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The perturbation method is used to study the localization of electric field distribution and the effective nonlinear

response of graded composites under an external alternating-current (AC) and direct-current (DC) electric field Eapp =

E0(1 + sinωt). The dielectric profile of the cylindrical inclusions is modeled by function εi(r) = Ckr
k (r ≤ a), where r

is the radius of the cylindrical inclusion, and Ck, k, a are parameters. In the dilute limit, the local potentials and the

effective nonlinear responses at all harmonics are derived. Meanwhile, the general effective nonlinear responses are also

derived and compared with the effective nonlinear responses at harmonics under the AC and DC external field. It is

found that the effective nonlinear AC and DC responses at harmonics can be calculated by those of the general effective

nonlinear of the graded composites under the external DC electric field. Moreover, the obtained local electrical fields

show that the electrical field distribution in the cylindrical inclusions is controllable, and the maximum of the electric

field inside the cylinder is at its center.
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1. Introduction

Graded materials, such as liquid crystal droplets

and biological cells,[1−3] are abundant in nature, and

their material properties can vary spatially.[4] The

properties of these materials have received consider-

able attention because of their advantages over the

traditional homogeneous composite materials in vari-

ous engineering applications. The main advantage is

that the graded composites can be tailored for the spe-

cific needs in material sciences via changing their com-

positions or microstructures. For instance, the electric

conductivity, the thermal conductivity, and the opti-

cal and mechanical properties can be designed to vary

along the radial direction of a cylindrical or spheri-

cal particle.[4−10] In addition, the effects of external

field on the response of nonlinear graded composites

should be investigated, because the local field is re-

lated to the external electric field. The potentials

and the electric field distributions can be controlled

in the graded inclusion regions by tuning the grad-

ing parameters. For example, the graded metama-

teriels were designed to control the electromagnetic

field to realize cloaking at the microwave frequency

experimentally.[11−12] Over the past few years, many

methods have been developed to estimate the effec-

tive response of the graded composites under external

direct-current (DC) fields,[13−19] such as the special-

function method, the effective dipole approximation

method, and the perturbation method.[20−23] Particu-

larly, many authors have focused on the effective non-

linear alternating-current (AC) response of the non-

linear graded composites when an external AC field

is applied.[24,25] Recently, Ding et al. have developed

a perturbation method to focus on the effective non-

linear AC response of cylindrical graded composites

with the presence of the external AC field in the dilute

limit.[25,26] When the external AC field is applied to

nonlinear graded composites, the distributions of po-

tential and electric field induced in the media region
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will, in general, consist of components of all harmon-

ics. Furthermore, the local field at harmonics leads to

an important and useful effect on the effective nonlin-

ear response. The effective response is useful to mod-

ulate the response of the graded composites from one

profile to another.[27−29] For example, the nonlinear

susceptibility of electrorheological (ER) fluid (which

can be regarded as a kind of nonlinear composites)

can be induced at all harmonics under an external

AC electric field, and the results are well understood

in the spectral representation theory.[21,28,29] However,

to the best of our knowledge, there are rarely exact an-

alytical solutions for graded composites with the DC

or the AC external field. Therefore, the aim of this

work is to investigate the local electrical field distri-

bution of nonlinear cylindrical graded composites and

the effects of the applied DC and AC electric field on

the effective nonlinear dielectric response.

In this paper, we apply the perturbation method

to treat the DC and AC responses of nonlinear graded

composites. The external field is the sum of a DC field

and a AC field, Eapp = E0(1 + sinωt). We study

the effective dielectric response of a graded cylin-

drical composite with a power-law dielectric profile

εi(r) = Ckr
k (r ≤ a) embedded in a homogeneous

host, the inclusions and the host materials are Kerr-

like nonlinear in Ωα

Dα = εαE + χα |E|2 E, (1)

