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‘We investigate the strongly interacting lattice Bose gases on a lattice with two-body interaction of nearest neighbors

characterized by pair tunneling. The excitation spectrum and the depletion of the condensate of lattice Bose gases are

investigated using the Bogoliubov transformation method and the results show that there is a pair condensate as well as
a single particle condensate. The various possible quantum phases, such as the Mott-insulator phase (MI), the superfluid
phase (SF) of an individual atom, the charge density wave phase (CDW), the supersolid phase (SS), the pair-superfluid

(PSF) phase, and the pair-supersolid phase (PSS) are discussed in different parametric regions within our extended

Bose-Hubbard model using perturbation theory.
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1. Introduction

In the past few years the experimental manipula-
tion of neutral atoms in optical lattices has achieved
fascinating progress(' =4 that has opened up a way
to simulate the quantum complex systems of con-
densed matter physics, such as high-T. superconduc-
tors, Hall systems, and superfluid 4He, ascribed to the
extreme flexibility and controllability of atom-optical

(5] For the atoms confined in different lattice

systems.
sites it is possible to tune the interatomic interac-
tions with great precision by adjusting the strength
of the periodic potential and to enhance the interac-
tions well into the strong regime, even in the dilute
limit. Bose-Hubbard model (BHM) has been proven
to be the most successful model describing ultra-cold
atomic gases loaded into optical lattices.[®! This model
has three terms:[) a kinetic energy term which al-
lows atom tunneling between nearest-neighbor lattice
sites, a potential energy of on-site two-body interac-
tion, and a chemical potential term which fixes the
number of atoms. We point out that in the strong cou-
pling regime with a large ratio U/J the usual on-site
approximation of two-body interaction within BHM
ought to be extended to include nearest-neighbor sites.
The nearest-neighbor (NN) interactions result in a
new tunneling mechanism, e.g., pair-tunneling differ-
ent from the so-called second order tunneling pro-

DOI: 10.1088/1674-1056/21/6 /060305

cess which can be obtained by the second order per-

8-12] and cannot be neglected even

turbation theory,!
though they are much smaller than the on-site in-
Thus an extended Bose-Hubbard

model (EBHM) characterized by an atom-pair tunnel-

teraction itself.

ing term in a double-well trap was derived in Ref. [8]
showing a perfect agreement with the experimen-
tal observation of two-atom correlated tunneling. ]
For a deep-enough lattice the pair-tunneling can be

(12]

the dominant process. Recently the electron pair-

tunneling process has been paid much attention in

s.[13=15] Ap optical realization of cor-

condensed physic
related pair tunneling of two interacting bosons in
a double-well potential was proposed.!'®! Following
our previous work, in which we investigated repulsive
bound-atom pairs in an optical lattice with two-body

interaction of the nearest neighbors,*”!

we investigate
the quantum lattice gas within our EBHM in strong
coupling regime.

The paper is organized as follows. In Section 2,
we introduce the model Hamiltonian. We study the
depletion of the condensate and the excitation spec-
trum of lattice Bose gases using the Bogoliubov ap-
proach in Section 3. In Section 4 we obtain rich phase
diagrams within the EBHM using perturbative the-
ory under different parametric conditions. Finally we

present a brief summary of our conclusions and discuss
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the experimental observability in the last section.

2. The extended Bose—-Hubbard
model

The dynamics of an atomic Bose—Einstein con-
densate (BEC) loaded into the lowest band of a suf-
ficiently deep optical lattice is well described by a
single-band EBHM with Hamiltonianin!®!

H = - Zlmi - Z[Jo — Us(n; +niqyr — 1)]
i i
Uo
X (a}aiﬂ + a;rHai) + 5 Za}ajaiai

+ (U1 + Us) Z ala;‘r+1ai+1ai
i

U.
+ 72 Y (alalaipiai +alyyal) @), (1)

%

where a; is the i-th site boson annihilation operator
)

and n; = a;a; is the corresponding atom-number op-
erator. p is the chemical potential needed to fix the
average total number of bosons in the lattice. The
new coupling constants between atoms on neighbor-

ing lattice-sites are given by

U = /wi(l‘z)wiﬂ(l’l)Uﬂfl — x2|)

