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From the normally ordered form of the density operator of a squeezed coherent state (SCS), we directly derive the

compact expression of the SCS’s photon-number distribution (PND). Besides the known oscillation characteristics, we

find that the PND is a periodic function with a period of π and extremely sensitive to phase. If the squeezing is strong

enough, and the compound phase which is relevant to the complex squeezing and displacement parameters are assigned

appropriate values, different oscillation behaviours in PND for even and odd photon numbers appear, respectively.
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1. Introduction

Photon-number distribution (PND) is a key pa-

rameter of optical fields. Particularly, oscillations in

the PND has been regarded as one of the most impres-

sive manifestations of the quantum nature of squeezed

states, and also a signal of nonclassical behaviour of

squeezed states.[1−4] Therefore, the PND for various

single-mode Gaussian states of optical fields, such as

squeezed vacuum states (SVSs) and squeezed coher-

ent states (SCSs), has been studied.[2−11] Schleich et

al. firstly studied the oscillation in the PND of SCSs

and interpreted it as an interference effect in phase

space.[2−4] Dutta et al.[10] have conducted a further

study on the oscillation in the PND of an SCS and

found that photon-number oscillations are extremely

sensitive to phase. They also found different oscilla-

tion behaviours of the PND of an SCS for even and

odd photon numbers (called giant oscillation) for com-

plex displacement parameters.

It is well-known that there will be oscillation

in the PND of strongly squeezed states. Recently,

strong odd–even photon-number oscillations in the

PND of SVS have been observed for strong squeezing

in experiments.[12−13] It is convenient to divide non-

classical oscillations into two classes. According to

Zhu and Caves,[14] for a single-mode SVS, the PND

is always zero for an odd photon number since the

squeezing operator creates and annihilates photons

in pairs. One can refer to these simple even–odd

oscillations as squeezed vacuum oscillations, which

disappear quickly as the photon number increases.

Nonetheless, there are more complicated nonclassical

oscillations even for large displacements, i.e., oscilla-

tions for even and odd photon numbers, which can

be called Schleich–Wheeler oscillations. It should be

pointed out that the boundary between squeezed vac-

uum oscillations and Schleich–Wheeler oscillations is

not clear.

Although the PND of squeezed states has been

studied for many years, variation of the PND with

the compound phase that is relevant to the complex

squeezing and displacement parameters has not been

investigated thoroughly and extensively. In addition,

the main method of deriving the PND is based on

quasi-probability functions in phase space. Calcula-

tion of the PND becomes complicated in the case

of complex squeezing and displacement parameters.

In this work, we present a new way of deriving the

PND of SCSs and further study PND’s oscillation be-

haviours that are sensitive to the compound phase.

Our method to derive the PND is more effective and
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direct because it is based on the normally ordered form

of an SCS’s density operator. Such a form, in which

all annihilation operators are on the right of creation

operators, is a useful tool in quantum optics.[15−20]

This paper is organized as follows. In Section 2,

we first derive the normally ordered form of an SCS’s

density operator by using the operator’s Weyl order-

ing invariance under similarity transformation and the

Weyl–Wigner correspondence scheme. In Section 3,

we further derive the PND of an SCS and investigate

the oscillation behaviour for different values of com-

plex squeezing and displacement parameters in detail.

We find that for strong squeezing and an appropriate

compound phase, respective oscillation behaviours for

even and odd photon numbers appear. The PND of

an SCS is a periodic function of the compound phase

with a period of π. Our main results are summarized

in Section 4.

2. The normally ordered form of

an SCS’s density operator

Theoretically, the SCS can be obtained by first

exerting the squeezing operator S(ζ) and then the dis-

placement operator D (β) on a vacuum state, i.e.,

ρSCS = D (β)S(ζ) |0⟩ ⟨0|S−1(ζ)D−1 (β) , (1)

where |0⟩ is the vacuum state, D(β) = exp(βa†−β∗a),

the complex displacement parameter β = |β| e iϕ,

a (a†) is the annihilation (creation) operator and[
a, a†

]
= 1, and the squeezing operator[21]

S(ζ) = exp

[
ζ

2
a†2 − ζ∗

2
a2
]
, (2)

with the complex squeezing parameter ζ = λ e iθ. The

phase θ of the squeezing parameter determines the

squeezing direction. The squeezing operator provides

a Bogoliubov transformation of a and a†

S(ζ)aS−1(ζ) = a coshλ− e iθa† sinhλ, (3)

S(ζ)a†S−1(ζ) = a† coshλ− e−iθa sinhλ. (4)

