of general relativity
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A perfect fluid with self-similarity of the second kind is studied within the framework of the teleparallel equivalent

of general relativity (TEGR). A spacetime which is not asymptotically flat is derived. The energy conditions of this

spacetime are studied. It is shown that after some time the strong energy condition is not enough to satisfy showing a

transition from standard matter to dark energy. The singularities of this solution are discussed.
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1. Introduction

Several recent astrophysical observations!!] have
provided the astonishing result that around 95%—96%
of the content in the universe consists of dark matter
and dark energy, with only about 4%-5% being repre-
sented by baryonic matter. More intriguingly, around
70% of the energy-density may be in the form of so-
called dark energy, which is responsible for the accel-
eration of the distant type Ia supernovae.l?3 There-
fore, today’s models of astrophysics and cosmology
face two severe problems: the dark energy problem
and the dark matter problem, respectively. The na-
ture of dark energy as well as dark matter up till now
are not known, and many radically different models
have been proposed, such as, a tiny positive cosmolog-
ical constant, quintessence,[*~6 DGP branes, "8 the
nonlinear F(R) models,~1 and dark energy in brane
worlds, among many others (Refs. [12]-[35] see also
the review articles,%37) and references therein). Al-
though in recent years many different suggestions have
been proposed to overcome these issues, a satisfactory
answer has not yet been achieved.

The history of the observed universe is not known
before the epoch of nucleosynthesis (i.e., temperature
above 1 MeV). The assumption that our universe has
to be homogeneous and isotropic is only true for a
late universe. Therefore, one can consider the stan-
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dard cosmology based on the Friedmann—Robertson—
Walker (FRW) metric as an effective low energy theory
for a more fundamental one at higher energy scale.

It seems that teleparallel theory to be popular
again, and there is a trend of analyzing the basic solu-
tions of general relativity (GR) with teleparallel the-
ory and comparing the results. The teleparallel ap-
proach is considered as an essential part of generalized
non-Riemannian theories such as the Poincaré gauge
theory®8=43] or metric-affine gravity.*¥ Physics rel-
evant to teleparallel geometry may be related to the
teleparallel description of gravity theory.*5=% The
teleparallel approach is used for positive-gravitational-

[56] A relation between spinor Lagrangian

[57]

energy proof.
and teleparallel theory is established.

Teleparallel theories are interesting for many rea-
sons: first of all, general relativity (GR) can be viewed
as a particular theory of teleparallelism and, thus,
teleparallelism could be considered at the very least
as a different point of view that can lead to the same
results.l®® Second, in this framework, one can define
an energy—momentum tensor for the gravitational field
that is a true tensor under all general coordinate trans-
formations. This is the reason why teleparallelism
was reconsidered by Moller when he was studying the
problem of defining an energy—momentum tensor for
the gravitational field.[’=62] The idea was taken over
by Pellegrini and Plebanski, who constructed the gen-
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eral Lagrangian for these theories.[%3] The third reason
why these theories are interesting is that they can be
seen as gauge theories of the translation group (not
the full Poincaré group) and, thus, they gave an alter-
native interpretation of GR.[45—49,64,65]

Maluf et all% have shown that the localization
of the gravitational energy depends on the reference
frame. Reference frames are described in terms of the
tetrad fields that are the basic field quantities of the
Weitzenbock geometry.[57-831 The total energy of a
space—time is not expected to depend on a particu-
lar frame.[74~79:84=86] The dependence of the gravita-
tional energy on the frame is a manifestation of the
fact that the gravitational and inertial forces are of
the same nature.!87]

The objective of the present work is to study the
possibility of standard matter turning into dark en-
ergy considering TEGR only. In Section 2, we briefly
review the TEGR theory of gravitational field. In Sec-
tion 3, we study special tetrad field which contains two
unknown functions of ¢ and r, i.e., temporal and ra-
dial coordinates. In Section 3, the solution of the field
equations of TEGR is derived and calculations of en-
ergy conditions are given. In Section 4, the singularity
problem is discussed. The final section is devoted to
the main results.

2. The TEGR of gravitation

In a spacetime with absolute parallelism, the par-
allel vector fields e,* define the nonsymmetric affine
connection

M 2L e e, (1)

where eqy,, = &,ew.l) The curvature tensor defined
by I'*,., given by Eq. (1), is identically vanishing.
The metric tensor g, is defined by

def
Guv == Nab eap,ebl/ (2)

with 7, = (—1,41,+41,41) being the metric of
Minkowski space—time.

