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Fractional backward Kolmogorov equations®
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This paper derives the fractional backward Kolmogorov equations in fractal space-time based on the construction

of a model for dynamic trajectories. It shows that for the type of fractional backward Kolmogorov equation in the fractal

time whose coefficient functions are independent of time, its solution is equal to the transfer probability density function

of the subordinated process X (Sq(t)), the subordinator S (t) is termed as the inverse-time a-stable subordinator and

the process X (7) satisfies the corresponding time homogeneous It stochastic differential equation.
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1. Introduction

Over the past decades the study of anomalous
diffusion has attracted growing attention in various
fields of physics and related sciences.[!'=3] There are
two popular and widely used stochastic models to de-
scribe the conventional behaviour of anomalous diffu-
sion. The first of them is the fractional Brownian mo-
tion (FBM), introduced by Kolmogorov in 1940, which
is a Gaussian process with stationary increments and
with self-similarity properties.*® Long memory FBM
is neither a semimartingale (except when the Hurst
parameter H = 1/2) nor a Markov process. However,
it is closely connected with fractional calculus and has
been widely used in many fields.

The second popular model of anomalous diffusion,
the continuous time random walk (CTRW), considers
random walks in space and time by means of indepen-
dent and identically distributed (iid) couples of space
and time random steps, which was introduced by Mon-
troll and Weiss in 1965 and developed in a number
of succeeding publications.[®l The stochastic behav-
ior of the CTRWs is just a semimartingale. Many
commonly used fractional kinetic equations of the dif-
fusion, diffusion—advection, and Fokker—Planck type
are derived asymptotically from basic random walk
models, and from a generalized master equation as
a complementary tool in the description of transport
dynamics in complex systems which are governed by
anomalous diffusion and non-exponential relaxation

patterns. It should be noted that these fractional
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equations are based on the construction of random
wandering process rather than on the construction of
a model for dynamic trajectories.

From CTRWs,
anomalous subdiffusive dynamics models in the pres-

the three types of fractional

ence of different force fields; time-independent force
field F(z), space-independent force field F(t), and
time- and space-dependent force field F(x,t), have
been derived using a generalized master equation.!”
These fractional anomalous subdiffusive dynamics
models are studied to describe the evolution of the
probability density function p(z,t) for subdiffusion. [®!

As we know, the temporal and spatial random
steps of CTRW are discrete.
crete steps to a continuous limit, the CTRW descrip-

By passing from dis-

tion will lead to the subordination of one random pro-

cess by another. In 2007, Magdziarz et al.[1]

proved
that the solution p(z,t) of the fractional anomalous
subdiffusive dynamics models in the presence of time-
independent force field F'(x), is equal to the probabil-
ity density function (PDF) of the subordinated pro-

Z(t) = X(Sa(t)), (1)

using the Laplace transform method, where the pro-
cess X () is the solution of the following It6 stochastic
differential equation

dX(r) = F[X(7)]n;tdr + (2ﬁa)1/2dB(T) (2)

driven by the standard Brownian motion B(7), which
is assumed to be independent of the process S, (%).
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The subordinator S, (t) is termed as the inverse-time
a-stable subordinator. It is defined as

Sa(t) = inf {7 : U(7) > t}, (3)

where U(7) denotes a strictly increasing a-stable Lévy

n,[11,12]

motio i.e., an a-stable process with Laplace

transform (e *U(T)) = =77,
Two years later, Magdziarz constructed a stochas-

tic process:%13l

2() = /0 F(u)d(Sa(w) + B(Sa(t), t>0, (4)

whose probability density function is the solution of
the fractional Fokker—Planck equation in the presence
of space-independent force field F(t) by showing that
their moments coincide.

In 2010, Henry et all"'% derived a fractional
Fokker—Planck equation for subdiffusion in a general
space- and time-dependent force field from power-
law waiting time continuous-time random walks bi-
ased by Boltzmann weights. The governing equation
is derived from a generalized master equation and is
shown to be equivalent to the corresponding stochas-
tic Langevin equation for the subordinated process
Z(t) = X(Sa(t)).

