
Chin. Phys. B Vol. 21, No. 5 (2012) 054103

Investigation of intense sheet electron beam transport
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The focusing and the stable transport of an intense elliptic sheet electron beam in a uniform magnetic field are

investigated thoroughly by using the macroscopic cold-fluid model and the single-particle orbit theory. The results

indicate that the envelopes and the tilted angles of the sheet electron beam obtained by the two theories are consistent.

The single-particle orbit theory is more accurate due to its treatment of the space-charge fields in a rectangular drift

tube. The macroscopic cold-fluid model describes the collective transport process in order to provide detailed information

about the beam dynamics, such as beam shape, density, and velocity profile. The tilt of the elliptic sheet beam in a

uniform magnetic field is carefully studied and demonstrated. The results presented in this paper provide two complete

theories for systemically discussing the transport of the sheet beam and are useful for understanding and guiding the

practical engineering design of electron optics systems in high power vacuum electronic devices.
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1. Introduction

Intense sheet electron beams have received much

attention in recent years due to their numerous ap-

plications, such as high power microwave sources and

advanced accelerators. The sheet beam has a large

aspect ratio, so it can have a very high current with

a small current density. This prominent characteristic

can be used in high power and high frequency appli-

cations. The key challenges to realizing sheet beam

devices are the focusing and the stable transport of

the sheet beam, which have been studied for several

decades.

As is well known, a sheet beam is unstable when

propagating through a uniform magnetic field due to

the E × B velocity shear effect. Diocotron insta-

bility results in beam kinks, vortices, and eventual

filamentation,[1,2] which are the key indicators that a

uniform magnetic field may not be used to focus sheet

beams. In order to avoid diocotron instability, peri-

odic focusing fields, including periodic cusped mag-

netic (PCM) fields and wiggler magnetic fields, were

proposed and analysed in detail according to the clas-

sical work of Booske et al.[3,4] The periodic magnetic

fields effectively implement the focusing and the stable

transport of the sheet beams.[5,6] In recent years, the

periodic focusing configurations have received much

attention for practical applications. Using a uniform

magnetic field as a focusing method has many charac-

teristic advantages in comparison with the PCM and

the wiggler fields, such as simple configuration, low

cost, and achievable higher field. In order to focus the

sheet beam in both transverse planes, the improved

periodic configurations, including the offset-pole Wig-

gler, the offset-pole PCM, and the PCM-PQM (pe-

riodic quadrupole magnet) structures,[7] are usually

employed. Thus, the actual periodic magnetic con-

figurations are even more complex and prone to mag-

netic field errors due to the mechanical misalignments,

which of course enhances the difficulty in manufac-

ture. In particular, the periodic focusing introduces a

cutoff voltage that arises from the single-particle or-

bit stability.[8] The physical limitation has become a

key impediment to the advancement of vacuum elec-
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tron devices based on a high current density and a

low voltage sheet beam. Therefore, when we designed

a W-band sheet beam klystron, the solenoid config-

uration is chosen to provide a uniform magnetic field

for focusing an elliptic sheet beam. A sample tube has

been built and tested successfully. The transmission

efficiency reaches up to over 98% at voltages ranging

from 20 kV to 80 kV.

In general, for the space-charge-dominated sheet

electron beam in the limit of negligibly small ther-

mal emittance, the single-particle orbit theory is

used widely for investigating the beam transport

theoretically,[8,9] which can give the trajectories of the

electrons projected at arbitrary initial positions. How-

ever, this analysis cannot describe the collective trans-

port process. In this paper, a macroscopic cold-fluid

model is used to study the focusing and the trans-

port of an elliptic sheet electron beam as a collec-

tive beam in uniform magnetic fields, which gives de-

tailed information about the beam dynamics, such as

beam shape, density, and velocity profile. A compar-

ison between the two theories indicates that the re-

sults accord very well with each other and the single-

particle orbit theory is more accurate due to treating

the space-charge fields in the rectangular drift tube.

It is interesting to note that the elliptic sheet beam is

tilted during its transport in a uniform magnetic field,

as demonstrated in the investigation.

