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In this paper, a charged multi-walled carbon nanotube (MWCNT), which is surrounded by charged nanoparticles,

is modeled as a cylindrical shell of electron–ion–dust plasma. By employing classical electrodynamics formulations

and the linearized hydrodynamic model, the dispersion relation of the dust acoustic wave oscillations in the composed

system is investigated. We obtain a new low-frequency electrostatic excitation in the MWCNT, i.e. dust acoustic wave

oscillations.
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1. Introduction

Since the discovery of quasi-one-dimensional crys-

talline structures of carbon atoms, generally referred

to as carbon nanotubes (CNTs), by Iijima,[1] several

unique physical properties have been predicted theo-

retically and detected experimentally. Much accumu-

lated information is available in several review papers

and monographs.[2,3] CNTs are classified by the dual

index (m,n). The two integers m and n represent a

vector characterizing the method of turning a planar

sheet into a nanotube, with n = 0 for zigzag CNTs,

n = m for armchair CNTs, and 0 < n ̸= m for chiral

CNTs.

It is well known that CNTs can be metallic or

semiconducting, depending on their radius and geo-

metric angle, and their electron and ion components

can be regarded as a two-species quantum plasma

system. Both the electrons and the ions in CNTs

oscillate under low-frequency disturbances. Collec-

tive or plasmon excitations of electrons in CNTs

have been the focus of intense experimental[4,5] and

theoretical[6−9] research over the past several years.

Wei and Wang[10] studied the dispersion relation of

the low-frequency excitations, i.e. ion-acoustic wave

(IAW) oscillations in single wall carbon nanotubes

(SWCNTs), with the quantum hydrodynamic model

that was developed by Haas et al.[11] In the dusty

plasma, it is well known that the two normal modes of

the unmagnetized weakly coupled plasma are the dust-

acoustic (DA) and dust–ion-acoustic (DIA) waves.

The DA waves have been theoretically predicted by

Rao et al.[12] for the multi-component collisionless

dusty plasma that constitutes electrons, ions, and neg-

atively charged dust grains. The phase velocity of

the DA wave is much smaller than the electrons and

the ion thermal speeds. Shukla and Silin[13] were the

first to investigate dust-ion acoustic waves (DIAW)

theoretically, and they were later observed in labora-

tory experiments.[14] The phase velocity of the DIA

wave is much smaller (larger) than the electron ther-

mal speed (ion and dust thermal speeds). Assum-

ing that metallic CNTs are charged due to the field

emission, Shukla[15] considered an ensemble of charged

CNTs as charged dust rods surrounded by electrons

and ions, and obtained the dispersion relation for the

dust acoustic wave (DAW) in the system. Most of

the above investigations of DA waves and DIAWs

were based on the assumption of constant dust charge.

However, dust charge fluctuation is common in the ac-

tual environment[16] due to electron and ion collection,

secondary electron emission, photoelectron emission,

charge exchange with neutral grains, ionization and

recombination, etc.

The DAW is a long-wavelength low-frequency col-

lective oscillation mode in the dusty plasma,[17] in

which massive charged particles participate in the
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wave motion. The first linear and nonlinear analy-

sis of this mode was presented by Rao et al.,[18] who

obtained the linear dispersion relation that was veri-

fied experimentally by Barkan et al.[19] in 1995. DAWs

have been observed under a variety of plasma sources

and dust conditions in several experiments.[20−22]

In this paper, for simplicity, we model a charged

single wall carbon nanotube surrounded by charged

nanoparticles[23,24] along with a cylindrical shell of

electron–ion–dust plasma. We study the long-

wavelength low-frequency collective oscillations. We

shall consider modes in which the dust particle dy-

namics are crucial rather than those that are simply

affected by the dust. In particular, we study the col-

lective motion of the negatively charged dust particles

in a background of electrons and ions in thermody-

namic equilibrium. Thus, we may expect a new low-

frequency excitation in the new composed system, i.e.

the DAW oscillations.