where r is the radial variable of the cylindrical parti-

cle, subscripts α = i, h denote the physical quantities

in the inclusion and the host regions, respectively, Ωα

(α = i,h) is the region occupied by the α-type mate-

rial, D and E are the electric displacement field and

the electric field, respectively. Both real linear and

nonlinear dielectric constants ε and χ are assumed to

be independent of the frequency of the applied field,

which is a valid assumption for the low-frequency pro-

cesses. For nonlinear cylindrical composites, the linear

dielectric response εi(r) is a function of space variable

r in the cylindrical region. Dielectric responses εh, χh,

and χi are all constants. The governing equation sat-

isfies Gauss’s law without source, ∇ ·D = 0. For the

low frequency, we make an assumption that the quasi-

electrostatic field equation satisfies ∇ × E = 0. The

boundary conditions are the continuities of potential

Φ and the normal components of electric displacement

field D on the surfaces of the inclusions.

2. Perturbation method

For external field Eapp = E0(1 + sinωt), with

E0 = Ex along the x direction and a finite frequency

ω, the potential at point x can be expanded as

Φα(x, t) =
∑
k=0

Φα
2k(x) cos(2kωt)

+
∑
k=0

Φα
2k+1(x) sin[(2k + 1)ωt]. (2)

For weakly nonlinear composites, the perturba-

tion method is used to deal with the potentials.[19] We

choose the nonlinear dielectric constant of the host

medium χh as the perturbation parameter, and ex-

pand the local potentials Φα
k at harmonic kω in the

following form:

Φα
k (x) =

∑
s=0

χs
hΦ

α,s
k (x) in Ωα, α = i,h. (3)

Using electric field equation Eα(x, ω, t) =

−∇Φα(x, ω, t), we can obtain the perturbation expan-

sion of electric displacement Dα(x, t) by substituting

Eqs. (2) and (3) into Eq. (1)

Dα(x, t) =
∑
k=0

Dα
2k(x) cos(2kωt)

+
∑
k=0

Dα
2k+1(x) sin[(2k + 1)ωt],

Dα
k (x) =

∑
s=0

χs
hD

α,s
k (x), (4)

where dielectric displacement field Dα,s
k (x) at har-

monic frequency kω is a function of potential Φα,s
k (x).

From the governing equation ∇ · D(x, t) = 0, a set

of equations are obtained by comparing coefficients of

the same power of the perturbation parameter in Ωα

∇ ·Dα,s
k (x) = 0, α = i,h. (5)

The corresponding boundary conditions of each

equation for the perturbation potential and the elec-

tric displacement field are

Φi,s
k (x) = Φh,s

k (x) |r=a ,

n ·Di,s
k (x) = n ·Dh,s

k (x) |
r=a

,

on the surface of inclusion region Ωi.

At infinity, the potential must match that of the

external applied field. Thus, if s ̸= 0 and k ̸= 0, 1, the

potentials satisfy

∂Φh,0
0 /∂x = ∂Φh,0

1 /∂x = −E0,

∂Φh,s
k /∂x = 0.
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3. Potential distribution

We consider a two-dimensional nonlinear graded

composite of cylinder inclusions with dielectric func-

tion profile εi(r) = Ckr
k (r ≤ a) randomly embed-

ded in a homogeneous host with linear and nonlin-

ear dielectric constants εh and χh under external field

Eapp = E0(1 + sinωt). The cylindrical inclusions are

aligned in the z direction. In the cylindrical coordi-

nates, the zero-order and the first-order potentials will

be derived, and it is enough to calculate the effective

cubic nonlinear response of the Kerr composites.

The governing equations of the zero-order poten-

tial at the zero frequency in the media regions are

Laplace’s equations. With the boundary conditions

given in Section 2, we obtain the zero-order potential

at the zero frequency

Φh,0
0 (r, φ) = −(r + b0a

2r−1) cos(φ)E0, r ≤ a,

and

Φi,0
0 (r, φ) = −H0r

s cos(φ)E0,

where b0 = (εh−Cksa
k)/(εh+Cksa

k), s = (
√
k2 + 4−

k)/2, H0 = 2εha
1−s/(εh + sCka

k).

