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Quantum dynamic behaviour in a coupled
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The dynamic behaviour of the two-site coupled cavities model which is doped with ta wo-level system is investi-

gated. The exact dynamic solutions in the general condition are obtained via Laplace transform. The simple analytical

solutions are obtained in several particular cases, which demonstrate the clear and simple physical picture for the quan-

tum state transition of the system. In the large detuning or hoppling case, the quantum states transferring between
qubits follow a slow periodic oscillation induced by the very weak excitation of the cavity mode. In the large coupling

case, the system can be interpreted as two Jaynes—-Cummings model subsystems which interact through photon hop

between the two cavities. In the case of A &® A > g, the quantum states transition of qubits is accompanied by the

excitation of the cavity, and the cavity modes have the same dynamic behaviours and the amplitude of probability is

equal to 0.25 which does not change with the variation of parameter.
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1. Introduction

Cavity quantum electrodynamics (QED) concerns
the interaction between atoms (or artificial atoms) and
a quantized electromagnetic field inside an optical cav-
ity, which is one of the experimentally realizable sys-
tems for quantum information processing (QIP).!* =6
Recently, theoretical and experimental studies have
focused mainly on the coherent interaction between

7-10] Coupled-cavity models have po-

distant cavities.!
tential applications in QIP as well, since they can con-
trol and measure individual lattice sites and provide
almost lossless guiding and coupling of light pulses at
slow group velocities. The coupling between two cav-
ities can be controlled in several ways, which offers
great freedom and flexibility to engineer the transport
of quantum states via photonic processes.
Considerable theoretical effort has been devoted
to the coupled cavities model. The strong coupled in-
teraction between coupled cavities in the system, each
with embedded quantum dots (QDs),["") atoms,'?

13l has been demon-

and superconducting qubits,!
strated, and these systems have been proposed for
implementing quantum logic gates and constructing
quantum networks.['*=20 A strong photon-blockade

regime and photonic Mott insulator state and quan-
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tum communication between the ends of an array
of coupled cavities have been demonstrated.[2!:22]
Nohama and Roversi®¥ discussed the behaviour of
atomic state transfer only in the case of the detuning
between the atom and the cavity field with a strength
equal to the photon hopping strength. Ogden et al.[*4
examined the dynamics of the coupled cavities model,
and derived an effective Hamiltonian in several limit-

i2%] have discussed

ing cases. Recently, Zhang and L
the dynamics via the eigenproblem of an ordinary cou-
pled linear system without detuning.

In this paper, the dynamics of a system consist-
ing of two coupled microcavities, each doped with a
single two-level system, is investigated. The rigorous
dynamics of the system is solved directly via Laplace
transform. Although the exact dynamics is compli-
cated, there are several particular cases which can be
simplified. In the cases of large detuning and large
hopping, an excitation initially in one of the qubits
will be periodically transferred in a qubit subsystem,
which is induced by the very weak excitation of cav-
ity mode subsystem. The difference between the large
detuning and the large hopping is that the qubit ex-
citation is synchronous with the excitation of the lo-
calized cavity in the former but with the delocalized
cavity mode in the latter. The time-evolution of each
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state is characterized by the slowly varying ampli-
tude envelope superimposed with two oscillations in
the large coupling case. The system can be seen as
two Jaynes—Cummings (JC) model subsystems which
interact with each other through coupling between two
cavities. The energy can be transferred between the
two JC-model subsystems with the period 27/A. In
the case of \ ~

is that the cavity modes have the same dynamic be-

A > g, the most prominent feature

haviours and the probability amplitude is always equal
to 0.25 which will not change with the variation of pa-
rameter.

2. Coupled cavity system and dy-

namics solution

The system under consideration is depicted in
Fig. 1.
mode cavities with the same frequency we, each cavity

The system consists of two coupled single-

is doped with a single two-level system (QDs, atoms,
or superconducting qubits) with transition frequency
wa, the ground state and the excited state are denoted
by |O>j
coupled so that photons may hop between them. In

and [1),, respectively. The two cavities are

the rotating-wave approximation, the Hamiltonian for
the whole system is (i = 1)[?4

H = Hy+ H;, (1)

where

2
Z (wd 1), (1 + wca;r-aj), (2)

=1

<.

