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Spontaneous emission from an atom in a photonic

crystal with two coherent bands∗
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The dynamic and the radiative properties of an excited three-level atom embedded in an anisotropic photonic

crystal with two coherent bands are investigated. The relative position of the atom in a Wigner–Seitz cell is described

with a position-dependent parameter θ(r0), which is used as the coherent parameter for the two bands. The result shows

that the dynamic properties of the atomic system are not only determined by atomic transition frequencies, but also

affected by the gap width and the coherence of the two bands. In addition, the spontaneous emission spectrum of the

atomic transition in free space is discussed. The center and the intensity of the spectrum can be obviously manipulated

via the coherent parameter.
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1. Introduction

As is well known, Yablonovitch[1] and John[2] first

discovered photonic crystals (PCs) in 1987. The PC

is a new kind of artificial optical material with a pe-

riod dielectric structure. By redistributing the den-

sity of states (DOS), a photonic band gap (PBG)

is created, and those optical and electromagnetic

waves with frequencies located in the PBG are for-

bidden to propagate in the PC. In recent years, the

PC, as a key material in the technology for manip-

ulating the spontaneous emission (SE) of light from

atoms and molecules, has been found to have poten-

tial applications in many fields, such as light emitting

devices,[3−5] solar cells,[6−8] and quantum information

and optical devices.[9−13] As the photonic DOS near

the PBG is obviously different from that in free space,

the radiative properties of an excited atom in a PC

can be modified, and many novel phenomena have

been studied in quantum optics, such as photon–atom

bound states,[14−17] spectral splitting,[18−21] reservoir-

induced transparency,[22] giant Lamb shift,[23] and

non-Markovian effects.[14,19−26]

However, in most of the previous studies about

the SE in PC, the one-band approximation was

used.[14,15,17,18,26] Actually, the infinite PBG does not

exist in a real PC. When the PBG is relatively wide

and the atomic transition frequencies are near the

band edge, the one-band approximation is valid. If the

PBG is narrow, for the coupling between a photon and

an atom, the two-band case must be considered. Most

of the earlier papers used the two-band approxima-

tion, in which the double bands were usually regarded

as two independent and incoherent parts.[16,19,20,27,28]

It was often assumed that the coupling between the

atom and each individual part was equal and inde-

pendent of the atomic position. In fact, the photon–

atom interaction in the PC depends on the atomic

position.[21,29,30] Li et al.[29] investigated the photonic

DOS and the local density of states (LDOS) near the

PBG. They found that the SE decay rate was propor-

tional to the LDOS, which depended on the positions

of atoms lying at different sites inside a unit cell of the

crystal. For the sake of simplicity, in the narrow gap

case, the two bands should be considered as a whole

reservoir with a coherent property coming from the

atomic position. The coherence of the two-band pho-

tonic reservoir can be described by the phase differ-

ence between the two bands. Cheng et al.[17] studied

the SE spectrum, the absorption property, and the

dispersion relation of a three-level atom in a coher-

ent two-band reservoir. In their model, the dispersion

relation was isotropic, and the square-root singulari-

ties occurred at the two band edges, which perhaps

resulted in many non-physical phenomena.

In the present paper, we consider an anisotropic
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case, and mainly focus on the dynamic and the radia-

tive properties of a Λ-typed atom in a coherent PBG

reservoir. In the model, two atomic transitions are re-

lated to the excited level |2⟩. One atomic transition

|2⟩ ↔ |1⟩ is coupled to the coherent PBG reservoir,

and the other transition |2⟩ ↔ |0⟩ is in the free space

vacuum. As the two atomic transitions interact with

each other, the SE light of the transition |2⟩ ↔ |0⟩ can
be affected by the transition |2⟩ ↔ |1⟩ in the coherent

photonic reservoir. The result shows that the dynamic

properties of the atom are not only determined by the

atomic transition frequencies, but also affected by the

gap width and the coherence of the two bands. In

addition, the SE spectrum of the atomic transition in

free space is discussed. The center and the intensity

of the spectrum can be obviously manipulated via the

coherent photonic reservoir.

The rest of this paper is organized as follow. In

Section 2, we derive the basic theory about the model

to be used. In Section 3, we analyze the dynamic and

the radiative properties of the atom in the coherent

PBG reservoir. Finally, we summarize the results in

Section 4.

