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In this paper, the dispersion relationship is derived by using the k - p method with the help of the perturbation

theory, and we obtain the analytical expression in connection with the deformation potential. The calculation of the

valence band of the biaxial strained Ge/(001)Si1_,Geg is then performed. The results show that the first valence band

edge moves up as Ge fraction x decreases, while the second valence band edge moves down. The band structures in

the strained Ge/ (001)Sip.4Geg.¢ exhibit significant changes with x decreasing in the relaxed Ge along the [0, 0, k]

and the [k, 0, 0] directions. Furthermore, we employ a pseudo-potential total energy package (CASTEP) approach to

calculate the band structure with the Ge fraction ranging from z = 0.6 to 1. Our analytical results of the splitting

energy accord with the CASTEP-extracted results. The quantitative results obtained in this work can provide some

theoretical references to the understanding of the strained Ge materials and the conduction channel design related to

stress and orientation in the strained Ge pMOSFET.
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1. Introduction

The strain technology has attracted much at-
tention because the performance of the silicon-based
metal-oxide semiconductor field-effect transistor (Si-
MOSFET) can be enhanced by increasing the carrier
mobility in the channel region by applying a controlled
strain.'? Germanium (Ge) has been of special inter-
est in high speed CMOS technology for years. The
bulk Ge hole mobility is larger than that in the Si-
based semiconductor materials. In recent years, with
the strain technology applied to the Si-based CMOS
in the industry, the strain effect was also investigated
on Ge-MOSFETSs4 The strain is normally achieved
by applying Si;_,Ge, (x < 1) substrate underneath
the Ge channel, and it is still an interesting topic to
study how the strain affects the hole mobility in Ge-
pMOSFET.

The strained Ge technology mentioned above
stays mainly in experiments,®=7 and the available
theoretical research with the physical insights of the
strain effect on the band structure of Ge lags behind

the device applications. The effective device design
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is also ultimately based on the understanding of the
correct material parameters and the accurate simu-

The

band structure is the basis for fully understanding or

lation of the carrier mobility in these devices.

appreciating the properties of the material, and the
dispersion relation of the valence band in the strained
Ge is the theoretical basis for understanding the va-
lence band and calculating the hole mobility. How-
ever, to date there is a lack of detailed derivation
of the E(k)-k relationship for the valence band of
the strained Ge/(001)Si;_,Ge,. Therefore, the main
goal of this paper is to obtain an analytical expression
of the E(k)-k relation for the valence band of the
strained Ge/(001)Si;_,Ge,. This work is performed
within the framework of the k-p method with the help
of the perturbation theory. The parameters of the va-
lence band in the strained Ge/(001)Si;_,Ge, are cal-
culated from the obtained E(k)-k relationship. The
quantitative results obtained in our work can provide
valuable theoretical references to the understanding of
the strained Ge materials physics and the channel de-

sign related to stress and orientations in the strained

*Project supported by the Fundamental Research Funds for the Central Universities, China (Grant Nos. 72105499 and 72104089)
and the Natural Science Basic Research Plan in Shaanxi Province, China (Grant No. 2010JQ8008).

TCorresponding author. E-mail: gywang@stuxidian.edu.cn

(© 2012 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb  http://cpb.iphy.ac.cn

057103-1



Chin. Phys. B Vol. 21, No. 5 (2012) 057103

Ge-pMOSFET.

2. Mathematical modeling

The valence band structure of the strained Ge
/(001)Si; _, Ge, changes under the action of stress,
which then is different from that of the relaxed Ge.

Based on the dispersion relationship of the valence

band of the relaxed Ge, considering the effect of the

strain-induced deformation potentiall®!

and using the
k-p perturbation theory,®! we can establish the E (k)
k analytical model for the valence band of the strained
Ge/(001)Si; —,Ge, using mathematical tools in this
section.

Without the effect of the spin—orbit coupling, in
accordance with the relaxed Si, the k-p Hamiltonian of

the valence band of the relaxed Ge is expressed as!')