2
gz (aJUH +al ;05— ) + A (a{az + agal) ,(3)

Jj=1

with operator a; (aj-) being the lowering (raising) op-

erator for the cavity field j, and operator o;_ (o;4)

cavity 1 cavity 2
— 1)
A --------- rraaas ‘1>1 A -------------- | >2
ry R L
< -
g - o g
X |0); [0)2
qubit 1 qubit 2

Fig. 1. Schematic diagram of the coupled cavities system,
in which each cavity contains a single two-level system,
which is coupled to their local cavity mode with strength
g. The two cavities are coupled so that photons may hop
between them at rate A. A is the detuning between the
cavity and the qubit dwelling in the cavity.

the lowering (raising) operator of the qubit in cavity
j. The same coupling strength g between the qubit
and the cavity is obtained by changing the location of
the qubit embedded in the cavity. In Eq. (3), A is the
cavity—cavity hopping strength.

The interactions of cavity—qubit resonance and
cavity—cavity hop are expressed in Eq. (3). Performing
a unitary transformation, the interaction Hamiltonian
in the interaction picture is obtained as

2

Hi=3 g (a;‘jj— e L
j=1

eiAt)
+ A (a]iag + agal) , (4)

where A = w, — w, is the detuning between the level

transition of qubit and cavity. Here, we discuss the
dynamics of this Hamiltonian in the subspace con-
taining zero and one excitations. The zero-excitation

[Po(t)) =

Hamiltonian (4), thus, the general state vector (not

|00) |00),. is invariant under the action of the

necessarily normalized to 1) of the system is written
(25]
as

@1 () = a(t)|00) [10), +
¢ (t) [10) 00), +

b(t) 00) [01),
d(t)|01) |00}, (5)

where |af)|x7). is the abbreviation of the state
la)1 [B)5 1X) 1 [7) e of qubits (1, 2) and cavity modes
(c1, ¢2). The time evolution of the general state can
be calculated exactly from the Schrédinger equation,

and the solutions are given by

ia(t) =ge A (t) + b (1),

ib(t) = ge "Ad (t) + \a(t),

ic(t) =geltta(t),

i (1) = g% (1) (6)

The first term on the right-hand side of each equation
in expression (6) involves a time-varying coefficient
eldt or ¢4t In order to obtain a constant coeffi-
cient differential equation set, we assume a transfor-

mation to be as follows:

a(t) = (Cu(t) + Ga(t)) e 142,
b(t) = (Ca(t) — Ca(t)) e 1442,
c(t) = (Bi(t) + Ba(t)) 4772,
d(t) = (Ba(t) = Ba(t) !4/ (7)
A constant coefficient equation set is obtained as fol-
lows:
i1 (t) = gB1 () = (A + A/2)G (D),
ia (t) = gBa (1) + (A = A/2)¢a(1),
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iB1 (1) = gC1 (1) + A/2)B1(8),
i (1) = gCa (1) + A/2)Ba(t). (8)

Using Laplace transform and solving Eq. (8), the so-
lutions can be written as

) = e (0) cos(unt)
2 (25200 - 950 ) sinforr)|,

U1

Go(t) = e-*At/2{42(0)cos(vzt)

(23260 - 920 ) sin(e)

(%) 2

Bu(t) = eN/2 [@(0) cos(vr)

i (At
2

51(0) + g<1<o>) sin(unt),

U1

Ba(t) = e TIAL/2 [52(0) cos(vat)

i (4 2 5,(0) + g<2<0>) sin<v2t>} » )

V2 2

where

v = \/[A + (=124 g%, (5 =1,2). (10)

Therefore, the four coefficients of the general state
can be obtained under arbitrary initial conditions by
substituting Eq. (9) into Eq. (7). To simplify our pre-
sentation, we will not give a complete expression for
the general solution due to its complexity. In this pa-
per, we consider a particular initial state condition
under which the qubit 1 is prepared in the excited
state, qubit 2 is in the ground state, and both cav-
ity modes are in the vacuum state, i.e. ¢(0) = 1,
a(0) = b(0) = d(0) = 0. In this condition, the solu-
tions are given by

a(t) = 19 o (=ia-Ne/2) sin(vqt)
2’[)1
_ 21752 e (THATNYD) i (vyt),
b(t) = 29 ((=i(a=-2t/2) sin(v1t)
2'[)1
_ 2% o (1(A+N)1/2) sin(vat),
. 1 1(A+ A
C(t) = el(A+>\)t/2 |:2 COS(Ult) - % Sin(vlt):|
. 1 i(A—-A
+ el(A_)\)t/Q |:2 COS(’UQt) — u Sil’l(’l}zt):| ,
V2

dt) = el(A+A)t/2 [1(A+)\) sin(v1t) — 1cos(v1t)]
4’01 2

; 1
4 (A2 3 cos(vat) —

From Eq. (11), the amplitude of random initial
state is solved, and we give the solutions in initial con-
dition as mentioned above. Similarly, we can investi-
gate the dynamical behaviour when one-excitation is
prepared in the cavity mode using the same method.