In addition, it has been pointed out that the

governing equations and the boundary conditions of

the zero-order potential at basic frequency ω are the

same as those of the zero-order potential at the zero

frequency. Hence, we have Φα,0
1 (r, φ) = Φα,0

0 (r, φ).

For the zero-order potentials of the second, the third,

and the higher harmonics, these solutions equal to

zero, as their boundary-value problems correspond to

Laplace’s equations without source.

At the zero frequency, the governing equations of

the first-order potentials are

∇ · εα(r) ·∇Φ1α
1 + εα(r)∇2Φ1α

1

= −5

2
∇ · (βα∇Φ0α

1

∣∣∇Φ0α
1

∣∣2), α = i,h, (6)

where βα = χα/χh. The general solutions in the host

and the inclusions are

Φh,1
0 = (Ah,1

1,0r
−1 +A0

hr
−3 +A1

hr
−5) cos(φ)E3

0

+(Ah,1
3,0r

−3 +A2
hr

−1) cos(3φ)E3
0 ,

Φi,1
0 = −(H i,1

1,0r
s +H i

0r
3s−k−2) cos(φ)E3

0

− (H i,1
3,0r

p +Gi
0r

3s−k−2) cos(3φ)E3
0 .

The unknown coefficients of potentials Φα,1
0 can

be determined by the boundary conditions given in

Section 2. The useful coefficients, which will be used

to calculate the effective response, are

H i,1
1,0 =

[
5

2

(
a2 − 2b0 −

1

3
b30a

−4

)
− 5

8
sβiH

3
0a

3s−1(3s2 + 1)

− εha
3s−k−1H i

0 − Cka
3s−1(3s− k − 2)H i

0

]
× [(εh + sCka

k)a(s+1)]−1,

H i
0 = 5βiH

3
0d1/2Cke1,

d1 =

[
1

2
s(s− 1)− 1

4
ks

]
(3s2 + 1) +

1

2
(s2 − 1),

e1 = (3s− k − 2)(3s− 2)− 1.

We deal with the first-order potential at the zero

frequency following the above procedure. The first-

order potentials of the basic frequency, the second,

and the third harmonics are given as follows. (i) The

first-order potentials at the basic frequency are

Φh,1
1 = (Ah,1

1,1r
−1 +B0

hr
−3 +B1

hr
−5) cos(φ)E3

0

+(Ah,1
3,1r

−3 +B2
hr

−1) cos(3φ)E3
0 ,

Φi,1
1 = −(H i,1

1,1r
s +H i

1r
3s−k−2)E3

0 cos(φ)

− (H i,1
3,1r

p +Gi
1r

3s−k−2)E3
0 cos(3φ).

(ii) The first-order potentials at the second harmonic

are

Φh,1
2 = (Ah,1

1,2r
−1 + C0

hr
−3 + C1

hr
−5) cos(φ)E3

0

+(Ah,1
3,2r

−3 + C2
hr

−1) cos(3φ)E3
0 ,

Φi,1
2 = −(H i,1

1,2r
s +H i

2r
3s−k−2)E3

0 cos(φ)

− (H i,1
3,2r

p +Gi
2r

3s−k−2)E3
0 cos(3φ).

(iii) The first-order potentials at the third harmonic

are

Φh,1
3 = (Ah,1

1,3r
−1 +D0

hr
−3 +D1

hr
−5) cos(φ)E3

0

+(Ah,1
3,3r

−3 +D2
hr

−1) cos(3φ)E3
0 ,

Φi,1
3 = −(H i,1

1,3r
s +H i

3r
3s−k−2)E3

0 cos(φ)

− (H i,1
3,3r

p +Gi
3r

3s−k−2)E3
0 cos(3φ).