2. Basic theory

We consider an excited Λ-type atom embedded in

an anisotropic PC with two coherent bands. The up-

per energy level is |2⟩, while |1⟩ and |0⟩ are two lower

energy levels. The atomic transition frequency (ATF)

ω21 between |2⟩ and |1⟩ is assumed to be near the

PBG, but the ATF ω20 between |2⟩ and |0⟩ is far from
the gap. Under the rotating-wave approximation and

the electronic dipole approximation, the interaction

Hamiltonian for the system can be written as

H = i~
{∑

λ

gλbλ|2⟩⟨0|+
∑
u

gu(r0)bu|2⟩⟨1|

+
∑
l

gl(r0)bl|2⟩⟨1|
}
+H.c., (1)

where gλ, gu(r0), and gl(r0) characterize the coupling

strengths of the atom with the free space vacuum, the

upper band, and the lower band, respectively. The

coupling coefficient of the atom–field interaction in

the dipole approximation can be written as gk(r0) =

−D21 ·Ek(r0), and the LDOS for the PC can be de-

fined as ρ(ω, r0) =
∑
k

|gk(r0)|2δ(ω − ωk),
[29] where

D21 is the atomic dipole moment vector, Ek(r0) is

the quantized electromagnetic field, and ωk is the fre-

quency of eigenmode k. As the atom–field interaction

in the two-band photonic reservoir essentially depends

on the atomic position r0 in a unit cell of the crystal,

for simplicity, coupling coefficients gu(r0) and gl(r0)

in Eq. (1) can be expressed as gu(r0) = gk sin θ(r0)

and gl(r0) = gk cos θ(r0) via using a phase differ-

ence. The parameter θ(r0), originating from the rel-

ative position of atom r0, describes the coherence of

the two bands. The bλ, bu, and bl are the emitted

field annihilation operations for the λ-th, the u-th,

and the l-th reservoir modes with frequencies ωλ, ωu,

and ωl, respectively. For the two-band anisotropic

PC, the dispersion relation near the gap can be ex-

pressed as ωk = ωc1 + C1|k − ki
10|2 for ωk > ωc1 and

ωk = ωc2 − C2|k − kj
20|2 for ωk < ωc2, where C1 and

C2 are model-related constants, and ωc1 (ωc2) is the

upper (lower) band edge.

We assume that the atom is initially at the excited

state |2⟩. The state vector of the system at arbitrary

time t can be written as

|Ψ(t)⟩ = A(t) e−iω2t|2, {0}⟩
+
∑
u

B1u(t) e
−i(ω1+ωu)t|1, {1u}⟩

+
∑
l

B1l(t) e
−i(ω1+ωl)t|1, {1l}⟩

+
∑
λ

B0λ(t) e
−i(ω0+ωλ)t|0, {1λ}⟩, (2)

where A(t) and B0λ(t) are the probability amplitudes

of the atom in states |2, {0}⟩ and |0, {1λ}⟩, respec-

tively, which describe the probabilities for the atom

to be in state |2⟩ with no photon and in state |0⟩ with
a single λ-th mode photon, respectively, and B1u(t)

(B1l(t)) is the probability amplitude of the atom in

state |1, {1u}⟩ (|1, {1l}⟩) with a single u-th (l-th) mode

photon in the upper (lower) band.

Substituting Eqs. (1) and (2) into the time-

dependent Schrödinger equation, we can obtain the

following differential equations for amplitudes A(t),

B0λ(t), B1u(t), and B1l(t):

i
dA(t)

dt
=

∑
λ

gλB0λ(t) e
−i(ωλ−ω20)t

+
∑
u

gu(r0)B1u(t) e
−i(ωu−ω21)t

+
∑
l

gl(r0)B1l(t) e
−i(ωl−ω21)t, (3a)

i
dB0λ(t)

dt
= gλA(t) e i(ωλ−ω20)t, (3b)

i
dB1u(t)

dt
= gu(r0)A(t) e

i(ωu−ω21)t, (3c)

i
dB1l(t)

dt
= gl(r0)A(t) e

i(ωl−ω21)t. (3d)

As the transition |2⟩ ↔ |0⟩ couples to the free

space vacuum, the Weisskopf–Wigner approximation

054218-2



Chin. Phys. B Vol. 21, No. 5 (2012) 054218

can be applied to the atomic transition with free space

λ-th mode, and the decay rate of the transition is as-

sumed to be γ. With the help of the complex function

integration and the residue theorem, from Eq. (3), we

can obtain

A(t) =
∑
j

ex
(1)
j βt/F ′(x

(1)
j ) +

∑
j

ex
(2)
j βt/G′(x

(2)
j )

+
∑

ex
(3)
j βt/K ′(x

(3)
j )

+
1

π

∫ ∞

0

{ e iδ1t e−xβtJ1(x)

+ e iδ2t e−xβtJ2(x)}dx. (4)