In order to study the property in the PND of an

SCS, it is convenient to use the normally ordered ex-

pansion of ρSCS. In what follows, by using opera-

tor’s Weyl ordering invariance under similarity trans-

formation and the Weyl correspondence of |0⟩ ⟨0|, we
will derive the normally ordered form of ρSCS. The

Weyl–Wigner quantization[22] is a widely acknowl-

edged scheme for connecting classical functions with

quantum operators. In our view, the advantage of

this scheme lies in the fact that the Wigner operator

has a neat Gaussian form that is complete in normal

order[23]

∆ (α, α∗) =
1

π
: e−2(a†−α∗)(a−α) : , (5)

2

∫
d2α∆ (α, α∗) = 1. (6)

Thus, an arbitrary operator F
(
a, a†

)
in the single-

mode case can be expanded in terms of ∆ (α, α∗)

F
(
a, a†

)
= 2

∫
d2αh (α, α∗)∆ (α, α∗) , (7)

where h (α, α∗) is the classical Weyl correspon-

dence of the operator F
(
a, a†

)
, i.e., h (α, α∗) =

Tr
{
F
(
a, a†

)
∆ (α, α∗)

}
. Therefore, if the classical

Weyl correspondence of a operator is known, its nor-

mally ordered form can be derived from Eq. (7).

In practice it may be difficult to directly calcu-

late h (α, α∗) for complex F
(
a, a†

)
. In what follows,

we shall firstly derive the normally ordered form of

SVS’s density operator

ρSVS = S(ζ) |0⟩ ⟨0|S−1(ζ) (8)

by using the Weyl–Wigner correspondence and the

technique of integration within an ordered product

of operators.[24] In Refs. [25] and [26], the Weyl or-

dering symbol ::
:
: was introduced. Bose operators are

permuted within the symbol. The technique of inte-

gration within the Weyl-ordered product of operators

is invented. Using the operator formula for F
(
a, a†

)
in its Weyl ordering

F
(
a, a†

)
= 2 ::

∫
d2β

π
⟨−β|F

(
a, a†

)
|β⟩

exp
[
2
(
a†a+ aβ∗ − a†β

)]
:
: , (9)

noticing the normal product form of vacuum projector

|0⟩ ⟨0| =: exp[−a†a] : , (10)

we obtain the Weyl ordering form of |0⟩ ⟨0|, that is,

|0⟩ ⟨0| = 2 :: exp
[
−2a†a

]
:
: . (11)

Next, by virtue of the Weyl ordering invariance under

similarity transformation

S :
: (◦ ◦ ◦)

:
: S

−1 = :
: S (◦ ◦ ◦)S−1 :

: , (12)
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substituting Eq. (11) into Eq. (12) and noticing

Eqs. (3) and (4), we obtain the Weyl ordering form

of ρSVS

ρSVS = 2 :: exp
[
−2

(
a† coshλ− e−iθa sinhλ

)
×

(
a coshλ− e iθa† sinhλ

)]
:
: . (13)

According to the definition of the Wely correspon-

dence rule, the classical Weyl function h (α, α∗) of op-

erator F
(
a, a†

)
can be given by replacing a by α, a†

by α∗ in its Weyl ordering form, so the classical cor-

responding function is

h (α, α∗)

= 2 exp

[
−2

∣∣∣α∗ coshλ− e−iθα sinhλ
∣∣∣2] . (14)

Substituting Eq. (14) into Eq. (7), and using the inte-

gration formula[27]∫
d2z

π
exp

[
ζ |z|2 + ξz + ηz∗ + fz2 + gz∗2

]
=

1√
ζ2 − 4fg

exp

[
−ζξη + ξ2g + η2f

ζ2 − 4fg

]
, (15)

whose convergent condition is that Re (ζ ± f ± g) < 0

and Re[(ζ2 − 4fg)/(ζ ± f ± g)] < 0, we obtain the

normally ordered form of SVS’s density operator

ρSVS = 4

∫ ∞

−∞

d2α

π
: exp[−2 |α|2 cosh 2λ− 2 |α|2

+ sinh 2λ
(
e iθα∗2 + e−iθα2

)
+2a†α+ 2aα∗ − 2a†a] :

=
1

coshλ
: exp

[
1

2
tanhλ e−iθa2

+
1

2
tanhλ e iθa†2 − a†a

]
: . (16)

The displacement operator satisfies the following

transformation:

D (β) aD† (β) = a− β,

D (β) a†D† (β) = a† − β∗. (17)

Finally, we obtain the normally ordered form of an

SCS’s density operator

ρSCS =
1

coshλ
: exp

{
1

2
tanhλ

[
e−iθ (a− β)

2

+ e iθ
(
a† − β∗)2]

−
(
a† − β∗) (a− β)

}
: . (18)

In summary, we have derived the normally ordered

form of an SCS’s density operator by virtue of op-

erator’s Weyl ordering invariance under similarity

transformation and the Weyl–Wigner correspondence

scheme.

