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Based on Duan’s topological current theory, we show that in a ferromagnetic spin-triplet superconductor there is

a topological defect of string structures which can be interpreted as vortex lines. Such defects are different from the

Abrikosov vortices in one-component condensate systems. We investigate the inner topological structure of the vortex

lines. The topological charge density, velocity, and topological current of the vortex lines can all be expressed in terms

of § function, which indicates that the vortices can only arise from the zero points of an order parameter field. The

topological charges of vortex lines are quantized in terms of the Hopf indices and Brouwer degrees of ¢-mapping. The

divergence of the self-induced magnetic field can be rigorously determined by the corresponding order parameter fields

and its expression also takes the form of a J-like function. Finally, based on the implicit function theorem and the Taylor

expansion, we conduct detailed studies on the bifurcation of vortex topological current and find different directions of

the bifurcation.
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1. Introduction

Topological defects formed in symmetry-breaking
phase transitions play an increasingly important role
in both condensed matter systems and high-energy
physics.['=4 Many features and properties of ordered
media, such as crystalline solids, magnets, and lig-
uid crystals, are controlled by their defects: the
points or lines of discontinuity where the order changes
abruptly. Recently, superconductors with triplet pair-
ing have also allowed for a rich variety of topological
defects and phase transitions,®=1% such as the half-
quantum vortex (the Alice string),l>¢ and the split
phase transitions in triplet systems.[®%9 In a super-
conducting film, there are gapless superconductivity
and spin-dependent density of states both in and out
the energy gap. This indicates the appearance of
inverse-proximity-effect-induced ferromagnetism and
the coexistence of ferromagnetism and superconduc-
tivity near the interface.'*) There have also been par-
ticularly interesting studies of split transitions in a
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neutral p-wave superfluid in connection with thin films
of liquid *He.'2:13] The questions of various partial
symmetry breakdowns are also relevant and have been

studied on spin-1 Bose condensates in optical traps*4

and bilayer quantum Hall systems.!*!

In the simplest one-component condensate sys-
tem, the Abrikosov vortices with quantum flux are the
only topological defects, while in the multi-component
The
recent advent of spinor Bose-Einstein condensates
(BECs) and triplet superconductors (e.g., UPtz[1fl

and SroRuO4['™), which have the multi-component

case other types of topological defects arise.

order parameter, have opened a new opportunity for
us to study much more complex (especially struc-
turally complicated) topological defects in condensed
matter physics. These defects include coreless mag-
netic skymions,'® vector vortices™ in the three-
component order parameter model triplet supercon-
ductors, and the vortices®”! in the two-component

order parameter model triplet superconductors. In
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Ref. [21
magnetic condensates have long-lived skyrmion exci-

], Stoof and Khawaja have shown that ferro-

tations, which are nonsingular but topologically non-
trivial points like spin textures. Coreless vortices have
been demonstrated to be thermodynamically stable in
ferromagnetic spinor condensates with the spin F' =1
under rotation.?? Linear defects have been studied
by Leonhardt and Volovik,?3] who have pointed out
the existence of Alice strings in the condensate of
Z3Na. In Ref. [24], Babaev has presented a Ginzburg—
Landau functional for a single-condensate spin-triplet
superconductor by means of an exact duality map-
ping, which also leads to another version of the Fad-
deev O(3) o-model in the ferromagnetic superconduc-
tor. This model describes topological excitations in
the form of stable and finite-length knotted closed
vortices (knotted solitons), and the resulting effective
model for the ferromagnetic spin-triplet superconduc-
tor is surprisingly similar to that for two-band super-
conductors discussed in Ref. [26]. Most of the studies
on the topological defects are based on the original
identification of the order parameter space proposed
by Ho.[27]