X ’wi+1($1)’wi(l‘2)d.’)§‘1 Cl.%'g7

Uy — / wi(z)wi(21)U (|21 — 2a])

X Wig1(21)wig1 (w2)dwy d,
Us = /wi(Iz)wi+1($1)U(|fl — Ta])

X wi+1(x1)wi+1(a:2)dx1 (21.1‘27 (2)

where U(|x; — x2|) is the two-atom interaction po-
tential and w; denotes Wannier wave functions. Uy
is the usual on-site atom-interaction strength, and
the fourth term relating to U; denotes the nearest-
neighbor repulsion, which has been given in various
lattice models in the literature, while the U, part
is new. The conceptually new transition-matrix el-
ement relating to Us/2 describes obviously the atom-
pair tunneling. The atom—atom interaction including
the nearest-neighbor results in an additional Joseph-
son tunneling term depending on the coupling con-
stant Us and the atom-number operator n; +n;41 — 1.
This term as a matter of fact suppresses the nearest-
neighbor tunneling. The coupling constants Uy, Us,

and Us are much smaller comparing with Up. Al-
though the value of Uy compared with the on-site in-
teraction is small, it plays a crucial role in the strong
interaction regime.

3. Bogoliubov approach

We first transform Hamiltonian (1) to momentum

space by introducing creation and annihilation opera-

tors aTK and ag, respectively, such that

1
T T
al ar exp(iK - R;),
VN ; K
1
a; = ZaK exp(—iK - R;), (3)

where Ny is the number of lattice sites and R; is the
coordinate of site . The wavevector K runs only
over the first Brillouin zone. For mathematical con-
venience we take only a finite volume V', so that the
momenta hK are discretized, which allows us to write
sums instead of integrals in Eq. (3). Later we will
take the continuum limit V' — oo. Using the fact
that ), exp[—i(K — K') - R;] = Nydk k', the pref-
actor 1/4/Ny inserted ensures that the total number
of particles satisfies N = 3", ala; = 3 i akcax. Fora
Bose condensed gas the average number of condensate
atoms Ny is a number much larger than one, which
means that No = (a}ag) ~ <a0a8> and such that we
can write No = (a})(ao) and (af)) = (a0) = vVNo
assumed to be real. Using the Bogoliubov approxi-
mation adopted in Refs. [22] and [23], we obtain the

following effective Hamiltonian Hg
1 3 1
Heg = | —5Uono — Uing — ;Uang — 5Usno | No
2 2 2
/
+ Z {|:—,U—€K+2U0TL0+2(U1+U2)TLO
K
+ QUQnOEK/JO + 4noUs (2 + gK/JO) ] a;{aK
1 1 _
+ §U0n0 + 5 (U1 + Uz) TLQEK/JO
+ Usng + noUs (2 + €K/J0):|
X (CLKbeK + akatK) }7 (4)
where 3’ denotes the summation for K # 0 and
Ex = 2Jp ijl cos kja with a being the lattice con-

stant of cubic lattices. The effective Hamiltonian can
be diagonalized by a Bogoliubov transformation. This
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implies that we define new creation and annihilation
and bg such that the effective Hamilto-

nian becomes diagonal

operators b;{

bK UK VK aK
= (5)

T B * * 1
bl k¢ Vg Ui a_ g

To ensure that operators b;{ and bg still obey the

standard bosonic commutation relations, the follow-

ing relation must be met
ur|* = Jo [ = 1. (6)

If we now substitute Eq. (5) into Eq. (4) and demand
that the result reduces to the diagonal Hamiltonian

Heog = <;U0no —Uing — ;Uzno - ;U:’)no) No
+ Z/ (AU%( - QBuKVK)
K
+ 37 (A (uk + vk) — 4Bugcvic) b, (7)
K
where

A = z2Jy — €k + Ugng + 2Uanoéx [ Jo
—Usng + 7U3n0 + 4Usnoex / Jo,
(U1 + Us) no€xc / Jo
+U2n0 +n0U3 (2+¢€x/J), (8)

B = Uono + =

ug and v must be the solutions of the following two
equations:

B
A

—~

u% + l/%{) — Aug Vi = 0,

u%{ + Vf() —4Bugvig = hwg. (9)

—~

Using the normalization condition in Eq. (6), the so-
lution can be easily obtained

hwg = v/ 142—4f327

1 A
v == —1) 10
=3 (s (10)

where wg is the excitation spectrum of the interacting
Bose gas. As an example for one dimension it can be
seen after a little algebra that

wi = 2Jp sin

k

2‘ \/(]. — COSk) + TL()U()/JQ
in the case of weak interaction, i.e., Uy = Uy = Uz = 0,
the dispersion relation becomes linear wj o vgk in
the long wave-length limit k¥ — 0 with sound veloc-
ity vg = v/noJoUg, which coincides with the result.[18]

Next we calculate the depletion of the condensate. To
obtain the condensate density ng, we have to calcu-
late the total density n with the effective Hamiltonian.
The total density is expressed as

1
"=y ;m}{ammm (11)

where the brackets ( )p
value as calculated with the effective Hamiltonian

. denote the expectation
H.s. For a Bose condensed gas, this density n in-
cludes two parts: the density ng associated with the
macroscopic occupation of the one-particle ground-
state, i.e., the condensate, and the density due to the
occupation of the higher lying one-particle states. In
this case, the density equals the sum of parameter ng
and the density of non-condensate part determined by
averaging over the quadratic fluctuations, which is ex-
pressed as a function of ng

n:no—kNiZ {(u%{—kﬁ{) <b}{bK>H
S K

!

+ V%{] .
(12)

If we then use Eq. (9) and substitute the Bose distri-

eff

bution evaluated at hwg for <b}{bK> ., we find that
1 4 A 1 A— hwi
n=not S (M R )

(13)
Using the zero-temperature limit and taking the con-
tinuum limit for momenta K by using

Z—w/ dK/ (2m)?,
w/a

we arrive at the expression

1 [ A

n—n0+2/_1/2dq(hw}( 1) (14)
where ¢ = 27K /a and n is the average total atom
density per site. We can now obtain the condensate
density by solving Eq. (13) for ng at a fixed value of n.
Here we take U; =~ Uy =~ 0.02U; according to the pre-
vious definition of Eq. (2), as can be evaluated roughly
with Gaussian Wannier function and d-function poten-
tial and justified reasonable for the close agreement
with the experimental observation.[®%) One can see
that the condensate fraction ng/n falls off rapidly and
then tends to zero infinitely slowly with growing Uy/Jy
for BHM [dotted lines in Figs. 1(a) and 1(b)], however,
the falling slope is small and remains a relatively large
condensate fraction even when Up/Jy becomes suffi-
ciently large for the EBHM [dashed lines in Figs. 1(a)
and 1(b)]. The two-body interaction between bosons

expels some particles from zero-momentum state to
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other states.!'”) The results show that the condensate
fraction of EBHM is larger than that of BHM which
is mainly due to the existence of additional interac-
tion terms Uy, Us, Us, and suggests a pair condensate
corresponding to pair superfluid.[2%! However, the non-
vanishing condensate fraction suggests that no phase
transition occurs from superfluid to Mott insulator
phase in two and three dimensions as predicted by
Refs. [21] and [22], which is due to the fact that the
Bogoliubov approach only approximately treats the
interactions and cannot describe the large depletion of
the condensate. Here the case in one dimension is not
discussed for the existence of diverges, as illustrated
in Ref. [22]. In the following we use the perturbation
theory to obtain the rich phase diagrams within the
EBHM.

1.0p . . : . .
0.8F Sl 4 AR

0.6

no/n

0.4F

0.9 _:‘. I

Uo/ Jo

Fig. 1.
as a function of the dimensionless parameter Uy/Jo with
n =1 for BHM (dotted lines) and EBHM (dashed lines):
(a) a two-dimensional optical lattice and (b) a three-

(colour online) The condensate fraction ng/n

dimensional optical lattice.