To derive the effective response, the useful relation-

ships between these equation coefficients are given as

H i,1
1,1 =

3

2
H i,1

1,0, H i,1
1,2.. = −3

5
H i,1

1,0,

H i,1
1,3 = − 1

10
H i,1

1,0. (7)
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4. Effective response in the dilute

limit

At low concentrations of graded cylindrical inclu-

sions, the Landau method was previously proposed to

estimate the effective coupling response at harmonics

is applied[13]

1

V

∫
V

[D(x, ω, t)− (εhE(x, ω, t)

−χh |E(x, ω, t)|2 E(x, ω, t))]dV

= D̄(ω, t)− [εhĒ(ω, t) + χh

∣∣Ē(ω, t)
∣∣2 Ē(ω, t)], (8)

where V describes the volume of composites, i.e.,

V = Ωi + Ωh, D̄ and Ē denote the volume averages

of electric displacement field and electric field, respec-

tively. In the dilute limit, the average electric field Ē

can be simply regarded as the external field, since the

interaction among particles can be neglected

1

V

∫
Ωi

[D(x, ω, t)− (εhE(x, ω, t)

−χh |E(x, ω, t)|2 E(x, ω, t))]dV

= D̄(ω, t)− [εhĒ(ω, t) + χh

∣∣Ē(ω, t)
∣∣2 Ē(ω, t)]. (9)

Because the external field is the sum of the DC

and the AC electric fields, many harmonic components

are included in the average electric displacement field.

The effective responses of the composites are defined

by considering the cylindrical nonlinear composites as

an effective homogeneous medium

D̄(ω, t) =
∑∞

n=0
D̄n sin(nωt), (10)

where D̄n = ε∗nωEα + χ∗
nω |Eα|2 Eα + · · · , n =

0, 1, 2, . . ., and ε∗nω and χ∗
nω are the linear and the

nonlinear effective dielectric responses at the n-th har-

monic frequency nω, respectively.

Substituting the external electric field and

Eq. (10) into Eq. (9), we can obtain the effective cou-

pling responses of the nonlinear graded composites at

harmonics in the dilute limit

ε∗0 = εh + fiH0

[
Ck(s+ 1)as+k−1

s+ k + 1
− εha

s−1

]
,

χ∗
0 =

5

2
χh +

5

2
H3

0fi(χi − χh)
3s3 + s2 + s+ 3

3s− 1
a3(s−1)

+χhfiH
i,1
1,0

[
Cka

s+k−1 s+ 1

s+ k + 1
− εha

s−1

]
+χhfiH

i
0

[
Cka

3(s−1) 3s− k − 1

3s− 1
− εha

3s−k−3

]
,

ε∗ω = εh + fiH0

[
Ck(s+ 1)as+k−1

s+ k + 1
− εha

s−1

]
,

χ∗
ω =

15

4
χh +

15

4
H3

0fi(χi − χh)

× 3s3 + s2 + s+ 3

3s− 1
a3(s−1)

+
3

2
χhfiH

i,1
1,0[Cka

s+k−1 s+ 1

s+ k + 1
− εha

s−1]

+
3

2
χhfiH

i
0[Cka

3(s−1)

× 3s− k − 1

3s− 1
− εha

3s−k−3],

ε∗2ω = 0,

χ∗
2ω = −3

2
χh − 3

2
H3

0fi(χi − χh)

× 3s3 + s2 + s+ 3

3s− 1
a3(s−1)

− 3

5
χhfiH

i,1
1,0[Cka

s+k−1 s+ 1

s+ k + 1
− εha

s−1]

− 3

5
χhfiH

i
0[Cka

3(s−1)

× 3s− k − 1

3s− 1
− εha

3s−k−3],

ε∗3ω = 0,

χ∗
3ω = −1

4
χh − 1

4
H3

0fi(χi − χh)

× 3s3 + s2 + s+ 3

3s− 1
a3(s−1)

− 1

16
χhfiH

i,1
1,0[Cka

s+k−1 s+ 1

s+ k + 1
− εha

s−1]

− 1

16
χhfiH

i
0[Cka

3(s−1)

× 3s− k − 1

3s− 1
− εha

3s−k−3], (11)

where fi is the volume fraction of the cylindrical inclu-

sion, and the relationships in Eq. (7) have also been

taken into account.