3. Discussion of dynamical be-

haviour in particular cases

The main interactions of the system involve the
cavity—cavity hopping and the qubit—cavity coupling,
which are controlled together by three variables g, A,
and A. For a general case where the three parameters
take arbitrary values, the physics process of the ex-
cited state transform becomes complicated as shown
in Eq. (11). When one parameter is larger than other
two, the competition between the two interactions will
not be so intense, the solutions can be simplified. In-
deed, in the large detuning, the large hopping and the
large coupling cases, the simple solutions are obtained
In addition, the
cases of two random parameters which are approxi-

through numerical approximation.

mately equal and much larger than the third one, are
discussed, and the approximate solutions are obtained
in the case of A & A > ¢g. In each case mentioned
above, the solutions clearly reflect the physical pro-
cess of excited state transform and the influence of
parameters on dynamic behaviour of the system.

3.1. The case of large detuning

The first case to be investigated is the large de-
tuning A > {g,A}. The qubit is off-resonant with
the cavity mode due to the presence of large detun-
ing, which acts like the atom—cavity interaction of JC
model, and the hopping of photons between the two
cavities has a very small probability. The initial state
of system is ¢(0) = 1, a(0) = b(0) = d(0) = 0. To find
a more simplified description of the system dynamic
behaviour, the following numerical approximation:

A (=1)7 .
LJr(fl)zvj
2
2
= (—1)TI AN ()L (g9
(-1) )

is used, where ¢ = 0,1. From Eq. (11), we obtain the
following solutions:

a(t) = % {e_im cos (g°t/\) — elo’t/A cos(At) |,
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b(t) = i% {e_mt sin (g°t/X) + elg’t/A sin()\t)} ,

e(t) = e~ig’t/A cos(g? At/ A?),
d(t) = —jeigt/A sin(g?\t/A?). (13)

The solutions of cavity modes are the linear su-
perposition of two terms, which just correspond to
two cavity interactions: the couple between the cav-
ity and qubit within it with the evolution rate g2/\;
the couple of both delocalized cavity modes with the
evolution rate A. The weak amplitude of cavity mode
is proportional to g/A. The behaviour of qubits at
rate g>\/A?%, which resembles the behaviour of two
atoms coupled to a single detuning cavity mode with
the shift proportional to g2/A.[20l

The evolution of the system is shown in Fig. 2,
which is calculated numerically from Eq. (13) in this
condition. The probabilities of the cavity modes are
displayed in Figs. 2(a), 2(c), and 2(d), which exhibit
the characteristics of fast and slow oscillation super-
position. The fast period is Tt = 0.27 and the slow
period is Ty = m for the parameters of A = 10 and
g = A = 1 (all units are arbitrary) as shown in
Fig. 2(a). When the parameters change to A = 20 and
g = A = 1, the slow period does not change whereas
the fast period is shortened to Tt = 0.17 as shown in
Figs. 2(c) and 2(d) respectively. Moreover, the prob-
abilities of the qubit are displayed in Figs. 2(b) and
2(e), which exhibit perfect sinusoidal oscillations with
period T = 1007 (A = 10) and T = 4007 (A = 20)
respectively. The discussion shows that the detuning
mainly affects both the probability amplitude of cav-
ity mode and the qubit oscillation period. On the
other hand, the parameters g and A also influence the
dynamics of the system in different ways. The ampli-
tude of cavity mode merely reaching a very small value
g%/ A? demonstrates that the cavity mode is in very
weak excitation. It is the weak excitation that allows
the quantum state to transfer between the two qubits
which are placed in separate cavities. The transfor-
mation process for the quantum state is that the en-
ergy initially in qubit 1 first transfers to cavity mode
1, then passes through the cavity—cavity coupling to
cavity mode 2, finally transfers from cavity mode 2
to qubit 2. When the time t = (m + 1/2)7A%/(g?)\)
(m is an integer), the excited state will be completely

transformed to qubit 2.

0.04
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Fig. 2. Dynamics of system in the case of A > {g, A\}.
For the parameters A = 10 and ¢ = A = 1, the solid
(dashed) curve in panel (a) gives the probability Pc1 (Pe2)
of the cavity mode 1 (2) as a function of time; the solid
(dashed) curve in panel (b) corresponds to the probability
Pa1 (Pa2) of the excited state of qubit 1 (2). For A =20
and g = A = 1, the curves in panels (c) and (d) give the
probabilities of field modes 1 and 2 respectively; the solid
(dashed) curve in panel (e) gives the probability of the
excited state of qubit 1 (2).