2. Macroscopic cold-fluid model

theory

We consider a space-charge dominated elliptic in-

tense beam propagating in the direction parallel to

an axial magnetic field B0ez with a velocity of vbez,

where ez is a unit vector along the z axis. The emit-

tance effect is negligibly small, so the beam can be

described by the macroscopic cold-fluid model. In

the paraxial approximation, the equations for time-

stationary flow (∂/∂t = 0) are[10,11]

βbc
∂nb

∂z
+∇⊥ · (nbv⊥) = 0, (1)

∇2
⊥ϕ = cβ−1

b ∇2
⊥Az = enb/ε0, (2)

nb

(
βbc

∂

∂z
+ v⊥ ·∇⊥

)
v⊥

= − enb

γbm0

(
−γ−2

b ∇⊥φ+ v⊥ ×B0ez
)
, (3)

where ∇⊥ = ∂/∂x⊥, x⊥ = xex + yey, v⊥ and

nb are the electron transverse velocity and the elec-

tron density of the electron fluid element, respectively,

βb = vb/c ≈ const, γb =
(
1− β2

b/c
2
)−1/2

is the rela-

tivistic mass factor, c is the velocity of light in vacuum,

−e and m0 are the electron charge and the electron

rest mass, respectively, ϕ is the space-charge scalar

electric potential, and Az is the vector self-magnetic

potential in the z direction. It is necessary to note that

we have implicitly incorporated self-magnetic fields

through a γ−2
b reduction of the space-charge fields in

Eq. (3).

The elliptic sheet beam propagating through a

uniform magnetic field will be tilted due to the adverse

effects at the two sides along the x axis, as illustrated

in Fig. 1, which shows the laboratory and the tilted

coordinate systems. Here, x = xex + yey + zez is

the displacement in the laboratory coordinate system,

x̃ = x̃ex̃ + ỹeỹ + ses is the displacement in the tilted

coordinate system, and θ (s) is the tilted angle of the

ellipse. It is easy to acquire the relationships x̃′ = ỹθ′,

ỹ′ = −x̃θ′, ∂ex̃/∂s = θ′eỹ, and ∂eỹ/∂s = −θ′ex̃,

where the prime denotes ∂/∂s.

b↼s↽ a↼s↽

y
y
 

θ↼s↽

~

x

x~

Fig. 1. Laboratory and tilted coordinate systems.

Assuming that the electron density per unit

length is unchangeable, the beam keeps an elliptic

form, and the density profile is uniform, we obtain

the solutions for Eqs. (1)–(3) as

nb (x̃⊥, s) =
Nb

πa (s) b (s)
Θ

[
1− x̃2

a2 (s)
− ỹ2

b2 (s)

]
, (4)

and

v⊥ (x̃⊥, s) = [µx (s) x̃− αx (s) ỹ]βbcex̃

+ [µy (s) ỹ + αy (s) x̃]βbceỹ, (5)

where x̃⊥ = x̃ex̃ + ỹeỹ is the transverse displacement

in the tilted coordinate system, Nb is the electron

density per unit length, Θ (x) is the step function,

Θ (x) = 1 if x > 0, Θ (x) = 1/2 if x = 0, and Θ (x) = 0

if x < 0.
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As is well known, the space-charge electric poten-

tial for an elliptic beam with the density distribution

specified in Eq. (4) can be expressed as

ϕ =
eNb

2ε0π (a+ b)

(
x̃2

a
+

ỹ2

b

)
. (6)

Substituting Eqs. (4)–(6) into Eq. (1), we obtain the

following equation:(
− b′

ab2
− a′

a2b

)
Θ

(
1− x̃2

a2
− ỹ2

b2

)
+ 2

[(
a′

a
− µx

)
x̃2

a2
+

(
b′

b
− µy

)
ỹ2

b2

+

(
− b

a
θ′ +

a

b
θ′ +

b

a
αx − a

b
αy

)
x̃ỹ

ab

]
× δ

(
1− x̃2

a2
− ỹ2

b2

)
= 0, (7)

where δ (x) is the delta function. Only when the co-

efficients of terms Θ, x̃2δ, ỹ2δ, and x̃ỹδ all equal to

zero, will Eq. (7) will be satisfied for arbitrary x̃ and

ỹ. Thus, the following equations are obtained:

µx = a′/a, (8)

µy = b′/b, (9)

θ′ =
(
a2αy − b2αx

)
/
(
a2 − b2

)
. (10)

Substituting Eqs. (5) and (6) into Eq. (3) and us-

ing the relations ∂ex̃/∂s = θ′eỹ and ∂eỹ/∂s = −θ′ex̃,

we can obtain the two equations in the x̃ and the ỹ

directions respectively as

βbc
∂

∂s
[βbc (µxx̃− αxỹ)]− βbcθ

′βbc (µy ỹ + αyx̃)

+βbc (µxx̃− αxỹ)
∂

∂x̃
[βbc (µxx̃− αxỹ)]