In condensed matter physics, the theory of a ho-
motopy group, which uses the fundamental group of
the order parameter space of a medium, provides a
natural setting for description and classification of
topological defects.?8] However, unlike previous stud-
ies based on the homotopy group theory, 3% we con-
centrate mainly on investigating the inner topologi-
cal structure of topological defects in ferromagnetic
spin-triplet superconductor systems. For example,
the problem of defining quantities such as the topo-
logical current of vortices and an associated vortex
velocity field is explored. The presence of nontriv-
ial self-induced magnetic field in ferromagnetic spin-
triplet superconductors allows the formation of un-
stable vortex-line structures. We investigate the in-
ner topological structure of vortex lines in spin-triplet
superconductor systems and particularly obtain the
non-trivial divergence of the self-induced magnetic
field. These results are obtained by virtue of Duan’s
¢-mapping current theory,[®!] which has been exten-
sively used in studying topological invariant and topo-
logical structure of various physical systems.

Our paper is organized as follows: in Section 2,
we give a brief review of the Ginzburg—Landau free en-
ergy density of ferromagnetic spin-1 superconductors
with knotted soliton structures; in Section 3, we in-
vestigate the inner topological current of vortex lines

and classify these topological defects according to the
Brouwer degrees and the Hopf indices of ¢-mapping.
The quantities such as position, density, and the ve-
locity of vortex lines are expressed in terms of the
two-dimensional order parameter fields; in Section 4,
the vortex lines in a two-gap superconductor are found
to encounter, split or merge at bifurcation points; our
discussion and conclusion are presented in Section 5.

2. A review of knotted soliton in

spin-triplet superconductors

Firstly, let us consider the important features of a
charged spin-1 Bose condensate in the following. The
order parameter of the spin-1 Bose condensate can be
= /n(z,t)¢u(z,t) (a = 1,2,3),
where n is the total density and ( is a normalized
spinor (¢t-¢ =
ergy density of the spin-1 superconductor in the “fer-

written as W, (
1). Then the Ginzburg-Landau free en-

romagnetic” state reads!?4

2
(V\f) <V+ hA/> ¢
7’L2 B/2
—Mn+?[00+02<F>]+87 (1)

where (F) = (*F,,(p is the spin, p is the chemical
potential, M is the mass of the atom, A’ is the exter-
nal magnetic vector potential, and B’ is the external
magnetic field. All degenerate spinors are related to
each other by gauge transformation el?
tation U(a, B,7) = e e omiFyf o =il

and 7 are the Euler angles. The matrices F,, F,, and

and spin ro-
, where a, 3,

F’, are respectively expressed as

1 —1i
0%0 OWO 000
1 1 i —i
ARG R IR R I
1 i
OWO OWO 00 -1

which are the generators
[Fi, FI] = €% Fy, (i,4,k

of SO(3) group satisfying

= 1,2,3). By minimizing

the energy with a fixed particle number, the ground
state structure of ¥, (r) can be found.[?” In ferromag-
netic state, when ¢y < 0, the energy is minimized by
setting (F)? = 1. The ground state spinor and density

are[26]
e*la g
¢ = e [ \eosBsing [, no(r) = —-p(2)
e Slnzg
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Since the distinct configurations of ¢ in Eq. (2) are
given in the full range of the Euler angles, the sym-
metry group of the ferromagnetic state is SO(3).[2!
Introducing new variables

s = (s',5%,5%) = (sin B cos a,sin Bsina, cos B), (3)
and M
C=—J, (4)
en
where
ihen 4e?n
— T _ ey — = A
T AL (5)

is the supercurrent, we can write the free energy den-
sity in terms of gauge-invariant variables as(2%

h? h?n n

F=_—(Vyn)?+-—(Vs)?+ —C?
oar YV (Ve g
h2c? 1 2
——— (€aes’Vs' x Vs — —V x C
T 128re? (Ebs TEVE Ty )

n2
—hn+ < (o +ca). (6)

Hereafter, summation over the repeated indices is as-
sumed. The above expression is a version of the Fad-
deev nonlinear O(3) o-model introduced in Ref. [25].
It is concluded that this system allows stable knotted
solitons characterized by a nontrivial Hopf invariant
and the stability is ensured by the fourth-order deriva-
tive term (the Faddeev term) for the vector field s,[24
which is related to the nontrivial helical configuration
part of magnetic field. This helical part has the phys-
ical meaning of the self-induced magnetic field in the
presence of a nontrivial spin texture (in this paper we
discuss a system with no external field).