The Lagrangian density for the gravitational field
in the TEGR, in the presence of matter fields,? is
given byl™4-79]

g@, = eLG

Dspace-time indices p, v, ...
and a = (0), (¢).

abc abc

_ 7i T Tabc T Tbac B TaTa i Lm
167 4 2

= *izabcTabc - L1117 (3)

167

where e = det(e®,). The tensor X is defined as
1
Zabc def 1 Tabc Tbac o Tcab
aut 1 (are )

1
+ 5 (nach o nach) ) (4)

T and T are the torsion tensor and the basic vector
field defined by

Ta def

L A
e T, = 0ue®, — 0ye”y,

ToLL b (5)

jn%

def
Tabc ebuecuTa;un

The quadratic combination X%¢T,;. is proportional
to the scalar curvature R(e), except for a total diver-
gence term.["=7) [ represents the Lagrangian den-
sity for matter fields.

The gravitational field equations described by Lg
are the following

1
ea)\ebuﬁy (EEb)\V) — € (EbVaTb,,M - 46a,uTbcd2de>
= ilieTau, (6)
0Ly

deak

It is possible to prove by explicit calculations that the

= elg,.

left-hand side of the symmetric field equations (6) is

exactly given byl74-79]

[0~ 2ewuric)].

The

momentum, P%, four-vector(74~-79

definition of the gravitational energy—

P = — / d320, T, (7)
1%

where V' is an arbitrary volume of the three-
dimensional space. Maluf et al.[74=79:87:88] defined

Labz/vd‘o’xeuaebe“”, (8)

as the 4-angular—-momentum of the gravitational field
for an arbitrary volume V of the three-dimensional
space.

and SO(3,1) indices a, b, ... run from 0 to 3. Time and space indices are indicated to p = 0,1,

2)Throughout this paper we use the relativistic units, ¢ = G = 1 and x = 8.
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3. Self-similar solution

In this section we are going to write the tetrad
field in the coordinate (¢, r, 0, ¢) as

where ¢(r,t) and S(r,t) are unknown functions of ¢
and r. Self-similar solutions of the second kind are

given by(89:90]

P(r,t) = (x), S(rt) = S(z)
1 0 0 0
. . ith o =1In|—
sinf cos ¢ cosf cos P —sin ¢ wit (—t)1/e |
et rS(r;t) rS(rt)sing
(eat) = sinfsin¢ cosfsin ¢ cos ¢ , (9) where « is a dimensionless constant. Applying Eq. (9)
e¥(r,t) rS(r.t) rS(rt)sind to the field equations (6) we obtain a system of nonlin-
cos b —sinf ear partial differential equations having the following
0 ew(rvt) r S(n t) 0 form
|
1 .
— g {4208ty eI — 69 S e P = STV £ 2028 Sy e TP — 2§ eV

+2r288pe 2V — 2128 8" e 72V} = 4np,

rS' +8 — S-S

0,
rS
e—2¢ {eQw — 2788 +1r282e2% — G2 4 27265 e2Y — 7"25”2}
oy = 4mp,
1S+ Sy e 2% 4 Sy e 2% — 28" e 2% — 1§ e 2% 4 pSi) + 1St + rSY?
= 47rp, (10)
rS
where we have assumed that the matter filling the uni- ob(@) — 24 e{3U + 1} (14)

verse has the form of a prefect fluid, i.e.,

T = p, T =T% =T% = —p, (11)
with p and p being the proper density and pressure of

the fluid, respectively. We define

G def 0S4 def 0?8
ot’ ot?’
92

g/ def %’ gy def (er (12)

We try to find a solution to the above system of
partial differential equations. From the second equa-
tion of Egs. (10) one can obtain

P(z) =In{S(x) +rS'(x)}. (13)

Substituting Eq. (13) into the rest of Eqgs. (10) we
finally obtain

S(z) = Ag U3 eV,
3)The FRW model has the form

ds? = dt? — a2(1) {

1— kr?

VU
where U = U(x) = In{r</—t}, A is a constant of in-
tegration. Using Eq. (14) in Eq. (2) we find that the
associated metric has the form?)

1 2
ds? = d¢® — A20U4/3e2U{4 <1 + SU) dr?

+r2d!22}, (15)

with d2? = dr? + sin? d¢?.
The geometric radius is defined by

def 1§ = rAg VU2 eV

= Aor?V/—ty/In{ry/—t}2,
the first time derivative of R4 is given by
B 24y {2+3In(rv/—1)}

9 (—16)2/3 {/In{ry/—t} 7

showing that the fluid is collapsing and continue in

Ry

(16)

Rg = (17)

this collapse until the first singularity happens, i.e.,

2
dr +r2d92},

where a(t) is the scale factor. From Eq. (15) one can find a direct relation between the scale factor a(t) and U. When k = 0,
i.e., flat spacetime, r = 2/3 &/t. The scale factor in this choice, i.e., k = 0, is constant, i.e., a(t) does not depend on time. The
cosmological parameters related to this model are not consistent with the present observations.[®!] The other choices, i.e., k = =+
need intensive study to be able to compare the scale factor of FRW with Eq. (15).
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1/r3. Using Eq. (14) in Eq. (10) we obtain the energy
density in the form

U+1)3U +2
RCESVCIES) -
32U (3U + 1)
From Eq. (18) we can observe two singularities, which
are U = 0 and U = —1/3. The first singularity given
by
1
U:O—>(—t):r—3 (19)
is outer than the second one. Using Eq. (14) in
Eq. (10), we obtain the pressure in the form
1
-

The asymptotic behavior of the geometric radius and

p= (20)

the energy density are given in Figs. 1 and 2.

