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By developing a full quantum scattering theory of high-order above-threshold ionization, we study the energy

spectra and the angular distributions of photoelectrons from atoms with intense laser fields shining on them. We find

that real rescattering can occur many times, and even infinite times. The photoelectrons from the rescattering process

form a broad plateau in the kinetic-energy spectrum. We further disclose a multiple-plateau structure formed by the

high-energy photoelectrons, which absorb many photons during the rescattering process. Moreover, we find that both

the angular distributions and the kinetic-energy spectra of photoelectrons obey the same scaling law as that for directly

emitted photoelectrons.
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1. Introduction

Photoelectron energy spectra (PES) of high-order

above-threshold ionization (ATI) are characterized by

a broad plateau ranging from 2Up to 10Up, where Up is

the ponderomotive energy. Those high-energy photo-

electrons have attracted much attention, both exper-

imentally and theoretically.[1−4] Generally, the gener-

ation of those high-energy electrons is described by a

so-called “rescattering” mechanism.[5,6] When irradi-

ated by an intense laser field, the bound electrons of

atoms or molecules are excited into continuum states

which are known as the Volkov states by neglecting the

electron–ion interaction. Intuitively, when the elec-

tric field of the incident laser reverses, some of the

otherwise free electrons in the Volkov states may be

pulled back to the vicinity of their parent ions. Most

of the driven-back electrons are rescattered, then es-

cape from the laser field rather than combine with

the ionic core. The rescattered electrons obtain much

higher kinetic energy than those directly ejected, since

they are further accelerated by the electric field. Thus,

they form the high-energy part of the photoelectron

spectrum.

Many theoretical efforts have been devoted to

the study of the rescattering process, with both nu-

merical methods[6−8] and analytical approaches,[9−11]

in most of which the electric field is treated classi-

cally. Although the (quasi-)classical picture explains

many phenomena in the strong-field physics, there are

still many quantum-field effects. For example, the in-

tense laser field itself can be regarded as a macro-

scopic quantum state of photons. The fact that the

ATI spectrum exhibits discrete peaks isolated by one-

photon energy is a substantial demonstration of the

quantum feature of intense laser fields. Furthermore,

the quantum-field treatment leads to a closed inter-

action system of photons and matters, in which the

energy of the physical system is well defined. A time-

independent analytical formula of the ionization rate

is obtained, by which one can perform detailed analy-

sis on the studied process. The nonperturbative quan-

tum electrodynamic theory of ATI developed by Guo,

Aberg and Creasmann (GAC) is such a treatment,[12]
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in which the photon–electron interaction is treated

nonperturbatively and quantum mechanically. The

theory has interpreted various experimental results,

even though the previous calculations were all per-

formed without the rescattering process.[13−17]

In this paper, we derive a full-quantum treatment

of high-order ATI based on GAC theory, in which the

rescattering is treated as the perturbation of a direct

ionization process due to the atomic binding potential.

Employing the derived formula, we calculate the PES

and the photoelectron angular distributions (PADs)

of atoms in strong laser fields. We reveal how sig-

nificant the rescattering process is to photoelectron

spectra. Our calculations show that the PES exhibits

a broad plateau followed by a sharp cutoff. We ver-

ify that such a plateau is contributed mainly by the

rescattering process. We further disclose a multiple-

plateau structure formed by the high-energy photo-

electrons, which further absorb many photons during

the rescattering process. The multiple-plateau struc-

ture is visible in many papers both experimentally

and theoretically.[18−20] However, it has not attracted

enough attention. Moreover, we find that the PADs

of rescattered photoelectrons are very sensitive to the

attraction of the parent ion, which makes it possible

to extract information about the core. Finally, we

show that both the PADs and the PES of overall pho-

toelectrons obey the same scaling law as that for the

directly emitted photoelectrons. The scaling law pro-

vides an effective means to extract information about

the target core.

The rest of this article is arranged as follows: in

Section 2, we present briefly the Coulomb-corrected

transition matrix elements and the corresponding ion-

ization rate formula. In Section 3, we present the nu-

merical results of the PES and the PADs, and verify

the scaling law. Section 4 is our conclusions.

2. Transition matrix and ionizat-

ion-rate formulae

The Hamiltonian of the whole system about a free

electron interacting with a laser field of frequency ω

reads (~ = c = 1)

H = K + U + V, (1)

where[12,21]

K =
(−i∇)2

2me
+Naω

is the free-electron and free-photon energy operator,

and Na is the photon number operator of the laser

field; U denotes the attraction of the parent core to

the electron; V is the interaction operator between the

electron and the laser, in velocity gauge which reads

V = − e

me
A(r) · (−i∇) +

e2A2(r)

2me
,

where A(r) is the vector potential of the quantized

laser field.

The non-relativistic quantum-field Volkov states

developed by Guo et al. are the eigenfunctions of the

total Hamiltonian of the system, which are given as[22]

|ΨP ,n⟩ = V −1/2
e

∑
j>−n

exp{i[P + (up − j)k] · r}

× X−j(ζ, η)|n+ j⟩, (2)

with the corresponding energy eigenvalues

EP ,n =
P 2

2me
+ upω + (n+ 1/2)ω,

where P is the momentum of the electron in the laser

field, Ve is the normalization volume of the electron;

|n + j⟩ are the Fock states of the laser mode with n

background photons and j transferred photons; and

upω is the ponderomotive energy. The (generalized)

phased Bessel functions are defined as[23]

Xn(z) ≡ Jn(|z|) e inφ, (φ = arg(z)),

Xj(ζ, η) ≡
∞∑

m=−∞
Xj−2m(ζ)Xm(η),

where

ζ = 2
√
up/(meω)P · ϵ, η = upϵ · ϵ/2,

are complex variables; ϵ is the polarization vector

of the laser mode defined by ϵ = ϵx cos(ξ/2) +

iϵy sin(ξ/2), where ξ = 0 corresponds to linear

polarization and ξ = π/2 to circular polarization.