There are other fractional kinetics introduced by
Zaslavsky to describe random wandering in the fractal
space—time based on the construction of a model for
dynamic trajectories:[15:16]

Frd a(?x)ﬁ(”d(x)p(x’t))
851

i W(.@(m)p(x, ), ()

where @7 (z), #(x) are the coefficient functions, the
orders a € (0,1], 8, p1 € (0,2], 8 < f1, and the
operators 9%/0t®, 9%/0(—t)* for arbitrary « are the
Riemann—Liouville integrals and derivatives:

def@) 1 dm [t f)at

dte ~ T(n—a) dt”/o t — t/)ya—n+1’ (6)
d*f@) -1 dn top@)ar
d(-t)*  T(n—a) d(—t)”/o (t' — t)o—nt1’ (7)

here n is an integer part of & > 0. The fractional
kinetics were successfully used to describe anomalous
transport in systems with Hamiltonian chaos.

It is known to all that the backward Kolmogorov
equations are widely used in many fields, such as the
first-passage problem, the stochastic optimal control

of dynamical systems, and economics, which are com-
monly given on the terminal hour conditions.

In this article, we shall study the fractional back-
ward Kolmogorov equations which are derived on the
base of the construction of a model for dynamic tra-
jectories in the fractal space-time. In particular, we
shall show that the type of the fractional backward
Kolmogorov equations in the fractal time:

ap(xat;f‘c(%to)

dto
By o 1. o2
= ODtlo —a(l‘o)aixo —ib(xo)aix(z) p(l‘, t;x07t0)7 (8)

whose coefficient functions are independent of time ¢,
where

d
1— @
oDy, “f(to) = Tm[tgf(tO)

and

N 1 d [ f)ar
OItof(tO)F(a)dto/o (to—t) @ 9)

is also the Riemann—Liouville fractional integral of or-
der a € (0,1], to be equivalent to the time homoge-
neous subordinated It6 stochastic differential equation
for the subordinated process Z(t) = X (S4()):

dX(r) =m(X(r))dT 4+ o(X(7))dB(7) (10)

driven by the standard Brownian motion B(7), which
means the solution p(x,t; zg, to) of Eq. (8) is equal to
the transfer probability density function of the subor-
dinated process Z(t) = X (S, (t)).

2. Fractional backward Kol-

mogorov equations

Let p(z,t;2',t’) be the probability density of hav-
ing a particle at the position x at the time ¢ if at the
The
Markov process equation can be written in the form

time ¢/ < t the particle was at the point z’.

p(x37t3;x17t1)
= /P($37t3;5627752)P($27t2;5€1,t1)d$2- (11)

In the derivation of FPK equations, the probabil-
ity density p(x,t; 2o,t0) can be viewed as the function
of variables x,t and parameters xg, tg. To the con-
trary, in this paper we can treat the probability den-
sity p(x, t; 2o, to) as the function of variables xq, o and
parameters x,t, which satisfies the (fractional) back-
ward Kolmogorov equation.
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Now we consider the evolution of p(z,t;xo,to)
during an infinitesimal time Aty and use the expan-

sion

p(x, t;x0,t0 — Ato)

0
= p(, t; w0, o) — %Ato +0((At)?).  (12)
Equation (12) is valid providing the limit:
Altlorgo A—to[p(x,t;xmto)
0
—ple,tiaoto - Ato)] = £ (13)
0

has a sense.

The distribution p(x, t; zo,to — Atg) is called the
transfer probability and it satisfies the normalization
condition:

/p(y,to;xo,to — Atg)dy =1, (14)
and the chain equation of the Markov-type process:

p(x, t;xo,to — Ato)

1

= /p(x,t;y7to)p(y7to§$o7to — Atg)dy.  (15)

Therefore equation (13) can be written as
oy L
Oty Ate—0 Aty

x p(y, to; To, to — Atg)dy.

/[p(x,t;wo»to) — p(z,t;y,to)]
(16)

The probability density p(z, t;y, to) viewed as the
function of variables of y can be the Taylor series ex-

pansion:

0 xat;x(%to
p(x, t;y,to) = p(w,t;20,t0) + (¥ — fCO)M

8,130
1 2 0%p(x, t; 20, t0)
+ 5(2/ ) 8—333
+O0((y — 0)?). (17)

Using the Kolmogorov conditions, there exist the

limits

a(zo,to) = Altion_1>0 At /(y — 20)p(y, to; To, to — Atp)dy, (18)
b(xo, tg) = A{tion_lm Aito /(y — 20)2p(y, to; zo, to — Ato)dy, (19)
Altiongo Ao /(y —x0)™p(y, to; To, to — Atg)dy =0 (m > 3), (20)
o . . | 9«
and substituting Eq. (17) into Eq. (16) gives — (£ w0, to — Ato)] = aTgp' (23)

ap(mat;‘r(hto) 8p(937t7 xOytO)

= —a(xo, o)

oto Ozo
1 azp(mvt;antO)
- ghlan.to) TR0 (o

which is called the backward Kolmogorov equations.