1.1. Formulation of the problem

We consider CNTs with a radius of a. An ar-

bitrary point in space is denoted by X(r, ϕ, z) in the

cylindrical polar coordinate system. AndXw(aw, ϕ, z)

represents the coordinate of a point on the cylindrical

surface, r = aw (w = 1, 2, . . . , N). The density per-

turbations can be obtained from the continuity and

the momentum equations as[25,26]

∂nsw1(Xw, t)

∂t
+ ns0∇w · usw(Xw, t) = 0, (1)

and

0 = − qs
ms

∇wΦ(Xw, t)−
1

msns0
∇wpsw1(Xw, t)

+
~2

4m2
sns0

∇w∇2
wnsw1(Xw, t), (s = e, i), (2)

∂udw(Xw, t)

∂t
= − qd

md
∇wΦ(Xw, t), (3)

where nsw1(Xw, t), s=e, i, d are the electron, the ion,

and the dust density perturbations on the w-th wall,

respectively, me, mi, and md are the electron, the

ion, and the dust masses, respectively, and ~ is the

reduced Planck constant. The second and the third

terms on the right-hand side of Eq. (2) are associated

with the quantum pressure law[26−28] [(e.g. psw1 =

(3ns0/8π)
2/3(4π2~2/3ms)nsw1 for nonrelativistic de-

generate electrons) and the Bohm potential[28−31] in

our metallic plasma, respectively. The electrons and

the ions are coupled with the charged dust via the

space charge electric field.

According to αs = (3ns0/8π)
2/3(4π2~2/3m2

s),

βs = ~2/4m2
s, and by using Eq. (2), we can obtain

0 = − qs
ms

∇wΦ(Xw, t)−
αs

ns0
∇wnsw1(Xw, t)

+
βs

ns0
∇w∇2

wnsw1(Xw, t), (s = e, i). (4)

The self-consistent potential is given by

Φ(X, t) =
∑

w=1,2,...,N

∫
d2X́w

qenew1(X́w, t) + qiniw1(X́w, t) + qdndw1(X́w, t)

|X − X́w|
, (5)

where X́w = (aw, ϕ́, ź), and d2X́w = awdϕ́dź is the

differential surface element on the w-th nanoshell sur-

face. The Fourier–Bessel transform Ã(m, q, ω) of an

arbitrary function A(ϕ, z, t) is given by

A(ϕ, z, t) =
∞∑

m=−∞

∫ ∞

−∞

dq

(2π)2

×
∫ ∞

−∞

dω

2π
Ã(m, q, ω) e i(qz+mϕ−ωt). (6)

The Coulomb potential in the cylindrical coordinate

is given by

1

|X − X́|

=
∞∑

m=−∞

∫ ∞

−∞

dq

(2π)2
g(r, ŕ;m, q) e iq(z−ź)+im(ϕ−ϕ́), (7)

where g(r, ŕ;m, q) = 4πIm(|q|r<)Km(|q|r>), r< =

min(r, ŕ), and r> = max(r, ŕ). The Fourier transform

of the potential can be expressed as

Φ̃(r,m, q, ω) =
∑

w=1,2,...,N

g(r, aw;m, q)

×
∑

s=e,i,d

ñsw1(ḿ, q́, ω), (8)

where the Fourier transforms of the perturbed elec-

tron, ion, and dust densities are

ñsw1(m, q, ω) = −qsns0Φ̃(aw,m, q, ω)

ms(αs + βsq2mw)
, (s = e, i), (9)
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ñdw1(m, q, ω) =
qdnd0q

2
mwΦ̃(aw,m, q, ω)

mdw2
, (10)

with q2mw = q2 +m2/a2w.

For an N -wall nanotube, by using Eqs. (8)–(10),

we can obtain the following equation:

|HN×N − IN×N | = 0, (11)

where IN×N is a unit matrix, and the matrix elements

of HN×N are

Hwl = alg(aw, al;m, q)
∑
s=e,i

−q2sns0

ms(αs + βsq2mw)

+
q2dnd0q

2
mw

mdw2
. (12)

We calculated the dispersion relations for the single-

wall (N = 1) and the double-wall (N = 2) carbon

nanotubes. For the SWCNTs (N = 1), equation (11)

can be written as

H11 − 1 = 0. (13)

With

G = Im(|q|a)Km(|q|a)/a,

Q = 4Ga2
∑
s=e,i

m2
sω

2
ps/~2(k2Fs + q2m),

ω2
ps = 4πns0q

2
s/ms, and k2Fs = (16π2/3)(3ns0/8π)

2/3,

the frequency for the SWCNTs is given by

ω =

√
Gqmaωpd

(1 +Q)1/2
. (14)

For the DWCNTs, equation (11) can be written

as

(H11 − 1)(H22 − 1)−H12H21 = 0. (15)