4. Phase diagrams

The phase diagram of usual BHM with on-site ap-
proximation of boson—boson repulsion has been known
for a long time.["222425] The competition between
the kinetic and potential energy terms leads to two
phases: Mott-insulator (MI) phase when the kinetic
energy is much smaller than the potential energy and
Both of these phases,
as well as the transition between them, have been

a superfluid (SF) otherwise.

successfully observed with ultracold Bose gases in
optical lattices.[>26=28] The phase diagrams of the
model containing nearest-neighbor interactions have

also been known[29—33]

and two additional phases ap-
pear: charge density wave (CDW) phase and super-
solid (SS) phase. Similar to the MI phase, the CDW
phase is an insulator with an excitation gap and is

incompressible. The main difference between the MI

and CDW phases is that an integer number of bosons
occupy every lattice site in the MI phase, while in the
CDW phase the optical lattice loaded with bosonic
atoms can be split into two sublattices with alternat-
ing atomic densities of n and n + 1 analogous to the
antiferromagnetic phase in the spin system. The SS
phase is referred to as a phase with both long-range
off-diagonal and diagonal order in an optical lattice,
where the diagonal order breaks the translational sym-
metry of the lattice.®¥ The quantum phases includ-
ing MI, PSF, a normal SF and CDW states have been
discussed in detail within an EBHM containing differ-
ent kinds of correlated tunneling in Ref. [12]. In this
paper we studied the system of our EBHM Hamilto-
nian (1) which extends the two-body interactions to
nearest-neighbor sites. Since the coupling coefficients
in Hamiltonian (1) are of high tunability, we can in-
vestigate the underlying physics in various parametric
regions. From here we will neglect the effects of the
Us term for simplicity.

4.1. Phase diagram with single-atom

tunneling only

First we consider the case when Us is small com-
pared to J where J = Jy — Us(n; +n;41 — 1) is viewed
as the single-atom tunneling amplitude. The Hamil-
tonian can be recast as

H = Hy+ Hi, (15)
U

Hy = Z (—um + 70611“3%% + VGIGLMHW) ’

Hy = —JZ (U;zai-i,-l + CL,];FICM‘) ’ (16)

where we replace (U;+Us) with V for convenience. To
determine the phase boundaries we define the single-
atom superfluidity order parameter as ¢; = {(a;). Here
we restrict our analysis right from the state to real or-
der parameter. A straightforward method is to use
the mean-field approach perturbation in ¢;. FEven
though the mean-field theory becomes exact in the
limit of infinite dimensions it can still capture the
features of the phase diagrams qualitatively in low
dimensions.[?2:29-35) Tt is worthwhile pointing out that
in an infinite dimension limit (d — o0) both tunneling
amplitude J and the NN interactions V must scale
inversely with d to ensure that zJ and zV are finite.
Performing the mean-field decoupling of the Hamil-
PiPi+1
the nonlocal tunneling terms can be written as H; =

tonian (14) with azaiﬂ ~ aZ(pH_l + aip10; —
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—J Zi(aj + a;)¢;. The phase boundaries between
SF and MI, SS and CDW phases can be obtained as
demonstrated in Ref. [36] based on the fact that the
order parameter is finite (¢; # 0) for the SF and SS
ground states and it becomes zero for MI and CDW
phase. We evaluate the order parameter ¢; = Tr(pa;)
at each site of the lattice. The partition function
Z = Tr(exp —BH) with 8 being the inverse of tem-
perature can be approximated as Z ~ Tr(exp —(GHy)
after a Dyson expansion of the exponential to the low-
est order. Thus the order parameter can be written
through time-dependent perturbation theory in imag-

g
E

B
-3 / dr (gla; €™ |g'y (g/| Hy e~ 7Ho |g)
0

9,9’

inary time
;i = Tr{a;exp(—-pSH/Z)}

B
=Tr {ai exp(—BHy)T exp [—/0 Hi(r)dr

Q

B
Tr{ai exp(—SHp) [1 7/0 Hy(r)dr

(17)

where the symbol .7 denotes time-ordering of the ex-
ponential, Hy(7) = exp(rHg)Hiexp(—7Hy) is time-
dependent perturbation in the interaction representa-
tion and the sums of |¢’) and |g) are complete sets of
basis states of Hy. Taking the zero-temperature limit
in the last line of Eq. (15) we can obtain after a little
algebra

g9+l
Upg + Vdip —
g
— - 18
Uo(g —1) + VP —p (s

wi = Jo;

with @; = z¢ being the sum of the nearest-neighbor
order parameters and V4P = 2V g being the interac-
tion of one atom placed at site ¢ with the rest of the
particles. The phase boundary can be determined due
to the fact that the order parameter ¢ approaches zero
near the phase boundary. We have