To introduce a process of wandering along a frac-
tal space—time set {xg, o}, we consider a new expan-
sion of the probability density p(z,t; zo,to) instead of
Eq. (12)

p(x,t;20,t0 — Ato) — p(x, ;5 20, t0)
604
= LAt +o((At)™), a1 > a,
otd
where the derivative of order @ (0 < o < 1) is the
Riemann—Liouville fractional calculus.
The main feature of Eq. (22) is that in the limit
Aty — 0 the right-hand side is proportional to (Atg)®

and it shows a singular behavior, thus there exits the

(22)

limit:
1

Altlorgo W[F(%t;ﬂfo,to)

With the help of Egs. (14) and (15), we can trans-
form Eq. (23) into
0N
oty Atlorgom

X p(y, to; To, to — Ato)dy.

/[p(fﬁ,t; $07t0) - p(m,t; yvtO)}
(24)

In analogy to expansion (17) the probability den-
sity p(z,t;y,to) for an infinitesimal |y — x| fractional
generalization can be considered

p(ﬂf, t; Y, tO)
1 apﬁ(ﬁﬁ,t,l'o,to)

p(xa 3205 0) + F(l +B) 8(E§ (y IO)
1L 9P0p(x, t; w0, to) 28)
PA+28)  9a? =)
+O0((y — 0)™) (25)

with an appropriate fractal space dimension charac-
teristic 0 < 8 < 1, and 1 > 20.

Considering the generalized Kolmogorov condi-
tions, there exist the limits:
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1 1
A (20,t0) = T ) Al Aty

1

%(.ﬁo,to) = T
lim —
Ato—0 At()

the fractional backward Kolmogorov equations
(FBKE) can be derived from Eq. (24) with expan-
sion (25)

8ap(x7 t; Zo, tO)
otg

opP (z,t; 20, to)
8:55

a(ZB)p(xa t; xo, tO)
axff‘”

= —JZ/(I'(), to)

- '@(IOatO)

. (29)

For a = B = 1, equation (29) reduces to the regular
backward Kolmogorov equations.

Equation (29) can also be simplified in the case
that the coefficient functions are independent of time
to and S =1,

8“p($7t;x0,t0) ap(l‘,t;l'o,to)

6t8‘ - _a(xO) 81’0
Ip(x, t; xg,t
7b(x0)p(T000)’ (30)
or
op(z,t;xo,to) 14 o 1 92
dto I G 2b(x0)ax3
Xp(xat;l‘()ato)' (31)

3. Subordinated stochastic pro-

cess and the corresponding
FBKE

Now we consider the subordinated process,

Here, the process X(7) is given by the time homoge-
neous It6 stochastic differential equation (SDE)

dX (1) =m(X(7))dT + (X (7))dB(1), (32)
driven by the standard Brownian motion B(7) with
mean 0 and (B?(7)) = 7. Let us stress that the role
of S, (t) is analogous to the role of the fractional op-
erator ODth—a in Eq. (31).

Using the total probability formula and the in-
dependence of X (7) and S,(t), we obtain that the

1
- lim —
(1+ 25) atoso Al

/(y — 20)"p(y, to; 20, to — Ato)dy =0 (B > 2),

/(y — 20)?ply, to; x0, to — Ato)dy, (26)
/(y — 20)®p(y, to; w0, to — Ato)dy, (27)
(28)

transfer probability p(x,t; xo,t9) of X (S, (t)) is given
by

o0 o0
p(x,t;20,t0) = / / g(71,t) f(z, 1520, T2)
o Jo

Xg(TQ,to)dTldTg. (33)

Here, by f(x,71;20,72) and g(7r,t) we denote the
transfer probability of X (7) and the PDFs of S, (%),
respectively. Equivalently, in the Laplace space with
respect to tg, the above formula yields

ﬁ(.’ﬂ,t;l'o,k) = / / g(Tlvt)f(xaTl;anTQ)
0 0

Xg(TQ,k)dTldTg. (34)

Next, we find the expression for (7, k). It is easy
to verify[!” that the relation

g(rit) = —u(t, ) (35)

holds, where by u(t,7) we denote the PDF of the pro-
cess U(7) from definition (3).
calculate the Laplace transform