Lk2 + M(k2 + k2) Nk,k, Nk.k,
H' = Nk,k, Lk2 + M(k? + k?2) Nkyk, ; (1)
Nk.k, Nkyk. Lk? + M (K2 + k2)

where L = —30.53 eV, M = —4.64 eV, and N =
—33.64 eV are the Kohn—Luttinger valence band pa-
rameters of the relaxed Ge.['!] The energy eigenvalue
of H' can be obtained by using the secular equation
method, which can lead to the E(k)-k relationship
without considering the spin—orbit coupling.

Similar to the case of the strained Si, the strain
induced splitting and the warping of the bands in the

\
strained Ge can be calculated within the k- p method

framework by adding the strain-dependent perturba-
tion Hamiltonian H”. Since the strain effect is con-
sidered as a perturbation, H" should be similar to H'
and can reflect the displacement of wave vector k un-
der the action of strain. In the deformation theory, the
energy dispersions of the valence bands are obtained
from H' + H”, and

legs +m(eyy +€22) NExy NE .z le1)
H' = NEy leyy +m(eze +€22) ney- lea) s (2)
NE 20 NEyz lesy +mleyy + €22) | le3)

where parameters [, m, and n denote the valence
band deformation potentials. For the strained Ge,
l=-24¢eV, m=42¢V,and n = —7.62 eV.l'l In
the case of strained Ge on the (001)-oriented Si;_,Ge,
substrate, the Ge fraction-dependent strain tensor has
Epy = Ezz = Eyz = 0, €50 = 4y = 0.04 % (1 —12)/1.332,
and €, = 0.04 x (1 —x), where = denotes the Ge frac-
tion.

Summing up matrices (1) and (2) is equivalent to
adding the strain-induced variation to wave vector k
in coordinate (k, ky k). The eigenvalue of H'+H" is
obtained by using the secular equation method, which
gives the F(k)—-k relationship of the valence band of
the strained Ge/(001)Si;_,Ge, without considering
the effect of the spin—orbit coupling. In basis |e;, o)
where ¢ =1, to obtain a more accurate valence band
structure, we should take into account the effect of
the spin—orbit coupling, which requires first to change

\
the k - p Hamiltonian and the strain-dependent per-

turbation Hamiltonian from single-group of state into

double-group of state

H' 033 | |71
Hk~p = X/ >7
033 H |4
H" O3x3 | |1
Hstrain = XN | > (3)
03x3 H |4

The valence band of the relaxed Ge consists of
three bands with the energy maximum at the I" point,
i.e., the center of the Brillouin zone. The spin—orbit in-
teraction lifts the three-fold degeneracy and splits the
bands by the energy of A = 0.29 eV. Hence, the effect
of the spin—orbit coupling is taken into account via
introducing a spin—orbit interaction term, i.e., Hgo.

The spin—orbit coupling Hamiltonian is
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[0 i 0 0 -1 ]
-i 0 0 0 O i
A 0 0 01 —-i 0
Hgo = —— ] (4)
0 0 1 0 —1 O
0 0 i i 0
-1 -1 0 0 0 |
The total Hamitonian of the valence band in

the strained Ge in basis then becomes
H=Hj, p,+Hgain+Hgo. Similarly, by using the sec-

ular equation method to obtain the eigenvalues of H,

|€ivg>

the E(k)—k dispersion relationship of the valence band
can be founded.

In particular, it is quite difficult to use the secular
equation to obtain the eigenvalues of the 6x6 matrix
H. Tt is necessary to reduce its dimensions first. Note
that the secular determinant of H is a symmetrical
one, its eigenvalues must be three double roots, which
is the same conclusion that is obtained by applying

LEZ + M (k2 + k2) + lega + m(eyy +e22),

aij =
Nkyky + negy,

Next, in order to facilitate the mathematical mod-
eling, we should process the cubic characteristic poly-
nomial carefully. By making the substitution

1 1
E —FE+-p—z— —
taP=r 3]

equation (5) becomes

where

L+ AP+ B =0,
2 1 1 2
A= —p’—cpg+r, B=— (q—%)-

27 3 3

If z is replaced by u, equation (6) can then be treated
as a quadratic equation of u3, and we can obtain