As shown by Eq. (6), the magnetic field of the
system can be divided into two parts: (i) the con-
tribution from the supercurrent J, which is intro-
duced by the external magnetic vector potential A
and can provide us with the topological defects named
Abrikosov vortices, resembling that in a single spin-0
condensate system; (ii) the contribution of the term
€abes® Vs x Vs¢ to the magnetic field is a funda-
mentally important property of a spin-triplet system
which has no counterpart in a single spin-0 condensate
system. Actually, because of the presence of this term,
the spin-triplet system has properties which are quite
different from those of the single spin-0 condensate
system. Note that this term has the physical meaning
of the self-induced magnetic field in the presence of a
nontrivial spin texture, which originates from the non-
trivial electromagnetic interaction between the com-
ponents (. In what follows, it is therefore necessary

for us to investigate this self-induced magnetic field
in more detail by virtue of Duan’s topological current
theory.

3. The topological current of vor-

tex lines

In this section, by means of Duan’s topologi-
cal current theory, it is shown that there is a two-
dimensional topological current which can be derived
from the nontrivial topological term €abeSVsP x V¢,
and the vortex line structure inheres in this topologi-
cal current. The self-induced magnetic field B’ is ex-
pressed as

Bi = geijkeabcs“(?jsbc‘)ksc, (7)
where €7 and eqp. represent the fully antisymmetric
tensors. In Ref. [24], Babaev has only considered the
superconductor in a simply-connected space, which
means that the defects in the superconductor do not
reflect the zero points of the order parameter field.
Conventionally, the unit vector s can be expressed by
Eq. (3). With this normal expression, one can imme-
diately draw a conclusion that the divergence of the
self-induced magnetic field is equal to zero, as shown
by Maxwell’s equation. In fact, an important fact that
the angles of vector field, 8 and «, are undefined at the
vortex cores (i.e., the zero points of order parameter)
is ignored in Eq. (3). Therefore, we cannot express the
wave function in the form of Eq. (3) at the zero points
of the order parameter field. In order to investigate
the unusual property of B at these special points, we

rewrite the unit vector s® as

a (pa a a
:mv llell = Ve,
s%*=1, a=1,2,3, (8)

instead of the well-known expression (Eq. (3)). Based
on Eq. (8), it is clearly shown that the field s takes
an uncertain value at the zero points of ¢*(z), which
are called the singular points of s*. Moreover, the
singularity leads to an unusual behaviour of the self-
Obvi-

ously, the three-component vector order parameter

induced magnetic field B® at these points.

field o(r,t) determines the defect properties of the
system, and there is a smooth mapping between the
(34 1)-dimensional spacetime X (with the local coor-
dinate z) and the 3-dimensional Euclidean space R?
as ¢ 1 — o(z) € R%. From Eq. (8), it can seen
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that the vector field s is regarded as the section of
2-dimensional unit sphere S?(X).

By virtue of Duan’s topological current
theory,31:32] when the ¢® field possesses several zero
points, the divergence of the self-induced magnetic
field is no longer zero but takes the form of the §-like
function. To discuss the self-induced magnetic field in
a spin-triplet superconductor in (3 + 1)-dimensional
spacetime, it is necessary to reexpress the magnetic

field as
m he BV a b c
B = @6 €abcS 8)\3 aus ’ :U‘>V7>‘ = 07172’3' (9)

If we introduce the field tensor k,, as
ku, = eabcsaaﬂsb&,sc, (10)

which is a topological term describing the non-uniform
distribution of the unit vector s at large distances in
space, one can obtain

h
B! = =V hy,. (11)