Consequently, we can

(oo}
t o
g(T,k)z/ e M —u(t,7)dt = k* e ", (36)
0 oT

Using the above result in combination with Eq. (34),
we obtain

P, t; 20, k) 2/ / g(11, ) f (@, 715 00, T2)K*
o Jo
x e T2k" dridm

= ot /000 f(sc,T;zo,ko‘)g(T, t)ydr. (37)

Since the process X (7) is given by Eq. (32), its
transfer probability f(x,71;x0,72) obeys the equation

af(l',Tl;.’EO,TQ) _ 6f($,7'1;$0,7’2)
01y = —alxo) Oxo
1 O f(x,11; 20, T2)
— Qb(mo)a—xg. (38)

Equivalently, in the Laplace space with respect to 7o,
we have

kf($'77_1;$07k) - f(qul;m[)uO)

Of (z,m1; 20,k
~ —aay) 2270
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a2f($77-1; Zo, k)

1
B ib(xo) 6:0(2)

(39)
The above formula after the change of variables k& —
k™ gives

K f (@, m15 20, k%) — f(2,71;20,0)
afA(maTl;an ka)

*a(l’o) 81‘0
1 62f(x,7'1;x0,ka)
— (o) o7 : (40)

Now by integrating Eq. (40) multiplied by g(71,t) over
71, in combination with Eq. (37) we can obtain

kﬁ($7tv Zo, k) - p(x,t, Zo, O)
8p($,t;$07 k)

= k') —a(xo) O

(41)

Inverting the Laplace transform, equation (41)
gives the fractional backward Kolmogorov equations
in the fractal time as

0p(x,t, antO)

Oto
0 1 0?
— Dl [ = —
00 a(x‘))axo 2b($0)8m%
x p(x,t; 2o, to). (42)

Thus, we have proved that the transfer probabil-
ity p(z,t; zo,to) of the process X (S(t)) is a solution of
the fractional backward Kolmogorov equations (42).

4. Conclusion

The fractional backward Kolmogorov equations in
the fractal space-time are derived based on the con-
struction of a model for dynamic trajectories. The
type of fractional backward Kolmogorov equation in
the fractal time, whose coefficient functions are inde-
pendent of the time t(, are proved to be equivalent to

the time homogeneous subordinated It6 stochastic dif-
ferential equation for the subordinated process Z(t) =
X(84(t)): dX(r) = m(X(7))dr + o(X(7))dB(7),
driven by the standard Brownian motion B(7). There
are the problems that one does not know if the frac-
tional backward Kolmogorov equations in the fractal
time, whose coefficient functions are modified to be
dependent on time tg or on the space—time (xq, to).

Acknowledgements

The authors wish to thank professor Ma Hong and
the anonymous referees for their suggestions leading to
the improvement of the article.

References

[1] Bao J D, Zhou Y and Lii K 2006 Phys. Rev. E 74 041125
[2] Bao J D and Zhuo Y Z 2003 Phys. Rev. Lett. 91 138104
[3] Zhang Z J, Yu M, Gong L Y and Tong P Q 2011 Acta
Phys. Sin. 60 097104 (in Chinese)
[4] Mishura Y S 2008 Stochastic
tional Brownian Motion and Related Processes (Berlin:

Calculus  for Frac-

Springer-Verlag)
(5] Jeon J H and Metzler R 2010 Phys. Rev. E 81 021103
(6] Metzler R and Klafter J 2000 Phys. Rep. 339 pp. 1-77
[7] Henry B I, Langlands T A M and Straka P 2010 Phys.
Rev. Lett. 105 170602
[8] GuR C, XuY, Zhang H Q and Sun Z K 2011 Acta Phys.
Sin. 60 110514 (in Chinese)
9] Magdziarz M and Weron A 2008 Phys. Rev. Lett. 101
210601
[10] Metzler R and Klafter J 2000 Phys. Rev. E 61 6308
[11] Gajda J and Magdziarz M 2010 Phys. Rev. E 82 011117
[12] Stanislavsky A, Weron K and Weron A 2008 Phys. Rev.
E 78 051106
[13] Magdziarz M 2009 Stochastic Processes and Their Appli-
cations 119 3238
[14] Weron A and Magdziarz M 2008 Phys. Rev. E 77 036704
[15] Zaslavsky G M 2002 Phys. Rep. 371 pp. 461-580
[16] Zaslavsky G M 2006 Hamiltonian Chaos and Fractional
Dynamics (New York: Oxford University Press)
[17] Magdziarz M and Weron A 2007 Phys. Rev. E 76 066708

060201-5