In Eq. (4), for simplicity, we have assumed that C1 =

C2 = C. We obtain

β3/2 = (ω21D21)
2
∑
j

sin2 φj/(8πε0~C3/2),

where φj is the angle between the dipole vec-

tor d21 and the finite collection of symmetry re-

lated point ki
10 (kj

20). The F ′(x), G′(x), and

K ′(x) are the derivative functions of F (x), G(x),

and K(x), respectively, and F (x) = x + γ/2 −
i sin2 θ/

√
ωc1+

√
−ix− δ1+i cos2 θ/

√
ωc2+

√
ix+ δ2,

with Re(x) > 0 or δ1 < Im(x) < δ2; G(x) =

x+γ/2− i sin2 θ/
√
ωc1+

√
−ix− δ1+ i cos2 θ/

√
ωc2+

i
√
−ix− δ2, with Re(x) < 0 and Im(x) > δ2; K(x) =

x+γ/2− i sin2 θ/
√
ωc1− i

√
ix+ δ1+ i cos2 θ/

√
ωc2+√

ix+ δ2, with Re(x) < 0 and Im(x) < δ1. In Eq. (4),

J1(x)

= i sin2 θ
√
−ix/[(M(x)

√
ωc1 − i sin2 θ)2 − ixM2(x)],

J2(x)

= cos2 θ
√
−ix/[(N(x)

√
ωc2 + i cos2 θ)2 + ixN2(x)],

with

M(x)

= −x+ iδ1 + γ/2 + i cos2 θ/(
√
ωc2 +

√
−ix+∆),

N(x)

= −x+ iδ2 + γ/2− i sin2 θ/(
√
ωc1 +

√
ix+∆),

where δ1 = ω21 − ωc1, δ2 = ω21 − ωc2, and ∆ =

ωc1 − ωc2. The x
(1)
j in Eq. (4) is the root of F (x) = 0

with Re(x
(1)
j ) > 0 or δ1 < Im(x

(1)
j ) < δ2; x

(2)
j is the

root of G(x) = 0 with Re(x
(2)
j ) < 0 and Im(x

(2)
j ) > δ2;

x
(3)
j is the root of K(x) = 0 with Re(x

(3)
j ) < 0 and

Im(x
(3)
j ) < δ1.

3. Atomic SE properties in the

coherent PBG reservoir

From Eq. (4), we can see that the roots, i.e., x
(1)
j ,

x
(2)
j , and x

(3)
j , are important for the study of the dy-

namic properties of the atom. By numerical calcula-

tion, we find that there is only one complex root. Ac-

cording to the value of the root, it can be divided into

three regions. In region I, there is one complex root

x(2) with Re(x(2)) < 0 and Im(x(2)) > δ2. In region II,

there is one complex root x(1) with Re(x(1)) < 0 and

δ1 < Im(x(1)) < δ2. In region III, there is one com-

plex root x(3) with Re(x(3)) < 0 and Im(x(3)) < δ1.

As shown in Fig. 1, the characteristics of the roots

depend on the width of the PBG ∆ and the ATF ω21,

and they are affected by coherent parameter θ between

the two bands. In other words, the dynamic and the

radiative properties can be adjusted by the three fac-

tors above.
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II

I

Fig. 1. Atomic transition frequency versus width of the

PBG for decay rate γ = 0.01β and different coherent pa-

rameters.

In addition, the roots are directly related to the

properties of the emitted fields around the atom. For

the radiation modes near the band edges, the emit-

ted field E(r, t) at a particular space point r can be

written as[26]

E(r, t) =
∑
k

√
~ωk

2ε0V
e−i(ωkt−k·r)B1k(t)ek. (5)

From Eqs. (3c), (3d), and (4), we can obtain that

ω21 − Im(x(n)) (n = 1, 2, 3) is the frequency of the

emitted field E(r, t).[31] When the ATF is in region

II, the corresponding dressed state[26,31] caused by

the interaction between the atom and its own radi-

ation occurs at frequency ω21 − Im(x(1)), and ωc2 <

ω21 − Im(x(1)) < ωc1 in the gap. Due to the exis-

tence of the transition |2⟩ ↔ |0⟩ in the free space
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vacuum, root x(1) is not a purely imaginary one, but

a complex one with a negative real part, which will

cause the corresponding dressed state to decay with

time. In physics, the emitted field has non-localized

features.[32] When the ATF is in region I (III), there

exists root x(2) (x(3)), because ω21 − Im(x
(2)
j ) < ωc2

(ω21−Im(x
(3)
j ) > ωc1) in the lower (upper) band, then

the corresponding emitted field E(r, t) can propagate

more easily than that in the gap.