According to Duan—Ge’s U(1) gauge potential decom-
position theory, the tensor k,, can be changed into a
U(1) field tensor form[33—3]

ku, = eabcsaﬁusbausc =0,W, —0,W,. (12)

Here, W, is the Wu-Yang potential obtained from the
two-dimensional vector field e. It can be expressed as

W, = e1 - dez, (13)

where e; and ey are the unit vectors normal to s (i.e.,
e; L s, es L s). eq, eq, and s satisfy the normalizing
condition and form an orthogonal frame, i.e.,

s=e| X ey, e e =0, (14)

el e =ey-ey=1. (15)

In order to explain the topological structure, we
introduce a new 2-dimensional vector order parame-
ter ¢ = (¢!, »?) based on e, which resides in the plane
formed by the unit vectors e; and e; and satisfies

o= P e O
I |8
lo)* = ¢°¢%, a,b=1,2, (16)

where e; and e, are the sections of the sphere bun-
dle S'(X) and regarded as a projection of X onto a 1-
dimensional unit sphere S'. Obviously, the zero points
of ¢ are exactly the 2-dimensional singular points of

e; and ey. Based on the ¢ field, the Wu—Yang poten-
tial W, and the field tensor k,, can be respectively
expressed as

¢a b
W, = gy ——, 17
b= g O 17)
¢ @
ki = 2e40 0y —-. 18
we = ZearOu T g O T3] (18)

Similarly, the divergence @ of the self-induced mag-
netic field can be rigorously proved

Q= 0B = — 0,60,/ 026"

0 0 < 1 )
X — — . 19
567 997 \T91] 1
Using the equation that 9,,(¢%/||@|]) = 0.¢%/| @] +
¢*0,(1/]|@|]) and the Green-function relation in ¢-
space 9,0, In ||¢|| = 216%(¢) (0, = 8/9¢), we indeed
obtain the é-function structure of the divergence @

and the tensor £, as expected

Ky = 4menp0%(9) DM (¢/ ), (20)

Q=0,8" =" 5(g)D 0/n), (1)
where D (¢/z) = 1€ eu,0,¢°0,¢". The d-like
function shows that the divergence @ is not equal to
zero when ¢ # 0, which indicates that in the spin-
triplet superconductor system there are some kinds of
topological defects located at the zero points of field
¢. From the above discussion, we see that the zero
points of ¢ play an important role in the topological
current theory, therefore we discuss them more deeply.
According to Duan’s topological current theory,3% the
2-dimensional topological tensor current is defined as

11

KH* = —fe””’\peabé),\saapsb = 52(¢)ij(¢/x) (22)

2m 2
It is therefore revealed that there is a 2-dimensional
topological tensor current in the field tensor k,,,

Ky = Amen, K. (23)

By defining a topological current j* as the spatial com-
ponent of K# one can prove that the topological cur-
rent also takes the form of a d-function

= ey = (@)D ofr),  (24)

where D'(¢/x) = eijkeabaquaawb/z is the Jacobian
vector. Equation (24) implies an important conclu-

ji — KOi

sion
=0, if and only if 0,
e POTh )
# 0, if and only if ¢ = 0.
Therefore, it is necessary to study the zero points of ¢
to determine the non-zero solutions of j¢. The implicit
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function theorem” says that when these zero points
are regular points of the ¢-mapping and the Jacobian
vector

o(2)-[(2) () () o o

the general solutions of

Yz =t 2,22, 23) = 0,
can be expressed as
= T; s, t), 2*= T} 2(s,t), 2®= x?(s,t),
j=12...,N. (28)

The above solutions represent the evolution surfaces
of N isolated strings L; in (3 + 1)-dimensional space-
time manifold X with s being the string parame-
ter. The topological string structures are exactly the
vortex lines in the ferromagnetic spin-triplet super-
conductor. The time-like evolution parameter ¢ and
space-like string parameter s span a 2-dimensional
sub-manifold which is called the i-th singular sub-
manifold M; (i = 1,2,...,N) in X. Therefore, be-
sides the closed knotted solitons mentioned above,24
the nontrivial topological term can lead to the vor-
tex line structures in spin-triplet superconductors by
making use of the ¢-mapping theory. These kinds
of topological defects are qualitatively different from
the Abrikosov vortices in one-component condensate
systems for these systems are governed by the self-
induced magnetic field.