1 1

+\JUB/4— Unlg +1/2)2J + 2272/4, (19)

where the subscript + for p denotes the upper (py)
and lower (p—) halves of the MI insulating regions of
phase space, g = (7;) is the average occupancy which

is chosen to minimize the on-site energy with the triv-
ial limit J = 0 for a given pu. When V = 0 the re-
sults reduced to that of on-site BH model,l"?2 and
the phase boundaries between CDW and SS phases
can be expressed as

1 [ ga+1
(zJ)?  [Uoga+2Vygs —
. gA
Uo(ga — 1) +2Vgp — p]
[ g +1
Uogp + 2Vga —

9B |
— (20
Uo(gp — 1)+ 2Vga — u| (20)

where g4 and gp are atomic densities in the two
sublattices. The simple analytic solution for p from
Eq. (19) is not attainable and the numerical solution
can be obtained for each of the CDW lobes separately.
It is well known that for the case of an on-site interac-
tion the phase diagram of BHM shows a series of lobes
of the MI phase characterized by an integer number
of particles per site. Once the nearest-neighbor inter-
action is introduced the CDW lobes appear between
the Mott lobes, meanwhile another new phase, i.e.,
SS appear both in the SF and MI regions of phase
diagram shown in Fig. 2. The integer filling 1,2 and
fractional filling 1/2,3/2 form uniform Mott insula-
tors and CDW state respectively. Further lobes ap-
pear for a longer range of interactions.!3% It is worth-
while pointing out that the Hamiltonian (14) can be
mapped onto an effective spin XXZ model which has
been investigated extensively on the mean-field level
for the nearest neighbor.?"!

2.7F i
Mott(2)

1.8 pran. |

CDW(2,1) 2

u/Uo

=% -0 0-0 o-¢

CDW(1,0) .

-
oo 9-0o o-0 0~ 1

®-0-o o
-
e

0 0.04 0.08 0.12
x=dJ/U,

Fig. 2.
the BHM with the additional nearest-neighbor interaction
(2V = 0.4Up) in infinite dimensions d — oco. The (red)
dotted lines are the phase boundaries between CDW in-

(colour online) The (u,J) phase diagram of

sulator and SS states and the (black) solid lines are the
phase boundaries between MI and SF states.
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4.2. Phase diagram with pair-tunneling
only

In the case of a deep lattice when J < J¥, where
we substitute JE for U;/2 being the pair tunneling
It can be seen that the
Us-terms in fact suppresses the single particle tunnel-

amplitude for convenience.

ing between neighboring sites so that our assumption
is realizable. The Hamiltonian reads

H = Hy + Hi,

Ui
Hy = Z |:Nni + Jni(ni -

B) ].) + VnmiH] s

%

HI = JP Z (AIAH-I + AjJrlAz) ) (21)

7

where A; = a;a;. Within mean-field theory we define
the pair-superfluidity order parameter as 1; = (4;).
For the pair tunneling term Hj we can see its ampli-
tude is always positive so we need to choose complex
order parameters, i.e., take opposite signs on adjacent
sites: (A;) = 9, (A;41) = —t thus it can be guar-
anteed the concavity of the energy. So the original
lattice must be split into two different sublattices de-
noted by A and B. The interacting part H; can be
rewritten as

H= Y (AI +Ai)¢
€A
—IP (A4 A v TN, (22)
i€B
where Ny is the number of the full lattice sites. There-
fore Hamiltonian (19) is diagonal in a power series of
1. The order parameter can be obtained by following
the routines from the above section. We evaluate the

order parameter v; =

the lattice. The partition function Z = Tr(exp —8H)
with 8 being the inverse of temperature can be approx-
imated as Z ~ Tr(exp —3Hy) after a Dyson expansion
of the exponential to the lowest order. Thus the or-
der parameter can be written through time-dependent
perturbation theory in imaginary time