+βbc (µy ỹ + αyx̃)
∂

∂ỹ
[βbc (µxx̃− αxỹ)]

= − e

γbm0

[
− eNbx̃

γ2
bε0π (a+ b) a

+βbc (µy ỹ + αyx̃)B0

]
, (11)

βbc
∂

∂s
[βbc (µy ỹ + αyx̃)] + βbcθ

′βbc (µxx̃− αxỹ)

+βbc (µxx̃− αxỹ)
∂

∂x̃
[βbc (µy ỹ + αyx̃)]

+βbc (µy ỹ + αyx̃)
∂

∂ỹ
[βbc (µy ỹ + αyx̃)]

= − e

γbm0

[
− eNbỹ

γ2
bε0π (a+ b) b

−βbc (µxx̃− αxỹ)B0

]
. (12)

Equations (11) and (12) can be simplified into

fxx̃+ gy ỹ = 0 (13)

and

gxx̃+ fy ỹ = 0, (14)

respectively, where

fx = µ2
x + µ′

x − αxαy + (αx − αy) θ
′

− e2Nb

γ3
bm0β2

bc
2ε0πa (a+ b)

+
eB0

γbm0βbc
αy, (15)

fy = µ2
y + µ′

y − αxαy − (αx − αy) θ
′

− e2Nb

γ3
bm0β2

bc
2ε0πb (a+ b)

+
eB0

γbm0βbc
αx, (16)

gx = α′
y + (µx − µy) θ

′ + (µx + µy)αy

− eB0

γbm0βbc
µx, (17)

gy = −α′
x + (µx − µy) θ

′ − (µx + µy)αx

+
eB0

γbm0βbc
µy. (18)

Likewise, coefficients fx, fy, gx, and gy of x̃ and

ỹ in Eqs. (13) and (14) must be identical to zero si-

multaneously to make Eqs. (13) and (14) hold. Using

Eqs. (8)–(10), we can obtain the following beam enve-

lope equations from Eqs. (15)–(18):

d2a

ds2
−

[
b2

(
α2
x − 2αxαy

)
+ a2α2

y

a2 − b2
− eB0αy

γbm0βbc

]
a

− e2Nb

γ3
bm0β2

bc
2ε0π (a+ b)

= 0, (19)

d2b

ds2
+

[
a2

(
α2
y − 2αxαy

)
+ b2α2

x

a2 − b2
− eB0αx

γbm0βbc

]
b

− e2Nb

γ3
bm0β2

bc
2ε0π (a+ b)

= 0, (20)

d

ds

(
a2αy

)
− ab3 (αx − αy)

a2 − b2
d

ds

(a
b

)
− eB0

γbm0βbc
a
da

ds
= 0, (21)

d

ds

(
b2αx

)
− a3b (αx − αy)

a2 − b2
d

ds

(
b

a

)
− eB0

γbm0βbc
b
db

ds
= 0. (22)

3. Single-particle orbit theory

As indicated by the model built in Section 2, in

the paraxial approximation, the relativistic electron

envelope equations of motion are

x′′ = − e

γ3
bm0v2b

Ex − eB0

γbm0vb
y′ (23)
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and

y′′ = − e

γ3
bm0v2b

Ey +
eB0

γbm0vb
x′. (24)

By calculating the space-charge fields, we can

obtain the trajectories of electrons injected in the

direction parallel to the z axis at arbitrary initial

positions.[11] For a long elliptic sheet beam propagat-

ing in a rectangular drift tube, the electric potential

distribution and the space-charge fields are indepen-

dent of the axial direction, and they can be obtained

by numerical calculation in the transverse section.[3]

We assume that the width of the drift tube is w in

the x direction and the height is h in the y direction,

the semi-major and the semi-minor axes of the elliptic

sheet beam are a and b, respectively. For the beam

with a uniform density profile, the space-charge fields

can be expressed as

Ex =



−2enb

πε0

∞∑
m=0

cos [(2m+ 1)πy/h]

2m+ 1
C1 (a), a < x < w/2,

−2enb

πε0

∞∑
m=0

cos [(2m+ 1)πy/h]

2m+ 1
[C1 (x)− C2 (x)] , − a ≤ x ≤ a,

2enb

πε0

∞∑
m=0

cos [(2m+ 1)πy/h]

2m+ 1
C2 (−a), − w/2 < x < −a,

(25)

and

Ey =



−2enb

πε0

∞∑
m=0

sin [(2m+ 1)πy/h]

2m+ 1
C1 (a) , a < x < w/2,

−2enb

πε0

∞∑
m=0

sin [(2m+ 1)πy/h]