5. General nonlinear response

The concept of general nonlinear response in a

nonlinear composite is used to estimate the general

nonlinear response of graded composites under the AC

field. The concept was first proposed by Gu et al.[30]

to deal with an inhomogeneous nonlinear composite.

Here, for the effective homogeneous medium, the gen-

eral nonlinear response is defined as[19]

⟨D(x, ω, t)⟩ = εe ⟨E(x, ω, t)⟩
+χe⟨|E(x, ω, t)|2 E(x, ω, t)⟩+ · · · ,(12)

where εe and χe are the linear and the nonlinear ef-

fective dielectric responses, respectively. In the dilute
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limit, the angled bracket ⟨· · · ⟩ = 1/V
∫
V
· · · dV de-

notes the ensemble average over the whole media re-

gion. We extend the Landau and Lifshits formula to

calculate the general effective nonlinear response using

Eq. (12) and considering the fact that the integration

of the left-hand side is zero in the host regions

1

V

∫
Ωi

[(εi(r)− εh)E(x, ω, t)

+ (χi − χh) |E(x, ω, t)|2 E(x, ω, t)dV

= (εe − εh) ⟨E(x, ω, t)⟩+ (χe − χh)

×⟨|E(x, ω, t)|2 E(x, ω, t)⟩. (13)

At low inclusion concentrations, the average elec-

tric field is approximated by the external field. Sub-

stituting the local and the external electric fields into

Eq. (13), we obtain the general effective nonlinear re-

sponse using the relationships in Eq. (7) as

εe = εh + fiH0

[
Ck(s+ 1)as+k−1

s+ k + 1
− εha

s−1], (14)

χe = χh +
1

4
H3

0fi(χi − χh)
3s3 + s2 + s+ 3

3s− 1
a3(s−1)

+
2

5
χhfiH

i,1
1,0

[
Cka

s+k−1 s+ 1

s+ k + 1
− εha

s−1]

+
2

5
χhfiH

i
0

[
Cka

3(s−1) 3s− k − 1

3s− 1

− εha
3s−k−3

]
. (15)

6. Numerical results of electrical

field distribution

With the above solutions of the potentials, the

local electric field distribution can be obtained by

E = −∇Φ. The local electric field at harmonics along

the x axis is expressed as

Ex=Edc+Eωsinωt+E2ωcos 2ωt+E3ωsin 3ωt+ · · ·.

Using Eq. (7), we can obtain the following simple re-

lationship:

E3ω = E2ω/6. (16)

We have calculated the coefficient moduli of the

corresponding local electric fields of the DC compo-

nent and the fundamental-order harmonic, as shown

in Figs. 1–4 for different reduced graded composite pa-

rameters k and Ck. It can be seen that the harmon-

ics of the local electric field distributions are sensitive

to the graded composite parameters k and Ck in the

cylindrical inclusions (0 ≤ r ≤ 1). In Figs. 1 and 2,

the DC electrical field and the fundamental harmonic

field moduli increase toward the center of the cylinder

from r = 0 to r = 0.1 with the increasing k.

1
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r

k/.
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k/.

M
o
d
u
lu

s
 
o
f 
E

d
c

Fig. 1. Distributions of the DC component of electric

field modulus |E| along the x axis. The parameters are

Ck = 0.9, E0 = 1, φ = 0, and εh = 1.
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u
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o
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E
ω
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6

0.02 0.04 0.06 0.08 0.10

r

k/.

k/.

k/.

Fig. 2. Distributions of electric field modulus |E| at fre-

quency ω along the x axis, the parameters are the same

as those given in Fig. 1.

The same results can be obtained by decreasing

grading parameter Ck, as shown in Figs. 3 and 4.

It can be clearly seen that the electric field can be

strongly concentrated at the center of the cylinder

for different k and Ck. Ranging from 0.1 to 1, the

electric field is nearly uniform (without any peak).

Meanwhile, the local electric field distributions of the

second-order and the third-order harmonics varying

with parameters k and Ck (figure omitted) are similar

to the results shown in Fig. 2.