Y = Tr[A;exp(—BH /Z)]

B
3 [ drtglate g g e g (29
10
9.9

Q

where Hi(r) =
dependent perturbation in the interaction represen-

exp(THo)Hyexp(—7Hp) is time-

tation and the sums of |¢') and |g) are complete sets
of the basis states of Hy. Taking the zero-temperature
limit in the last line of Eq. (21) we can obtain after a
little algebra

_ P (9+1)(g+2)
e JP%{ [Uo(2g + 1) — 2u] + 2V dip
_ glg—1) }

[Uo(2g — 3) — 2u] + 2Vdip [

(24)

To determine the boundaries of the insulating lobes
from Eq. (22) we define 1; =
nearest-neighbor order parameters and Vidlp = 2Vyg

—21) being the sum of the

being the interaction of one atom placed at site ¢ with
the rest of the particles. Since the mean-field order pa-
rameter ¢ approaches zero near the phase boundary,
Eq. (22) can be satisfied only if

[ (9+1)(g+2)
zJP Uo(29 +1) +22Vg —2pu
Uo(2g —3) +22Vg—2u
(A;) = Tr(pA;) at each site of  The solution for p can be obtained easily
|
1 . 1
p+ = Ug 9-5 +2Vg—2J 9+5
1 2 2
+ 5\/—4zJP Uy (14 g + g2) + AU2 + (2TP)2 (1 + 4g + 4¢2) (26)

where the subscript + denotes the upper (uy) and
lower (p—) halves of the MI regions of phase space.
It can also be seen from Eq. (25) that the MI lobes
are separated by zVg, but their shapes are indepen-
dent of V. To determine the phase boundary between
the CDW and PSS phases, from Eq. (22) we define
Vi = Ya, ¥ = 2bg, VIP = 2Vgp for i € A sublat-

K2

tice, and define ¢; = ¢, ¥; = 214, deip = 2V gy for

\
J € B sublattice. This leads to two coupled equations

for ¥4 and 1 p. Since ¥4 and ¥ p approach zero near
the phase boundary, Eq. (22) can be satisfied only if

L[ at D)
(2JP)2 Uo(294 +1) +22Vgp — 2
galga —1)

Uo(294 — 3) +22Vgp — 2u
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(95 +1)(9B +2)
Uo(2g + 1) +22Vga — 2u
Uo(295 — 3) +22Vga — 2]

Simple analytic solutions to Eq. (25) are not attain-
able and numerical results can be obtained for each of
the CDW lobes separately. The PSF and PSS regimes
are outside the insulating lobes. The characteristics of
the phase diagrams shown in Fig. 3 coincide qualita-
tively with the results of Ref. [12] by using Gutzwiller
ansatz methods. The phase boundary between PSS
and PSF is not attainable within the mean-field the-
ory and more accurate methods are needed.

4.5

3.6

2.7k A

u/Uo

1.8}

Mott(1)
CDW(1,0) , i :
0 0.08 0.16 0.24 0.32

{E:dJP/U()

0.9

o

Fig. 3. The (i, J¥) phase diagram of the EBHM with
2V = 0.4Up in infinite dimensions d — oco. The phase
boundaries separate the phases between MI and PSF,
CDW and PSS.

4.3. Phase
single-atom tunneling and pair-

diagrams including both

tunneling

In Ref. [37] an effective tunneling of pairs of
bosonic atoms is obtained by virtue of an atom-—
molecule coupling system with large detuning but
there exists pair tunneling directly in our Hamilto-
In the case of Uy > (JF,J) > V the
nearest-neighbor repulsive V-terms can be neglected.

nian (1).