2m+ 1
[C1 (x) + C2 (x)] , − a ≤ x ≤ a,

−2enb

πε0

∞∑
m=0

sin [(2m+ 1)πy/h]

2m+ 1
C2 (−a) , − w/2 < x < −a,

(26)

where

C1 =

∫ x

−a

dx′ sin
[
(2m+ 1)πb

√
1− x′2/a2/h

]
× e−

(2m+1)π(x−x′)
h , (27)

C2 =

∫ a

x

dx′ sin
[
(2m+ 1)πb

√
1− x′2/a2/h

]
× e−

(2m+1)π(x′−x)
h . (28)

The variations of normalized space-charge fields

Ex−norm with x in the y = 0 plane and Ey−norm with

y in the x = 0 plane for the elliptic sheet electron

beam in a drift tube are plotted in Figs. 2(a) and

2(b), respectively. The structural parameters used are

w = 15 mm, h = 1 mm, a = 5 mm, b = 0.25 mm,

voltage V0 = 80 kV, and current I0 = 4.07 A. The

solid lines in Figs. 2(a) and 2(b) represent the nor-

malized space-charge fields Ex−norm and Ey−norm for

the inside of the elliptic electron beam in free space,

respectively. The curves in Figs. 2(a) and 2(b) are

normalized to the maximum values of Ex and Ey in

the drift tube, respectively. It is found that Ex−norm

of the elliptic beam in the drift tube is much smaller

than that in free space and Ey−norm of the elliptic

beam in the drift tube is little larger than that in free

space due to the effect of conducting walls. Therefore,

it is expected that the oscillation amplitude of enve-

lope in the x direction calculated with the macroscopic

cold-fluid model is much larger, while it is somewhat

smaller in the y direction, which will be shown later.
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Fig. 2. (a) Variations of normalized space-charge fields

Ex−norm with x in the y = 0 plane and (b) Ey−norm with

y in the x = 0 plane.
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4. Examples

The numerical calculations are used to investi-

gate the transport of an elliptic sheet electron beam

in a uniform magnetic field based on the macroscopic

cold-fluid model and the single-particle orbit theory

described in Sections 2 and 3. As an example, we

consider an elliptic sheet electron beam designed with

voltages V0 ranging from 20 kV to 80 kV and per-

veance Per = 0.18 µP, thus current I0 is in the range

from 0.51 A to 4.07 A. The approximately uniform

magnetic field distribution is shown in Fig. 3. The

distance of transport is l = 100 mm.

0 0.02 0.04 0.06 0.08 0.10
-0.05

0.05

0.15

0.25

0.35

B
0
/
T

 z/m

Fig. 3. Approximately uniform magnetic field distribu-

tion along the z axis.

The solutions of envelope Eqs. (19)–(22) are cal-

culated numerically with different voltages and cur-

rents. Figure 4(a)–4(c) show envelopes a (s), b (s) and

values of tilted angle θ (s) for various voltages and cur-

rents, respectively. It is concluded that stable trans-

port with small envelope oscillations are realized in the

tilted coordinate system and the tilted angle has an

oscillatory augmentation. The amplitude and the pe-

riod length of oscillation and the tilted angle increase

as the current increases. For the transport distance

of 100 mm, the tilted angle is only about 3◦ with the

current of 4.07 A, which is negligibly small.

As an experiment, a W-band sheet electron beam

tube is manufactured and tested with the parameters

given above. The initial sheet beam cross section is

10 mm×0.5 mm, and the cross section of the drift tube

is 15 mm×1 mm. The testing magnetic field distribu-

tion is shown in Fig. 3. The experimental transmission

rate is 100% when the beam voltages are 20 kV and

40 kV, the corresponding beam currents are 0.50 A

and 1.49 A. The transmission rate reduces to 98.8%

and 98.3% when the beam voltage increases 60 kV and

80 kV, respectively, and the beam currents are 2.78 A

and 4.12 A, respectively. The amplitude of oscillation

and the tilt angle increase due to the larger voltage,

resulting in the falling of the transmission rate.

The envelopes and the tilt angles demonstrated

in Fig. 4 are analysed in the tilted coordinate sys-

tem, whereas the electron trajectory is analysed with

the single-particle orbit theory in the laboratory co-

ordinate system. In order to compare the results,

we need to make a transformation of the envelopes

in Fig. 4 from the tilted coordinate system to the

laboratory coordinate system. Obviously, we have

a (z) = a (s) cos [θ (s)] and b (z) = b (s) cos [θ (s)].