1 1
3= _ZA —A2 - B3,
Y 54TV 1

Note that w3 = 1, the three cube roots of Eq. (7) can
be written as u, uw?, and uw?3, where

~1+iV3 ., —1-iV3
YT YT T

(7)

With the purpose of using E' = u + B/u mentioned
above to find E’, B/u should be solved first. After

the analysis of the group theory. Let E represent the
eigenvalue of H, proceed as in Ref. [12], the character-
istic polynomial of the 6x6 symmetrical determinant
|H| can then be reduced to the following cubic char-
acteristic polynomial:

E? + pE* +qE +7 =0, (5)

with

A — (a11 + age + as3),

2 2 2
q = a11022 + Q22033 + G33011 — G]y — A73 — Qa3

2

- gﬂ(au + age + ass),

2 2 2
(11053 + G22073 + 33079 — A11G22033

1
—2a12a23013 + gﬂ(anam + ag2a33
2 2 2

+asgai — ajp — ajz — asg),

where a;; (i, j = 1,2,3) are elements of H' + H”,
which can be given as

for i = j,
for i # j.

a complex calculation, it is found that B/u is a cube

root of

1

1
——A+4/>A2 - B3,
24 Vi

We should choose the cube root that multiplied by u
equals B, and it will be denoted as v. We then have

B
El=u+—=u+v, (8)
u
Bl = uw + — = uw + vw?, (9)
Uw
By = uw? + B _ uw? + vw (10)
3 uw? ’

where u and v are the cube roots of

1 1
—ZA4/-A2 - B3,
2 4

The eigenvalue of H must be a real number. Note
that A2 < 4B3, hence cube roots u and v are both
imaginary numbers, and v and v are conjugate com-
plex, since the following equation holds:

_ 2
ut = |u|” = uw.

The two cube roots can be consequently rewritten as
u = a+1ib and v = a —ib. Equations (8)—(10) are then
respectively expressed as

E} =u+v=2a,

(11)
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B = —%(u—i—v) —H?(u —v) = —a—bV3, (12)

By =~ (u+) —i§(u—v) — a4 b3, (13)

Based on the above mathematical procedure,
and v can be obtained by using the CAD tools. In
simultaneous Eqgs. (8)—(13), the real part a and the

imaginary part b can be extracted from

u=a+ib = |u| (cosf +isinb),
u™ = |u|" (cosnf + isinnf),

or
v=a—1ib= |v|(cosf —isinb),

v™ = |v|" (cosnf — isinnf),

where 6 is the angle of the amplitude. Then we make the substitution of E = E' — p/3, the E(k)—k relationship
of the strained Ge/(001)Si;—_, Ge, is finally given by the following expressions:

1/2
EL =2 (M) / cos (1 arccos (— (2p3 —9pat 27T)/54>) _b
9 3 3’

2 3 1/2 1
EZ =2 (p 9 q) cos (3 arccos

2 3 1/2 1
Ey =2 (p q) cos (3 arccos

3. Results and discussion

3.1. CASTEP simulation

In order to certify the accuracy and the appli-
cability, we investigate the band structure of the bi-
axially strained Ge on (001) Si;_,Ge, substrate using
the Cambride Serial Total Energy Package (CASTEP)
approach, where the first-principles simulations from
the density functional theory with plane waves and
pseudopotentials are involved.!'®! In the plane of the
strained-Ge/relaxed Sij_,Ge, interface, the strained
Ge film needs to adopt the lattice structure of the
Si;_,Ge, substrate. So the lattice periodicity is pre-
served under such a strain and the CASTEP calcula-
tion on the strained film is valid. The cell structure
used for the simulation is shown in Fig. 1, where a, b
and ¢ correspond to the modified lattice parameters

given by
0.04(1—x)

1.332gc + 1 0 0

_ 0.04(1—x

= 0 20402) 41 0

c 0 0 0.04(1—z)+1
ap
X ap ) (19)

ao

and a = 5.6579 denotes the lattice constant of the
relaxed Ge.