The Hamiltonian reads

Uo
H = —MZ’I’L,L =+ 7 Zazazaia/i
4 i
_ JZ (G,I(],,H,l + a;»r+1ai>
i

+I7 3 (Af A+ AL A (28)

7

The above Hamiltonian contains two different kinds
To investigate the SF to MI

transition, we still employ the decoupling mean-field

of tunneling terms.

approximation in these tunneling terms. Assuming

(a;) = ¢ and (A4;) = 9 are two independent order
parameters, we can obtain the “local” Hamiltonian

H = Hy + Hy,

_ Uo 12 2 T 2 P 2
Hy = zz: (2(11- a; — pa;a; | + JNgp® + J" Ngp©,
H = —ZJ(ai—l—aI)cp—ﬁ—ZJP(A;r—i—Ai)w

i icA
= > TP(AL+ Ay (29)
ieB

For the system containing a two-component order pa-
rameter, say (¢, 1), the phases can be studied on the
basis of Laudau’s theory of phase transition. By em-
ploying the perturbation expansion, one can find that

the free energy is expressed as

F(p,¥) = ap + a19® + az)® + azp®yp
+asp + asyp* + agp®Y® + -+ . (30)

The explicit forms of a; can be obtained by virtue
of the method derived in Refs. [38] and [39]. We
start from the MI phase of the highest symmetry with
i =1 = 0 and proceed the other two phases: the pair-
superfluidity phase PSF with a nonvanishing value of
pair-superfluidity in the absence of SF, that is ¢ # 0
but ¢ = 0; the normal SF phase with a nonvanishing
value of superfluidity of the single atom in the absence
of PSF, that is ¢ # 0 but » = 0. The phase diagrams
can be obtained by minimizing the free energy with
stability conditions taken into account. To minimize
F(p,1), we use the criteria OF/0x = 0, (z = ¢, )
which yields

¢ (2a1 + 2a31) + dagp® + -+ ) =0,
P (2a2 +dasp® + - - ) + azp? = 0. (31)

From Egs. (29) we can see if ¢y = 0, ¢ may be
nonzero determined by a; + 2a4¢? = 0 for a3 always
being zero due to the fact that there is opposite-sign
pair-superfluidity order parameter between neighbor-
ing sites, which means that the system can be in a
phase with ¥ = 0 and ¢? = —a;/2a4. Meanwhile
when ¢ = 0, ¥ may be nonzero and determined by
as + 2a51? = 0, which means that the system can be
in PSF phase with ¢ = 0 and ¢? = —ay/2as. Fig-
ure 4 shows the (p, J) phase diagram when ¢ = 0, in
which the the contour plots depict the value of SF or-
der parameter and the solid line denotes the boundary
between MI and SF phases. One can see the contour
plots cover the portions of the Mott lobes, but how-
ever in such parameter regions the ground state is still
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the Mott phase and the SF (¢ # 0) phase is unsta-
ble. Figure 5 shows the (u,.J*) phase diagram when
¢ = 0 in which the contour plots represent the value
of the PSF order parameter. One can see that the
Mott lobes fit the borders of the PSF phase exactly

and the contour plots shows a stable PSF phase.

3.0F= T ' ' 2
2.5 Mott(B)
2.0F

1.5F Mott(2)

u/Uo

1.0}

0.5¢ Mott (1)

o

0 0.05 0.10 0.15 0.20
ZJ/UQ

Fig. 4. (colour online) The (y, J) phase diagram of Hamil-
tonian (27). The contour plots depict SF order parameter
¢ and the solid line denotes the boundary between MI and
SF phases.

3.0+
2.5 'Mott

2.0}

1.5 F Mott(2)

w/Ug
at

1.0k et o

0.5 Mott(1)

Ok "

0 01 02 03 04 05

ZJP/U()

Fig. 5.
Hamiltonian (27). The contour plots depict the value of

(colour online) The (u, J¥) phase diagram of

PSF order parameter .

5. Conclusion

In conclusion we have investigated the excitation
spectrum and the depletion of the condensate of Bose
gases in optical lattices with two-body interactions of
nearest-neighbors characterized by a PSF within the
mean-field theory. The result shows that there exists
a pair condensate as well as a single particle conden-

sate. The rich phase diagrams with quantum phases

such as MI, SF, CDW, PSF, and PSS are discussed
under various parametric conditions. As for the ex-
perimental observability, the noise correlation tech-

nique can provide an observable signature to detect

and characterize the different quantum phases.37:40

It is worthwile pointing out that the mean-field the-
ory cannot be used to calculate the phase boundary
between two compressible phases, e.g., the SS-to-SF
and PSS-to-PSF transitions and more accurate meth-

ods are needed.
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