The influence of the two coherent bands on the

dynamic properties can be investigated by examin-

ing the time evolution of the population in the upper

level, P2(t) = |A(t)|2. In Fig. 2, the time evolutions

of the population in the upper level |2⟩ are plotted for

different coherent parameters. When the ATF ω21 is

located at the upper and the lower band edges, respec-

tively, the population evolutions have two opposite

trends. When the coherent parameter θ varies from

π/6 to π/3, from Fig. 1, we can see that the boundary

of the different regions shifts downward. The physical

reason is that the coupling between the atom and the

photons is modified by the coherent photonic reser-

voir. When θ = π/3 (θ = π/6), the DOS of the upper

(lower) band will be enlarged, and the coupling will be

strengthened for the ATF in the upper (lower) band.

Thus, the decay processes have different trends when

the atomic transition |2⟩ ↔ |1⟩ lies in different bands,

as shown in Fig. 2.
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Fig. 2. Time evolutions of the upper level population for

different values of coherent parameter θ. The parameters

used are ωc2 = 99.5β, ωc1 = 100β, γ = 0.01β, and (a)

ω21 = 100β, or (b) ω21 = 99.5β.

In order to further study the coherence effect of

the two bands, we also consider the SE spectrum of

the atomic transition |2⟩ ↔ |0⟩, which in the free

space vacuum is regarded as a Markovian reservoir.

The spectrum of the atomic transition is given by

S(δλ) ∝ |B0λ(t → ∞)|2 with detuning frequency

δλ = ωλ − ω20. From Eq. (3), by using the final-value

theorem and the Laplace transform, we can obtain the

spectral intensity S(δλ) ∝ γ|Ã(−iδλ)|2, where Ã(s)

(B̃0λ(s)) is the Laplace transform of A(t) (B0λ(t)).

As shown in Fig. 3, the spectrum of the atomic tran-

sition |2⟩ ↔ |0⟩ has a Lorentzian shape with a single

peak. As the DOS of the anisotropic PC near the

band edge is very small, the spectrum in free space

cannot be split by the electromagnetic modes around

the atom. In contrast, in the isotropic case, the spec-

trum no longer has a Lorentzian shape, and it is inten-

sively changed by the huge DOS near the band edge,

as shown in some previous papers.[21,25,29] Further-

more, as singularity points do not exist at the band

edges, dark lines do not occur in the spectrum either.
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Fig. 3. SE spectral intensities versus δλ/β for differ-

ent values of coherent parameter θ. The parameters are

γ = 0.01β, ωc2 = 99.5β, ωc1 = 100β, and (a) ω21 = 99.4β,

or (b) ω21 = 100.1β.

As shown in Fig. 3, as θ increases from π/6 to

π/3, the spectral center shifts, and the spectral in-

tensity changes. When θ = π/6 (θ = π/3), the DOS

of the lower (upper) band is enhanced, and thus the

coupling strength becomes larger in the lower (upper)

band. It naturally pushes the atomic transition to-

wards the upper (lower) band, in other words, the cen-

ter of the spectrum can be manipulated by changing
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the coherent parameter θ. In addition, as the tran-

sition |2⟩ ↔ |1⟩ lies in the lower (upper) band, the

interaction between the atom and the coherent PBG

reservoir also becomes stronger, and accordingly the

spectral intensity of the transition |2⟩ ↔ |0⟩ becomes

smaller.

4. Conclusion

The dynamic and the radiative properties of an

excited three-level atom embedded in an anisotropic

photonic crystal with two coherent bands have been

studied. The atom–photon interaction depends on the

position of the atom. The relative position of the

atom in a Wigner–Seitz cell can be described by the

position-dependent parameter θ(r0), which reflects

the coherence between the two bands. By numeri-

cal calculation and theoretical analysis, we find that

the dynamic properties of the system are not only de-

termined by the atomic transition frequency, but also

affected by the gap width and the coherence between

the two bands. The distribution of the dressed states

caused by the interaction between the atom and its

own radiation field in the photonic reservoir is shown

in Fig. 1. The time evolution of the population of the

upper level |2⟩ is plotted with the coherent parameter

in Fig. 2. As the transition |2⟩ ↔ |1⟩ is respectively

located at the upper and the lower band edges, the

population evolutions have two opposite trends. Fur-

thermore, the spectrum of the atomic transition cou-

pling to the free space vacuum can be manipulated

by using the coherence between the two bands. The

spectral center and the intensity can be obviously con-

trolled by the coherent photonic reservoir.
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