((p? — 3q)/9)3/2 (16)
(2p3 — 9pq + 27r) /54 2 P
(‘ (@7 — 30)/9)°/2 ) B 3”) s 17
(2p® — 9pq + 27r) /54 2 D
(‘ (@7~ 30)/97/2 ) * 3”) 3 (18)

Fig. 1. Modified cell structure of strained Ge in the
CASTEP simulation.

The simulation steps are briefly summarized as
follows: (i) employ the exchange—correlation potential
in the local density approximation (LDA) for the elec-
tron—electron interaction, (ii) perform the integration
in the Brillouin zone using special k point produced by
a 5x5x5 mesh parameter grid, (iii) expand a certain
electron valence state in a basis of plane waves with
a cutoff energy of 180 eV, (iv) introduce the strained
structure determined by such parameters which have
been tested to be sufficient for convergence into the
energy band calculation. The band structures of the
strained Ge on (001) relaxed Si,Ge;_, with the Ge
fraction ranging from = = 0.6 to 1 are then simulated.
Figure 2 exhibits the band structure with z = 0.6. We

057103-4



Chin. Phys. B Vol. 21, No. 5 (2012) 057103

can see that the first and the second valence bands
split at the I" point.

10 10

— 5

S 0 splitting =—— )0
v L
S 5
—10}F —10
| =
—15

—15
I [o10] F Q Z ool I

Fig. 2. CASTEP-simulated band structure with z = 0.6.
The band splitting is found at the I" point.

In order to compare with the splitting energy be-
tween the first and the second bands obtained by the
analytical model, we use the same simulation proce-
dure mentioned above to compute the band structures
with x = 0.7, 0.8, 0.9, 1, and extract the splitting en-
ergies. The extracted data are plotted in Fig. 4 for
a clear comparison with the calculated ones in our
model. The extracted splitting energies between the
two bands can be fitted to a function of = as

Egpit(z) = —0.2152 + 0.215. (20)

It should be mentioned that the splitting energy
extracted from CASTEP is smaller than that obtained
from the analytical model. This may be caused by the
density functional theory (DFT), which is commonly
used in first-principles simulation algorithms. In un-
strained (relaxed) semiconductors, the DFT can be
fitted well with the band structure simulation, while
in the strained Ge, the DFT algorithm does not seem
to be modified although the lattice parameters are al-
tered. In any case, the simulated band structure still
provides a more reliable comparison with the analyt-
ical result, and therefore, the simulation data of the
splitting energy can give an indirect certification for
the accuracy of our analytical model.

3.2. Model calculation

band  of  the
can be calculated by using

The valence strained

Ge/(001)Si;— . Ge,
Egs. (16)—(18). The valence band edges (energy lev-
els at the I" point) versus Ge fraction z in strained
Ge/(001)Siy_,Ge, are shown in Fig. 3. Note that
the splitting between the first and the second valence

bands occurs as the Ge fraction decreases. As x de-
creases, the first band edge E{ shifts up, i.e., E > 0,
while the second band edge E% shifts down (z = 1
corresponds to the relaxed Ge), which is attributed
to the fact that the crystal symmetry determines the
symmetry of the band structure. When the biaxial
strain caused by (001) Si;_,Ge, substrate is applied
to the Ge crystal, the crystal symmetry is broken,
making the crystal structure of Ge transform from
the cubic system to the orthorhombic one, thus the
crystal symmetry is lowered, which causes the band
shift and splitting.

0.2
0 D ——
> —0.2
(]
-~
8 —-0.4
0.6 B
-7l
—0.8 ‘ ‘ By
0.6 0.7 0.8 0.9 1.0

xT

Fig. 3. (colour online) Valence band edges versus Ge frac-
tion z in strained Ge/(001)Si1—,Gegs.

In view of the applications and the efficient de-
sign of strained Ge devices, from the above obtained
valence band E(k)-k relationship, we can calculate
the strain-induced energy level shift and split at the
I' point. The splitting energy between the first and
the second bands at k = 0 is plotted as a function of
x, which is shown in Fig. 4. It is clearly found that the
splitting energy between the two bands increases as Ge
fraction x decreases, which is favorable for suppress-
ing the interband scattering. Hence, it can be seen
that the biaxial compressive stress is more significant
in terms of the reduced scattering and the enhanced
hole mobility.