In summary, the field can be concentrated at the

center of the cylinder for different values of k and Ck.

The local electric field distributions at harmonics can

be exactly controlled by tuning grading parameters k

and Ck. The results are similar to those of the localiza-

tion field properties of graded cylindrical composites

under the optical field.[31] Thus, it is also instructive
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to generalize the results obtained here to the case of

graded cylindrical materials at low frequencies.

M
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c
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Fig. 3. Distributions of the DC component of electric

field modulus |E| along the x axis, where k = 0.4, and the

other parameters are given in Fig. 1.
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Fig. 4. Distributions of electric field modulus |E| at fre-

quency ω along the x axis, where k = 0.4, the other pa-

rameters are given in Fig. 2.

7. Discussion

Using Eqs. (11), (14), and (15), we can obtain the

following simple relationships:

ε∗0 = ε∗ω = εe, χ0 = 5χe/2, χ∗
ω = 15χe/4,

χ∗
2ω = −3χe/2, χ∗

3ω = −χe/4. (17)

They imply that the relationships can be used to es-

timate the effective nonlinear responses at the ba-

sic, the second, the third, and the higher harmonics

provided that the nonlinear effective response at the

zero frequency is known. Furthermore, we can obtain

a comprehensive understanding of the nonlinear re-

sponse in the electrorheological fluid from the above

relationships.[21,22]

We will show that the effective coupling responses

of nonlinear graded composites at all harmonics can be

estimated by the effective response of nonlinear graded

composites under the DC external field, which can

be used to calculate the effective coupling response of

nonlinear graded composites under the AC and DC

field. Furthermore, if we substitute the radius of the

cylindrical inclusion a = 1 into Eqs. (14) and (15), we

have the following DC and AC effective responses:

εe = εh + fiH0[Ck(s+ 1)/(s+ k + 1)− εh], (18)

χe = χh +
1

4
H3

0fi(χi − χh)
(3s3 + s2 + s+ 3)

3s− 1

+
2

5
χhfiH

i,1
1,0

[
Ck

s+ 1

s+ k + 1
− εh

]
+

2

5
χhfiH

i
0

[
Ck

3s− k − 1

3s− 1
− εh

]
, (19)

where fi is the volume fraction of the cylindrical in-

clusions. The relationships in Eq. (7) and coefficients

H i,1
1,0 and H i

0 given in Section 3 have been used to

derive Eqs. (18) and (19). Comparing our results of

Eqs. (18) and (19) with the previous ones under the

external DC electric field obtained in Ref. [20], we

have H i,1
1,0 = 5H1/2, H i

0 = 5H/2. Substituting the

relations into Eqs. (18) and (19) , we find that equa-

tions (18) and (19) are the effective responses of non-

linear graded composites under the external DC elec-

tric field. Then, using the relationships of Eq. (17),

the effective nonlinear dielectric DC and AC responses

of nonlinear graded composites at harmonics can be

calculated by using the general effective response of

nonlinear graded composites under the external DC

field.

In Fig. 5, with Eq. (18), we plot the effective non-

linear dielectric response of graded cylindrical com-

posites with dielectric profile εi(r) = Ckr
k versus pa-

rameter k at the volume fraction of fi = 0.1. Clearly,

the effective nonlinear dielectric response contrast ra-

tio χe/χh increases (or decreases) as parameter k in-

creases with a large (or small) contrast ratio χi/χh.

-8 -6 -4 -2

k

X/.

X/.

.

.

.

.

χ
e
/
χ
h

Fig. 5. Effective nonlinear dielectric response contrast

radio χe/χh is plotted against parameter k at fi = 0.1,

where χe/χh and X are χi/χh and (χe/χh)/max(χe/χh),

respectively, and ck/εh = 1.