Considering the normally ordered form of a vac-

uum projector in Eq. (11), we split the exponential,

and then obtain the explicit form of the SCS

D (β)S(ζ) |0⟩ =
1√

coshλ
exp

[
−|β|2

2
+ a†β

+
tanhλ

2
e iθ

(
a† − β∗)2] |0⟩ . (19)

When β = 0, Eq. (19) becomes

S(ζ) |0⟩ = 1√
coshλ

exp

[
tanhλ

2
e iθa†2

]
|0⟩ , (20)

which is exactly the explicit form of SVS.[28]

3. Oscillation behaviour in the

PND of an SCS

We now demonstrate that the compact expression

of the PND of an SCS can be directly obtained based

on the normally ordered form of ρSCS. The PND,

i.e., the probability of finding n photons in a quantum

state described by the density operator ρ, is defined

as follows:

P(n) = tr [ρ |n⟩ ⟨n|] , (21)

where |n⟩ is the eigenstate of the number opera-

tor a†a. Obviously, P(n) is nothing but the diago-

nal matrix element ρnn in Fock basis. We use the

un-normalized coherent state |z⟩ = exp[za†] |0⟩,[29,30]

which satisfies |n⟩ = (n!)−1/2 dn

dzn |z⟩ |z=0 , ⟨z2 |z1⟩ =

exp (z1z
∗
2). Based on the normally ordered form of

ρSCS in Eq. (18), the probability of finding n photons

in the SCS is

P(n) =
1

n!

dn

dz∗n2

dn

dzn1
⟨z2| ρSCS |z1⟩z1=z2=0

=
exp (B)

n! coshλ

dn

dz∗n2

dn

dzn1
exp [Az1 +A∗z∗2

+
tanhλ

2

(
e−iθz21 + e iθz∗22

)]
z1=z2=0

=
tanhn λ exp (B)

2nn! coshλ

∣∣∣∣Hn

(
iA e iθ/2

√
2 tanhλ

)∣∣∣∣2 ,(22)
where

A = β∗ − tanhλ e−iθβ, (23)
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B =
tanhλ

2

(
e−iθβ2 + e iθβ∗2

)
− |β|2 . (24)

In addition, the following generating function of Her-

mite polynomials

Hn (x) =
∂n

∂tn
exp

[
2xt− t2

]
t=0

(25)

has been used to generate Eq. (22). Substituting

Eqs. (23) and (24) into Eq. (22), we obtain the PND

of an SCS

P(n) =
tanhn λ

2nn! coshλ

× exp

[
tanhλ

2

(
e−iθβ2 + e iθβ∗2

)
− |β|2

]
×

∣∣∣∣Hn

(
e iθ/2β∗ − e−iθβ tanhλ

−i
√
2 tanhλ

)∣∣∣∣2 . (26)

Based on Eq. (26), we can investigate the oscillation

behaviour of P(n). Due to Hn (−z) = (−1)
n
Hn (z)

and Hn (−z)Hn (−z∗) = Hn (z)Hn (z
∗), the modulus

square of Hermite polynomials in Eq. (26) is invari-

ant under the replacement (ϕ− θ/2) → π+(ϕ− θ/2),

where ϕ is the phase of displacement parameter β =

|β| e iϕ. Therefore, P(n) is a periodic function of the

compound phase (ϕ− θ/2) with a period of π. The

following numerical investigation clearly exhibit this

new result.

It is known that the SCS can be expressed in an-

other form, i.e.,

ρ′SCS = S(ζ)D (α) |0⟩ ⟨0|D−1 (α)S−1(ζ), (27)

which is in fact equivalent to Eq. (1) with a modified

displacement parameter determined by

S(ζ)D (α) = D
(
α coshλ+ α∗ e iθ sinhλ

)
S(ζ). (28)

Let β = α coshλ+α∗ e iθ sinhλ in Eq. (26), we obtain

the PND of SCS expressed by Eq. (27)

P ′(n) =
tanhn λ

2nn! coshλ

× exp

[
− tanhλ

2

(
e−iθα2 + e iθα∗2

)
− |α|2

]
×

∣∣∣∣Hn

(
α e−iθ/2

√
− sinh 2λ

)∣∣∣∣2 , (29)

which is exactly the same as Refs. [9] and [31].