In what follows, we will answer the questions:
what are the topological charges of the topological de-
fects and how to obtain the inner topological structure
of line defects. To further understand the inner topo-
logical and physical meaning of j#, we need a more ex-
plicit expression for §(¢). For this purpose, we study
the spatial structure of these vortex lines by fixing the

time coordinate ¢. In d-function theory,8! it can be
expanded as follows:
83 (x —x;(s))
B, / 7st (29)
Z ! L; |D( ¢/U)|E
where
¢ 1 g~ 09™ 09"
D( - = =e"emn———
’ (u 5, 25 " Hui oub

and ¥, is the j-th planar element transversal to L;

with local coordinates (u', u?

B; is the Hopf index of ¢-mapping. From the defini-

). The positive integer

tion of the Jacobian vector, we can obtain the direc-
tion vector of the vortex lines
do'| _ Di(s/x)
ds |, D(o/u)s; |,

(30)

which leads to

dzt
dak |

_ Di(¢/x)
DF(g/a) |,

Therefore, from Egs. (24), (29), and (30), we obtain

. i k=1,2,3. (31)
J

ji= Zm / A e —ay()ds. (32)

where 7; = sign[D(¢/u)|z;] = £1 is the Brouwer de-
gree of ¢p-mapping. Let ¥ be an arbitrary surface, and
suppose that there are M line defects passing through
it. According to the above equations, one can prove
that

. M
Q:/Zj dai:;Wj, (33)

where W; = f3;n; is the winding number of ¢ around
L;. Equations (32) and (33) show that they are ex-
actly the topological current and charge of a system of
N vortices moving in the (3+1)-dimensional spacetime
which are quantized by the winding number W;. Here,
the Hopf indices 3; and Brouwer degrees 7; can be

AN
/
J
\

(e)

Fig. 1. Distributions of the order parameter field around
the vortex lines with different Hopf indices and Brouwer
degrees, i.e., different winding numbers. The values of the
= +1, (b)
=41, (d) W; = —1, and (e) W; = +2,

winding number for Figs. 1(a)-1(e) are (a) W;
Wj =41, (C) Wj
respectively.
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used to classify the strings. The Hopf indices 3; char-
acterize the absolute values of the topological quanti-
zation. The Brouwer degrees 77; = 41 correspond to
strings, while n; = —1 correspond to antistrings. In
topology, the winding number means that when the
point x covers the neighborhood of the zero point x;
once, the vector field ¢ covers the corresponding re-
gion in ¢-space for W; times, which is a topological
invariant and is also called the degree of Gauss map.
It should be pointed out that there are different kinds
of ¢ field distribution around the strings which may
lead to different winding numbers (see Fig. 1).

4. The bifurcation of vortex lines
in ferromagnetic spin-triplet

superconductor

From the above discussion, we know that the
results in the above section are obtained straightly
from the topological point of view under the condi-
tion that D?(¢/x) # 0. When this condition fails,
i.e., D*(¢/x) = 0, the above results (Eq. (28)) will
change in some way. It is interesting to discuss what
will happen, and what the correspondence in physics
will be when Di(¢/x) =0 (i =1,2,3).

For simplicity, let us take an arbitrary cross sec-
tion normal to the z axis, i.e., (2 + 1)-dimensional
spacetime with coordinates x; = =z, o = ¥y, and
xrg =1.