Our results can be reduced to the effective nonlin-

ear responses of weakly nonlinear composites when we

057202-6



Chin. Phys. B Vol. 21, No. 5 (2012) 057202

take the limit of k → 0 (i.e., εi = c0) for the power-law

dielectric profile. Taking k → 0, we have

lim
k→0

H0 = 2εh/(εh + c0) = c,

lim
k→0

b0 = (εh − c0)/(εh + c0) = M0,

lim
k→0

(s+ 1)/(s+ k + 1) = 1,

lim
k→0

(3s3 + s2 + s+ 3)/(3s− 1) = 4,

lim
k→0

{H i,1
1,0[(s+ 1)/(s+ k + 1)− εh]

−H i
0[ck(3s− k − 1)/(3s− 1)− εh]}

= (c0 − εh)(1− 2M0 −M3
0 /3− βic

3)/(c0 + εh)

= Bi,1
i,0(c0 − εh),

where

Bi,1
i,0 = 2(1− 2M0 − 1/3M3

0 − βic
3)/5(εh + εi),

M0 = (εh − c0)/(εh + c0).

Substituting these limits into Eqs. (18) and (19), we

have the following effective responses:

εe = εh + fi(εi − εh)c, (20)

χe = χh + fi[(εi − εh)χhB
i,1
i,0 + (χi − χh)c

3]. (21)

Let us compare our results of a cylindrical parti-

cle under the AC and DC field with the previous ones

derived in Ref. [13] under a DC external field. For con-

stitutive relationship Eq. (1), the effective responses of

nonlinear composites in the dilute limit are[13,31]

ε∗ = εh + fi(εi − εh)c, (22)

χ∗ = χh + fi[(εi − εh)χhb3 + (χi − χh)c
3], (23)

where ε∗ and χ∗ are the linear and the nonlinear effec-

tive dielectric responses of Kerr nonlinear composites

under the external DC electric field, respectively, and

b3 = (1 − 2b0 − 1/3b30 − βic
3)/(εh + εi). Comparing

Bi,1
i,0 with b3, we have b3 = 5/2Bi,1

i,0 . Substituting the

relation into Eqs. (21) and (22), we have εe = ε∗ and

χe = χ∗. As shown, our results can be exactly reduced

to the effective responses of nonlinear homogeneous

composites.

8. Conclusion

For nonlinear graded composites under DC and

AC external electric field, we have developed a per-

turbation method to calculate the effective nonlinear

response in the dilute limit. The local potentials are

derived, and the controls of local electric fields by

cylindrical graded particles with power-law dielectric

profiles have been studied. By varying the graded

composite parameters k and Ck, we can confine the

field to the center of the graded cylinder. It will be

useful for investigating the electrical field control in

more general graded materials.[31,32] For instance, the

localization of electrical fields can be used in electric

control and printing technologies.

Meanwhile, the relationships between the nonlin-

ear effective DC and AC responses at harmonics and

the general effective nonlinear response are derived in

the dilute limit. These relationships can be used to

estimate the effective nonlinear DC and AC responses

at harmonics if we have obtained the general effec-

tive nonlinear response of nonlinear graded compos-

ites under the DC electric field in experiment. Our

result is different from that in Ref. [25], because the

effective responses vanish at the even harmonic fre-

quencies and the zero frequency in the Kerr compos-

ites with external field E0 sinωt. Our results can be

reduced to be exactly the effective response of non-

linear homogeneous composites. On the basis of our

method, we can also deal with the effective nonlin-

ear response of spherical nonlinear graded composites

with the general power-law dielectric and the complex

dielectric profiles under the DC and AC external elec-

tric field. For higher concentrations, the effective re-

sponse of nonlinear graded composites can be studied

by EMA and TFM methods combined with our poten-

tial solution of graded composites under the DC and

AC electric field.[19,33,34] In engineering applications

of nonlinear materials, the formulae can be used to

predict the nonlinear effective DC and AC responses

and the general effective nonlinear response of nonlin-

ear graded composites. It is note that there are some

other methods for dealing with nonlinear graded com-

posites in the dilute limit, for example, the differential

effective dipole approximation (NDEDA).[35−38]
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