0 0.02 0.04 0.06 0.08 0.10
5.000

5.010

5.020

5.030 (a)

0 0.02 0.04 0.06 0.08 0.10
0.250

0.260

0.270

0.280 V0=20 kV, I0=0.51 A
V0=40 kV, I0=1.44 A
V0=60 kV, I0=2.65 A
V0=80 kV, I0=4.07 A

(b)

0 0.02 0.04 0.06 0.08 0.10
0

0.02

0.04

0.06

0.08
 

(c) V0=20 kV, I0=0.51 A
V0=40 kV, I0=1.44 A
V0=60 kV, I0=2.65 A
V0=80 kV, I0=4.07 A

V0=20 kV, I0=0.51 A
V0=40 kV, I0=1.44 A
V0=60 kV, I0=2.65 A
V0=80 kV, I0=4.07 A

s/m

s/m

s/m

a
/
m

m
b
/
m

m
θ
/
ra

d

Fig. 4. Envelopes (a) a (s), (b) b (s), and tilted angle (c)

θ (s) versus axial transport distance s for various voltages

and currents.

Figure 5 shows the electron trajectories in the

laboratory system at the edges of the beam in the xz

and the yz planes. The beam voltage is V0 = 80 kV,

054103-5



Chin. Phys. B Vol. 21, No. 5 (2012) 054103

and the current is I0 = 4.07 A. The results from the

single-particle orbit theory and the macroscopic cold-

fluid model are compared. It is demonstrated that the

oscillations of envelope a (z) obtained from the two

theories are almost identical, as shown in Fig. 5(a).

The amplitude of oscillation obtained with the macro-

scopic cold-fluid model is smaller, owing to the larger

space-charge field. Likewise, the trajectories of en-

velope b (z) shown in Fig. 5(b) accord well with each

other, while the amplitude of oscillation obtained with

the macroscopic cold-fluid model is somewhat larger

due to the smaller space-charge field, as have been

expected in Section 3. The tilted angles normalized

to their maximum values obtained from the two the-

ories in the laboratory system are shown in Fig. 5(c),

z/m
0 0.02 0.04 0.06 0.08 0.10

4.990

5.000

5.010

5.020

5.030
 macroscopic cold fluid model
 single particle orbit theory

(a)

0 0.02 0.04 0.06 0.08 0.10
0

0.2

0.4

0.6

0.8

1.0
 single particle orbit theory
 macroscopic cold fluid model

(c)

z/m

z/m

b
/
m

m
a
/
m

m
θ
n
o
rm

0 0.02 0.04 0.06 0.08 0.10

0.250

0.260

0.270

0.280
 macroscopic cold fluid model
 single particle orbit theory

(b)

Fig. 5. Envelopes (a) a (z), (b) b (z), and normalized tilted

angle (c) θnorm (z) versus axial transport distance z.

which demonstrates that the variations of the tilted

angles from the two theories are approximately iden-

tical. Because the space-charge field in the x direction

used in the single-particle orbit theory is much smaller

than that used in the microscopic cold-fluid model, the

tilted angle obtained in the former one is smaller than

that in the latter one.

As shown in Fig. 5, the results obtained with the

macroscopic cold-fluid model and the single-particle

orbit theory are consistent with each other. When

the space-charge fields are calculated numerically, the

macroscopic cold-fluid model introduces an approxi-

mate formula in free space, while the single-particle

orbit theory treats them in a rectangular drift tube.

Hence, the single-particle orbit theory is more accu-

rate than the macroscopic cold-fluid model. However,

the macroscopic cold-fluid model describes the trans-

port process clearly and is very helpful for understand-

ing the characteristics of sheet beams.

5. Conclusion

The focusing and the stable transport of an in-

tense elliptic sheet electron beam in a uniform mag-

netic field are investigated by using the macroscopic

cold-fluid model and the single-particle orbit theory.

The envelope equations are derived by making use of

the macroscopic cold-fluid model, which provide de-

tailed information about the beam dynamics, includ-

ing the beam density, the velocity profile, and the tilt

angle of the beam. The trajectories of the electrons

projected at arbitrary initial positions can be numer-

ical calculated by using the single-particle orbit the-

ory. Comparing the envelopes and the tilted angles,

we conclude that the results obtained from the two

theories are consistent. The macroscopic cold-fluid

model and the single-particle orbit theory presented in

this paper are very effective to investigate the trans-

port of a sheet beam. Furthermore, the macroscopic

cold-fluid model is also the effective mean to study

the instability of the sheet beam owing to its collec-

tive character.[12]
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