The intersection line z(t) between the evolution
surface NV; and the cross section S is exactly the mo-
tion curve of the line defect on the cross section (see
Fig. 2).
point between L; and the cross section is given by

The generalized velocity at the intersection

- dat D!
where D%(¢/x) = €ew01¢?029", DY ¢p/z) =

€abO2?0p@?, and D?(¢/x) = €,5009*016°. Equation
(34) determines the motion of the j-th vortex line. It
is obvious that in the case of

D0<¢) =0, Di(¢> =0, i=1,2, (35)
xr X

at some points (marked as (2}, t*)) along L;, the func-
tional relationship between ¢ and x or ¢t and y is not
unique in the neighborhood of (z3*,¢*). This fact can
be easily seen from Eq. (34), which directly shows

that under the restraint (35) the tangential direction

of the integral curve is indefinite, i.e., the velocity field
of vortices is indefinite at the point (z;”,t*) Hence,
Eq. (34) does not satisfy the the existence and unique-
ness theorem of the solutions of a differential equa-
tion, and the very point (z},*) is called the bifurca-
tion point of the 2-dimensional vector order parameter

¢(x,y,t) in the (2+1)-dimensional spacetime.

Fig. 2. Intersection line (z(t)) between the evolution sur-
face of a line defect and the cross section (S5), i.e., the
movement curve of the line defect on the cross section. S
is normal to the z axis.

Next we will search for different directions of all
branch curves or the velocity field of line defects at
the bifurcation point. It is known that,[2% at the bi-
furcation point (z;”, t*), the rank of the Jacobian ma-
trix [0¢/0z] is smaller than 2 (for D' (¢/z) = 0 (i =
0,1,2)). Here, we suppose that the rank of the Ja-
cobian matrix is 1. According to Duan’s topological
current theory, the Taylor expansion of the solution of
¢ = 0 in the neighborhood of (z;”, t*) can be generally
expressed as!3

A’ =22 + 2B — ) (- 1)

+O(t —t2)? ... =0, (36)
which leads to
da'\? dz!
Al — 2B— =
(dt) + 1 +C =0, (37)
or )
dt dt
C(daﬂ) +2B@ +A=0, (38)

where A, B, and C are three constants determined
by the two-component vector order parameter ¢. The
direction field of vortex lines at the bifurcation point

dz dy
= _— 1
m (dt’ 1 ), (39)

where the second component dy/dt of the direction
vector m can be given by:[6! dy/dt = fydax/dt+ f7,
where the partial derivative coefficients f¥ and f} are

is

also determined by the order parameter field at the bi-
furcation point. The solutions of Eq. (36) give differ-
ent directions of the branch curves at the bifurcation

057401-6



Chin. Phys. B Vol. 21, No. 5 (2012) 057401

point. There are four possible cases that will reveal
the physical meanings of the bifurcation points:[3?)

Case 1 If (A # 0) and A = 4(B?—AC) > 0, from
Eq. (37) we obtain two different motion directions of
the zero point on the cross section: (dz!/dt)|;2 =
(=B + /B2 — AC) /A, where two world-lines of two
zero points intersect with different directions at the
bifurcation point (see Fig. 3). This shows that two
line defects meet and then separate at the bifurcation
point, which is called the intersection of two vortex
lines of different directions.

(S  SSp (——

Fig. 3. Two line defects colliding with different direc-
tions of motion at the bifurcation point in the (2 + 1)-
dimensional spacetime.

Case 2 If (A # 0) and A = 4(B% — AC) = 0,
we get only one direction at the bifurcation point:
(dz'/dt)|1 2 = —B/A. This includes three sub-cases:
(i) two vortex lines tangentially contact (intersect)
(see Fig. 4); (ii) two vortex lines merge into one line
(see Fig. 5); (iii) one vortex line splits into two lines
(see Fig. 6). It is clear that a pair of defects can be
transformed into a single defect with a total net wind-
ing number, without requiring surgery to extend be-
yond the interior of any contour surrounding the pair,
as considered by Mermin. 28]

Case 3 If (A =0,C # 0) and A = 4(B? —
AC) > 0, from Eq. (37) we obtain (dt/dz!')|12 =
(-B++/B% - AC)/C = 0,—2B/C. This includes two
sub-cases: (i) three vortex lines merge into one line
(see Fig. 7); (ii) one vortex line splits into three lines
(see Fig. 8).