With

Gw = Im(|q|aw)Km(|q|aw)/aw,

Qw = 4Gwa
2
w

∑
s=e,i

m2
sω

2
ps/~2(k2Fs + q2mw),

and B = Im(|q|a1)Km(|q|a2)/(Km(|q|a1)Im(|q|a2)),
the resonant frequencies of the plasmon excitations

are obtained as

ω2
± =

ω2
1(1 +Q1)[1 +Q2(1−B)] + ω2

2(1 +Q2)[1 +Q1(1−B)]

2(1 +Q1 +Q2 + (1−B)Q1Q2)

± 1

2

({
ω2
1(1 +Q1)[1 +Q2(1−B)] + ω2

2(1 +Q2)[1 +Q1(1−B)]

(1 +Q1 +Q2 + (1−B)Q1Q2)

}2

− 4
ω2
1ω

2
2(1 +Q1)(1 +Q2)(1−B)

1 +Q1 +Q2 + (1−B)Q1Q2

)1/2

, (16)

where

ω1 =
√

G1qm1a1ωpd/(1 +Q1)
1/2

and

ω2 =
√

G2qm2a2ωpd/(1 +Q2)
1/2

are the frequencies of the oscillations on cylinders 1

and 2 of the metallic SWCNTs, respectively.

2. Numerical results and discus-

sion

In order to clearly see the character of the dis-

persion relation, the dependence of dimensionless fre-

quency ω/ωpd on dimensionless variable q∆a for an

SWCNT characterized with a diameter of 8.82 Å and

different values of m is illustrated in Fig. 1(a). It

is shown that ω for the nanotube continuously in-

creases with the increasing value of q∆a for all m ≥ 0.

To illustrate the effect of two layers on resonant fre-

quency, we set an example of a DWCNT with the in-

ner and outer cylinders having radii of a1 = 5.43 Å

and a2 = 8.82 Å, respectively. To see the behav-

iors of the two groups of resonant plasmon dispersions

from Eq. (16) clearly, we plot dimensionless frequency

ω±/ωpd versus dimensionless variable q∆a in Fig. 1(b)

for m = 0, 1, 2, and 3. We note that all the curves in

Fig. 1(b) tend to the same limit for large q. The up-

per group of plasmon dispersions exhibit a characteris-

tic dimensional crossover from a one-dimensional elec-

tron system to a two-dimensional electron system,[10]

and the lower group of plasmon dispersions exhibit

weaker dispersions, which are consistent with the re-

sults found for SWCNTs and MWCNTs in Ref. [32].

To better understand the behavior of the DAW

oscillations in the system, in Fig. 2 we plot dimen-

sionless frequency ω/ωpd versus dimensionless variable
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q∆a for SWCNTs and DWCNTs using Eqs. (14) and

(16), respectively. As can be seen, the DAW oscil-

lation frequencies continuously increase with the in-

creasing value of q∆a for all m. It is important to note

that equations (14) and (16) are in qualitative agree-

ment with the low frequency excitations obtained the-

oretically for SWCNTs[33] and DWCNTs,[27] as shown

in Figs. 1 and 2.
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Fig. 1. Dispersion relations for (a) an SWCNT with di-

ameter a = 8.82 Å and (b) a DWCNT with diameters

a1 = 5.43 Å and a2 = 8.82 Å.

We then investigated the DAW. The dust acoustic

wave is an acoustic wave in which the dust does par-

ticipate in the wave motion. It is really a dust mode in

which the dynamics of the dust is the essential feature.

In the DAW, the dust participates directly in the

wave motion. This means that the wave is propagat-

ing because of the dust oscillation. Meanwhile, in the

DIAW, the ions play the main role, the wave is prop-

agating due to ion oscillations, and the dust is immo-

bile, neutralizing the background. By considering the

fact that the dust is much heavier than the ion, we can

understand why the DAW frequency is much smaller

than the DIAW frequency.
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Fig. 2. Dispersion relations for (a) m = 0 and (b) m = 1.

3. Conclusion

In this work, we have discussed the possible ex-

citation of DAW oscillations in metallic plasma com-

posed of charged MWCNTs. We derived an analytical

expression for the dispersion relation of the DAW in

the composed system by employing classical electrody-

namics formulation and the linearized hydrodynamic
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model. The new excitation, i.e. DAW oscillations, is

found theoretically.
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