The geometric radius R, for
different cases when Ag=1

t

Fig. 1. (colour online) The geometric radius for different
cases when Ag = 1.

Density p(t)
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Fig. 2. (colour online) The density when ¢ = —1 when
Ap = 1.

From Fig. 1, the geometric radius has always

a negative value. The two singularities appear in

Eq. (18) are shown in Fig. 2. It is clear from Fig. 2
that the density begins with a positive value and then
becomes divergent at the point » = 0.7. And then it
changes to negative infinity at » = 0.7 and becomes a
negative quantity till it reaches the point » = 1. Then
it becomes negative infinity and at r = 1 it changes
to reach positive infinity and after that it becomes a
positive quantity.

Now we are going to study the energy conditions
which are given by:[92l

(i) Weak energy condition

p>0, p+p>0; (21)

(ii) Dominant energy condition

p+p=>0, p—p<Q0; (22)

(iii) Strong energy condition
p+3p>0. (23)

Using Egs. (18) and (20) we obtain the following
expressions

2U +1
32U (3U + 1)’
L 3UP+3U+1
- T3t2U(3U + 1)
1+ U - 307
32UBU +1)

ptp=2

p+3p=2 (24)

The validity of p + p is satisfied when

e”®/2 0.2231301602

(7t) > 3 3

: (25)

while p + 3p is satisfied when

= ()]
exp | ————

2 02717763924

r3 r3

r 13
1+13
exp | —————
I 2 __10.00190563
3 - 73 '

, (26a)

(26b)

4. Singularities

In teleparallel theories we mean by the singularity

[93] the singularity of the scalar concomi-

of spacetime,
tants of the torsion and curvature tensors.

Using the definitions of the Riemann—Christofell
curvature tensor, Ricci tensor, Ricci scalar, torsion
tensor, basic vector, traceless part, and the axial vec-
tor part given in Ref. [94] the scalars of the Riemann—

Christofell curvature tensor, Ricci tensor, Ricci scalar,
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torsion tensor, basic vector, traceless part, and the ax-
ial vector part of the spacetime given by solution (14)
have the following form

N [16 + 82254 1In (r</—t)]
R“V UR;U/)\U — 5,
2187t In (r/—t) [31n (r/—t) + 1]
RR,, - [1 +971n (T‘\B/—t)]

94 In (r/=1) [31n (r/—=F) +1]°
R 2 [5In (ry/=t) — 1]
© 3821 (ry/—t) [3In (r/—2) + 1]

A [1+3421n (r/=1)]
9 (r/=t) [3In (r/=1) +1]7
oo (14271 (r¢/—0)]”
Cse2 I (ry=t) [BIn (ry/—=t) +1]7
HUA _ 1
T (r/=%) 3l (ry/=1) + 1]
ata, =0. (27)

5. Main results and discussion

The main results of this paper can be summarized
as follows.

(I) A special exact solution which satisfies the
field equations (6) is derived. This solution is not
asymptotically flat.

(IT) The energy, using Eq. (7), associated with
Eq. (9) has been calculated and it has the form

E =rS(r,t)e ™0 (00— S(r,t) = rS(r,1)) . (28)

Equation (28) shows that the energy depends on r, on
the functions S(r,t), ¥ (r, ), and on S(r, t). This result
is in contradiction with the previous results achieved
in Ref. [66] “which assumed that the universe ap-
peared from nowhere about 10'° years ago and the
conventional laws of physics need not have been vio-
lated at the time of the creation of the universe”. We
are inclined to suggest that this contradiction is due to
the following. i) The spacetime obtained is not asymp-
totically flat. ii) There is no symmetry assumed on
the spacetime, i.e., the spacetime has not homogene-
ity or isotropy. (IIT) We have calculated the geometric
radius and shown that its first time derivative is neg-
ative, i.e., the fluid is collapsing. This collapse occurs
until the first singularity occurred, 1/73, as is clear
from Fig. 1. (IV) The density associated with this so-
lution is found to have two singularities. These singu-
larities are shown in Fig. 2. (V) The pressure has only
one singularity occurs at ¢ = 0. (VI) The singularity

problem of solution (14) has been studied. It is clear
from Eq. (27) that all the scalars have three singular-
ities t = 0, t = —1/r3, and t = 20.08553692. In ad-
dition to these singularities the Riemann—Christofell
tensor, Ricci tensor, Ricci scalar torsion tensor, and
basic vector tensor have another singularity at t = 0
and/or r = 0.
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