IS S SR R —

Fig. 4. Two line defects colliding at the bifurcation point.

LS T | —

Fig. 5. Two line defects merging into one line defect at
the bifurcation point.

LT Sy

Fig. 6. One line defect splitting into two line defects at
the bifurcation point.

t

Fig. 7. Three line defects merging into one line defect at
the bifurcation point.

t

Fig. 8. One line defect splitting into three line defects at
the bifurcation point.

Case 4 If (A = C = 0), equation (37) leads
to dol/dt = 0, dt/dz! = 0. This case shows that
two curves normally intersect at the bifurcation point,
which is similar to the Case 3).

In the above discussion, we consider only the case
that two vortex lines pass through the bifurcation
point. The configurations where more vortex lines
pass through the bifurcation point are high-energy and
unstable states, and will fall apart as quickly as they
form. However, it should be pointed out that when
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more than two vortex lines cross, split or merge at a
certain time t*, the branch conditions are still valid
(D(¢/x) # 0), although these configurations are un-
stable. Moreover, the continuity equation for the sys-
tem shows that the sum of the topological charge of
final vortex line (s) should be equal to that of the ini-
tial line (s) at the bifurcation point for a fixed index
J Yo Biemje = >, Bjimj;, where “0” stands for “initial”
and “f” for “final”.

5. Discussion and conclusion

In summary, by making use of the ¢-mapping the-
ory, we draw a conclusion that ferromagnetic spin-
triplet superconductors allow the formation of vor-
tex line structures and the vortex lines are located
at the zero points of the two-dimensional vector field
¢, namely, at the singular points of the field e de-
fined by Eq. (16). We mainly investigate the topolog-
ical properties rather than the dynamic properties of
the vortex lines. Indeed, in contrast to the Abrikosov
vortices in one-component condensate systems, these
defects cannot be created by simply applying an exter-
nal magnetic field due to the contribution of the term
€5,V s, x Vs.. Their topological charges can be ex-
pressed in terms of the Hopf indices and the Brouwer
degrees of the ¢-mapping. We stress that quantities
such as the topological charge density and velocity of
the vortex lines can be rigorously determined by the
corresponding order parameter fields of ¢-mapping.
The exact expression of the divergence of the self-
induced magnetic field is given, which is no longer
always zero but takes the form of é-like function. The
kernel of ¢-mapping is the singularity of the topologi-
cal current j¢ in the (3+1)-dimensional spacetime, and
the inner structure of topological current is labelled by
the winding number of ¢-mapping. In particular, the
velocity of vortex lines is revealed to be indefinite dur-
ing the branch processes. This is similar to the case
of the vortex excitation in an anti-ferromagnetic BEC
considered in Ref. [40].

All the results in this paper are obtained from
the viewpoint of topology, without using any partic-
ular models or hypotheses. The inherent conserva-
tion structure of the topological current are obtained,
and the interaction of vortex lines on the basis of this
One

can apply the branch conditions to the branch pro-

structure are studied at the bifurcation point.

cesses (crossing, splitting, and merging) of several vor-
tex lines in superconductors in the neighborhood of a

branch point. At the bifurcation point of the vec-

tor order parameter, a line defect with a topological
charge W may split into several line defects whose
total topological charge is W. Conversely, several
line defects whose total topological charge is W can
merge into one line defect with a topological charge W.
Moreover, when two world-lines intersect with differ-
ent directions, two line defects meet and then separate
at the bifurcation point. These results indicate that
the line defects are unstable at these branch points of
the vector order parameter. We should point out that
such branch processes are stochastic processes, and
the topological charges of line defects must be pre-
served during the branch processes. Finally, it should
be pointed out that because of different natures from
Abrikosov vortices, these kinds of topological defects
(i.e., vortex lines) may exhibit some unconventional
phenomena and thus may be interesting objects for
experimental studies.
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