3.2. The case of large hopping

The second case to be investigated is the large
hopping A > {g,A}. Similarly, using the method
mentioned above, the approximation solutions are ob-
tained as follows:

alt) = =iZ [e 4 sin(g?/A) + o'/ 2 sin(Ap)|

by
b(t) = 7% {e*im cos(gzt/)\) — eiQQt/A cos()\t)] ,
c(t) = 9 AN cos(g2t/N),

d(t) = ie'9" AN gin(g%t/N). (14)

The evolutions of the system in this case and in
the large detuning case have similar features: (i) the
probabilities of the qubits exhibit perfect sinusoidal
oscillations, but their periods change to T' = 7\/g?;
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(ii) the probabilities of cavity mode 1 (2) and cavity
2 (1) have the same forms of oscillation, their ampli-
tudes g?/A? and g?/A? are small. In this condition,
the parameters g and A also influence the dynamics of
the system in different ways, while A mainly affects
the phase factor of the quantum state.

Figure 3 shows the same periods of oscillation that
inhabit the cavity modes and the qubits. Cavity mode
2 is first excited, showing a slow cosine style, which is
different from the results of the large detuning case
and the large hopping case which will be discussed
below. The physical picture of the system is that the
excitation initially stored in qubit 1 first excites cavity
mode 2 via cavity mode 1 due to intense cavity—cavity
coupling, then the excitation transfer to the qubit 2
takes place, then the inverse process begin to take ac-
tion, which leads to the excitation of cavity mode 1
via cavity mode 2. At time ¢t = wmA\/g?, the excita-
tion fully transfers from qubit 1 to qubit 2. To sum
up, that the quantum state will fully transfer between
two qubits placed in separate cavities results only in
very weak excitation of cavity mode.

t/2m
~ 1 - ; =—al
NS e
~ ’ y o { ; N,
0 Ler N - .
0 5 10 15 20
t/2m

Fig. 3. Dynamics of system in the case of A > {g, A}.
For A\ =20, g = 1, and A = 1, the curves in panels (a)
and (b) give the probabilities of field modes 1 and 2. The
solid (dashed) curve in panel (c) shows the probability of
the excitation of the excited state of qubit 1 (2).

3.3. The case of large coupling

The two extreme scenarios of the large detuning
and the large hopping have been discussed above. The
one-excitation dynamics shows the very weak exci-
tation of the cavity mode. However, if the coupling
strength is larger than other relevant parameters, i.e.,
inequality g > {A, A} holds, the cavity mode is ex-
cited. The interaction between the qubit and the delo-
calized cavity mode can be neglected due to the small

hopping strength. In an approximation vy ~ vy = g,
the solutions are obtained as
a(t) = —ie A2 gin(gt) cos(Mt/2),
(t) = —e ™14 25in(gt) sin(\t/2),
) = e'"A2 cos(gt) cos(Mt/2),

(t
d(t) = —ieldt2 cos(gt) sin(\t/2). (15)

=

o

According to Eq. (15), the rapid transfer of ex-
cited state takes place between the qubit and the lo-
calized cavity as the strong coupling interaction of JC
model due to the large coupling strength g. Photon
exchange between the two cavities is very weak due
to the small hopping strength A. In addition, the de-
tuning A mainly affects the phase factor of quantum
state. The excitation of each state displays the slowly
varying amplitude envelope superimposed with some
fast and small oscillations.

1

Pa 1

. t/2m

Feo

0 0.2 0.4 0.6 0.8 1.0
t/2m

Fig. 4. Dynamics of system in the case of g > {A,A}.
The parameters are g = 10 and A = XA = 1. The curves in
panels (a), (c), (b), and (d) correspond to the probabilities
of the excited states of qubits 1, 2, and field modes 1, 2.

The evolution of the system for the parameters
g =10 and A = XA = 1 is displayed in Fig. 4. The
probability of each state is that of superposition of
two oscillations, where the fast period is T = 0.17 and
the slow period is Ty = 2w. The amplitude of the cav-
ity modes reaches 1, i.e., A = 1, which demonstrates
that the cavity mode is intensely excited in this condi-
tion. Both the numerical calculation and the analyti-
cal model show that the large coupling strength deter-
mines the feature of the fast oscillation at Tt = 27 /g,
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while the coupling strength is correlated entirely with
the fast oscillation feature at Ty = 47 /A. The physi-
cal picture for the system displayed in Fig. 4 clearly
shows the energy transfer between qubit 1 and cavity
mode 1. This process is accompanied by the trans-
fer of energy from cavity mode 1 to cavity mode 2
due to cavity—cavity hopping; meanwhile, the energy
which has been transferred to cavity mode 2 will trans-
fer between cavity mode 2 and qubit 2. The energy
will fully transfer from JC-model subsystem 1 to JC-
model subsystem 2 at time 7 = /A. As the time goes
on, the inverse process starts to take action, in which
the energy will transfer from qubit 2 to qubit 1. If the
time satisfies both 7 = (2n 4 1)7/X and 7 = mn/g,
the excitation would be fully transferred to qubit 2.
Therefore, the quantum state can be transferred be-
tween the two qubits placed in separate cavities in this
condition.