Fig. 1. (colour online) Photon-number distributions of an SCS with |β| = 0.5 and λ = 3 for (a) ϕ − θ/2 = 0,

(b) π/6, (c) π/3, and (d) π/2.

Now we analyze the variation of P(n) with re-

spect to the compound phase (ϕ− θ/2) for given λ

and |β|. According to Eq. (26), the variation of P(n)

with (ϕ− θ/2) is plotted in the range of [0,π/2] in

Fig. 1, from which one can see that P(n) is extremely

sensitive to (ϕ− θ/2). When (ϕ− θ/2) is small (par-

ticularly equal to zero), P(n) exhibits squeezed vac-

uum oscillations (simple even–odd oscillations). As

(ϕ− θ/2) increases, P(n) quickly exhibits Schleich–

Wheeler oscillations (respective oscillation behaviours
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for even and odd photon numbers), particularly when

(ϕ− θ/2) = π/2. These new oscillation behaviours

are different from those in Ref. [10]. For example,

they found that there are only squeezed vacuum os-

cillations when the phase angle of the complex dis-

placement parameter is π/2 and the real squeezing

parameter is considered.

Figure 2 is plotted to see how P(n) varies with

the squeezing parameter λ for (ϕ− θ/2) = π/2 and

|β| = 1. When λ ≪ 1, the photon statistics resembles

that of a coherent state. As the squeezing increases,

the Schleich–Wheeler oscillations in PND quickly oc-

cur. In addition, comparing Fig. 1(d) with Fig. 2(d),

we can see that when |β| becomes larger, the Schleich–

Wheeler oscillations become stronger. Of course when

|β| = 0, there are only squeezed vacuum oscillations

because the squeezing operator creates and annihilates

photons in pairs.

Fig. 2. (colour online) Photon-number distributions of an SCS with (ϕ−θ/2) = π/2 and |β| = 1 for (a) λ = 0.2,

(b) 1, (c) 2, and (d) 3.

Fig. 3. (colour online) Photon-number distributions of an SCS with ϕ − θ/2 = 0, and |β| = 5 for (a) λ = 0.5,

(b) 1.5, (c) 2, and (d) 3.
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Finally, we consider the case of (ϕ− θ/2) = 0, and

plot the picture of P(n) versus the squeezing param-

eter for |β| = 1 in Fig. 3. Figure 3 shows that when

λ ≪ 1, the photon statistics also resembles that of a

coherent state. While the squeezing is strong enough,

there are only squeezing vacuum oscillations in the

case of (ϕ− θ/2) = 0. In addition, this character

maintains regardless of the value of |β| (see Figs. 1(a)

and 3(d)). Therefore, only when strong squeezing and

appropriate compound phase (ϕ− θ/2) are both sat-

isfied, the Schleich–Wheeler oscillations in the PND

of an SCS will occur.

It should be noted that P ′(n) is also a periodic

function of the compound phase with a period of π

and exhibits different oscillations for strong squeezing.

However, Eq. (29) is a little different from Eq. (26)

due to the transformation in Eq. (28). Thus, the vari-

ation of P ′(n) with respect to the complex squeezing

parameter and displacement parameter is somewhat

different from that of P(n).

4. Conclusion

In summary, we present a new approach to derive

the photon-number distribution of an SCS and fur-

ther investigate the oscillation behaviour of its PND.

Besides the known characters of the PND of an SCS,

we find that the PND of an SCS is extremely sen-

sitive to the phase angle θ of the complex squeezing

parameter and the phase angle ϕ of the displacement

parameter, and is a periodic function of the compound

angle (ϕ − θ/2) with a period of π. When the phase

angle (ϕ − θ/2) = 0 (or π), the PND of an SCS ob-

viously exhibits squeezed vacuum oscillations (even–

odd oscillations) for strong squeezing. As the value of

(ϕ− θ/2) increases, the PND quickly shows Schleich–

Wheeler oscillations (respective oscillation behaviours

for even and odd photon numbers), particularly when

(ϕ − θ/2) = π/2. Therefore, only when both strong

squeezing and appropriate phases are satisfied, there

will be Schleich–Wheeler oscillations in the PND of

an SCS. In addition, compared with the method used

to derive the PND of Gaussian states, our method is

more effective and direct because it is based on the

operator’s normal ordering which can directly leads

to the evaluation of coherent-state matrix elements.
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