0.10
0.08] T
“a

> 0.06} I splitting energy
% —_0.215 0/21€‘~'

0.04f Y= TO21OTH0.

\‘\l
0.02}
0.6 0.7 0.8 0.9 1.0

Fig. 4. Valence band splitting energy versus Ge fraction
z in strained Ge/(001)Sii—,Geg.
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The valence band structures along the [0, 0, k]
and the [k, 0, 0] directions in the strained Ge/(001)
Sig.4Gegg and the relaxed Ge are shown in Figs. 5
and 6, respectively. Figure 6 shows that the valence
band edge at the I' point (i.e.
ate. Figure 5 shows that the bandedge degeneracies
at the I' point are partially lifted. When the biaxial
strain is applied, the splitting between the first and

k = 0) is degener-

the second valence bands caused by the strain occurs.
In addition, the band splitting leads to band warp-
ings along the [0, 0, k] and the [k, 0, 0] directions.
Under the biaxial compressive stress imposed by the
(001) Sip.4Geg g substrate, the crystal structure of the
Ge epitaxial layer changes, which also leads to a lower
symmetry, and hence lifts the band edge degeneracy.

0.5

%

—0.57

E/eV

—1.0

—1.5

—2.0

[k,0,0] [0,0,k}

[0,0,0]

Fig. 5. (colour online) Valence band structures along [k, 0,
0] and [0, 0, k] directions in strained Ge/(001)Sig.4Geo.6-

The three-dimensional (3D) equienergy surface
of the valence band provides a straightforward pic-

ture for the conductivity effective mass of each band.
The effective mass change with the strain can also
be seen from the shape change of the equienergy sur-
face. To evidence the modification of the valence band
warping, the 40 meV (~3kgT/2) 3D equienergy sur-
faces of the first and the second bands in the strained
Ge/(001) Si;_,Ge, are shown in Fig. 7. The shape
of the 3D equienergy surface of the first band EY,
changes more significantly with Ge fraction x decreas-
ing from z = 0.8 to x = 0.6, which means that
the variations of all directional hole effective masses
in the strained Ge/(001)Sip.4Gegs and the strained
Ge/ (001)Sig.2Geg g are clearly reflected. It should be
noted that the Ge fraction-dependent biaxial strain
has little influence on the shape of the second band
E%, This may explain why the strained Ge has larger
hole mobility.

—

[k,0,0] [0,0,k]

[0,0,0]

Fig. 6. (colour online) Valence band structures along [k,
0, 0] and [0, O, k] directions in relaxed Ge.

relaxed Ge

strained Ge/(001)Si;_,Ge,

Fig. 7. (colour online) The 40 meV 3D equienergy surfaces of the first and the second bands in relaxed and

strained Ge.
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4. Summary

The strained Ge is a next-generation MOSFET
channel material that has the potential for overcoming
the limit of Si-MOSFET performance enhancement.
We focus on the analytical modeling of the E(k)—
k relationship for the valence band in the strained
Ge/(001) Siy_;Ge,. The E(k)-k relationship is de-
rived by using the k - p method with the help of the
perturbation theory.

The parameters of the valence band in the
strained Ge/(001)Si;_,Ge, are calculated from the
obtained E(k)-k relationship. From the results ob-
tained by our analytical model, it is found that the
splitting of the first and the second valences band oc-
curs under the action of strain, and the splitting en-
ergy is a nonlinear function of Ge fraction x. The first
valence band edge shifts up in electron energy as the
Ge fraction decreases, while the second valence band
edge shifts down. From a comparison of band struc-
ture between the strained Ge/(001)Sig 4Geg.¢ and the
relaxed Ge, we can deduce the significant changes in
the hole effective masses along the [0, 0, k] and the [k,
0, 0] directions. Moreover, our analytical results of the
splitting energy accord with the CASTEP-extracted
results. The quantitative results obtained in this work
can provide valuable theoretical references to the un-
derstanding of the strained Ge materials and the con-

duction channel design related to strain and orienta-
tions in the strained pMOSFETs.
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