3.4. The case of approximate detuning
and hopping

Next, we consider the case where two parameters
are approximately equal and much larger than another
one. Two types of interaction influence the dynamics
of the system in different ways. The case of compara-
ble parameters between the hopping and the coupling
without the detuning has been studied in Ref. [23].
In the present section, we investigate the conditions
A A> gand |A— A| < g. Similarly, the following
approximate solutions are obtained:

(t) = _%e—i(,\+A)t/z

b(t sin (gt) ,
1 e—igzt/(A+A) + le—i(A—A)t/z
2 2

a(t) =
c(t) =

d(t) =

cos (gt),

_%e—ngt/(A+A) n %e—i(A—A)t/Q cos (gt) . (16)

The evolution of the cavity mode follows a uni-
form rule which is determined mainly by the interac-
tion between the qubit and the localized cavity mode,
where a very weak interaction between the qubit and
the delocalized cavity mode is neglected due to small
amplitude g/(A+ A). The first terms on the right-
hand sides of ¢(t) and d(t) in expression (16) each rep-
resent a dispersive interaction between the qubit and
the delocalized cavity mode, just when phase transfer
takes place and no energy exchange between them ap-
pears. The second terms refer to the energy transfer
between qubit and the localized cavity mode with the
rate g.

The probabilities of finding an excitation in qubit
or cavity are displayed in Fig. 5 for the parame-

ters A = A = 10 and g = 1. The behaviours of

cavity modes displaying the same sinusoidal oscilla-
tions with frequency T, = 7 are shown in Fig. 5(a).
Therefore, the two cavities can be seen as a single
cavity because they display the same dynamical be-
haviours. The amplitudes of a(t) and b(t) in Eq. (16)
each are a constant (—1/2) without containing vari-
ables g, A, and ), showing that the amplitudes of
the probabilities of cavity modes are always equal to
A = (=1/2)* = 0.25. Figures 5 (b) and 5(c) illustrate
that the probabilities of qubits are periodically oscilla-
tory, accompanied with amplitude fluctuations, whose
wave trough presents oscillation of a peak. The fast os-
cillation period is Tt = 7 and the slow one is Ty = 407.
Figure 5(c) shows that the excited state is fully trans-
ferred to qubit 2 at time 7 = (2m + 1)(A + \)7/g?,
demonstrating that the quantum state can be trans-
ferred between qubits placed in separate cavities. In
general, the quantum state fully transfers between two
qubits placed in separate cavities, and this transfer
process is accompanied by the excitation of cavity
modes which have the same features and the maximal
probability is always equal to 0.25, and it does not
change with the variation of parameter in this condi-

tion.
0.25 :
)
Y
=
iy
0
0 0.5 1.0 1.5 2.0
o
t/2m
1 T
(c)
D:%'
0 1 1 1
0 5 10 15 20
t/2m

Fig. 5. Dynamics of system in the case of A & A > g.
The parameters are A = A = 10 and g = 1. (a) The curves
give the probabilities of field modes 1 and 2. The curves
in panels (b) and (c) correspond to the probabilities of
excited states of qubits 1 and 2 respectively.

4. Conclusions

In this paper, we investigate the one-excitation
dynamics of a coupled cavities system, each cav-
ity containing a two-level qubit with the coupling
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strength ¢ and the detuning A. The cavity—cavity in-
teraction is controlled by the tunable hopping strength
A. The dynamics is strictly solved via Laplace trans-
form and simple analytical solutions are obtained in
several particular cases. We capture the clear phys-
ical process of quantum information transformation,
and analyse the feature of dynamics and the influ-
ence of parameters on the dynamics behaviour. The
present research is useful for implementing quantum
logic gates and constructing quantum networks. Here,
it should be pointed out that we consider only the
dynamic behaviours of two coupled cavities and two-
level qubits, and more unexpected phenomena should
be found when more investigations are carried out on
coupled cavity array and multilevel qubits.
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