The Volkov states form an orthonormal and complete

wavefunction set.

Initially (i.e. t → −∞ ), the electron is bounded

in the ground state |Φi⟩, and the background laser

photon is ni. At the scattering moment t → 0, the

scattering state is |Ψ−
f ⟩. According to the formal scat-

tering theory,[24,25] the transition matrix element can

be expressed as[12]

Tfi = ⟨Ψ−
f | V | Φi, ni⟩+ ⟨Ψ−

f | UG+V | Φi, ni⟩, (3)

where

G+ =
1

H −K − V − U + iϵ
(4)
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is the retarded Green’s propagator[25,26] marked by

the superscript (+), which is used to describe forward

propagation. The superscript (−) over Ψf means the

fact that we are dealing with a wave propagating into

the past, not future. So the scattering state |Ψ−
f ⟩ can

be described by the evolution backwards in time as[26]

|Ψ−
f ⟩ = (1 +G−

VV ) |ϕf , nf⟩ ,

where ϕf denotes the plan wave state of the free elec-

tron, and nf is the final background laser photons,

|ϕf , nf⟩ is the final scattering state when t → ∞; and

G−
V is an advanced Green’s propagator marked by the

superscript (−) and used to describe the backward

propagation. Within the strong-field approximation,

the effect of parent core on the otherwise free electron

can be neglected. Thus, according to the scattering

theory,[24,25] the Green operators G±
V can be defined

as

G±
V =

1

H −K − V ± iϵ
. (5)

Using the Volkov states as the intermediate states,

noticing that V = H −K − U and ϵ is infinitesimal,

and acting the Green operator G−
V on Volkov states,

we find[12]

|Ψ−
f ⟩ =

∑
EP ,n=E

|ΨP ,n⟩ ⟨ΨP ,n|ϕf , nf⟩ . (6)

Then, the first term in Eq. (3) can be expressed as

T 1
fi =

∑
EP ,n=Ef

⟨ϕf , nf | ΨP ,n⟩⟨ΨP ,n | V | Φi, ni⟩, (7)

which describes the transition of the electron from the

initial bound state to a Volkov state only under the in-

teraction of the laser field, followed by the transition

from the Volkov state to the final free state, corre-

sponding to the direct ionization process. The explicit

expression of Eq. (7) is given by

T 1
fi =

(up − ji)ω

V
1/2
e

X−ji(Zf , η)
∗

× X−jf (Zf , η)Φi(|Pf − qk|), (8)

where ji, jf are defined in the caption of Fig. 1(a), and

the absorbed net number of photons q denotes the or-

der of ATI. In our calculations, we choose up = jf .
[12]

Fig. 1. Schematic illustration of the direct ionization and

the rescattering processes. Here, ni, n and nf are the back-

ground laser photons in initial, Volkov and final states, re-

spectively; jf = nf − n is the number of the emitted laser

photons in escaping from the laser field. (a) The direct

ionization process. The number of the net absorbed laser

photons in direct ionization process is q = ji−jf = ni−nf ,

where ji = ni − n, jf = nf − n; (b) the rescattering pro-

cess. The number of the net absorbed laser photons in the

rescattering process is q = ji − jf − j′ = ni − nf , where

ji = ni−n′, j′ = n−n′ is the transferred laser photons in

the translation of electron between a Volkov state ΨP ′,n′

and another Volkov state ΨP ,n.

The second term picking up the binding potential

effect of the ionic core on the electron in the laser field

is

T 2
fi =

∑
EP ,n=Ef

⟨ϕf , nf | ΨP ,n⟩⟨ΨP ,n | UG+V | Φi, ni⟩. (9)

Using the identity G+ = G+
V +G+

VUG+, we find

UG+V = UG+
VV + UG+

VUG+
VV + . . . , (10)

with which the second term can be written as

T 2
fi =

∑
EP ,n=Ef

⟨ϕf , nf | ΨP ,n⟩⟨ΨP ,n | UG+
VV | Φi, ni⟩

+
∑

EP ,n=Ef

⟨ϕf , nf | ΨP ,n⟩

× ⟨ΨP ,n | UG+
VUG+

VV | Φi, ni⟩
+ . . . (11)

Using the following expansion:

G+
VV |Φi, ni⟩

=
1

H −K − V + iϵ
V |Φi, ni⟩

=
∑
P ′,n′

|ΨP ′,n′⟩ ⟨ΨP ′,n′ |V |Φi, ni⟩
H − E

P ′,n′ + iϵ
, (12)

the first term of Eq. (11) can be expanded as

T 21
fi =

∑
EP ,n=Ef

∑
P ′,n′

⟨ϕf , nf |ΨP ,n⟩

⟨
ΨP ,n |U |Ψ

P ′,n′

⟩
EP ,n − E

P ′,n′ + iϵ
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×
⟨
Ψ

P ′,n′ |V |Φi, ni

⟩
, (13)

where the first factor, from the right, describes the ex-

citation of an initially bound electron to a virtual, or

real, Volkov state under the action of the laser field;

the third factor describes the exit process of the elec-

tron from the Volkov state to a free photoelectron de-

tected experimentally; the second factor describes the

transition from a Volkov state to another Volkov state

under the attraction of the parent core. Thus, the T 21
fi

term describes the generation process of photoelec-

trons once rescattered by the ionic core. As shown in

Eq. (11), the rescattering under the action of the ionic

core can occur once, twice, . . ., n times, . . . The num-

ber of rescattering times is unbounded. The first time

rescattering process is depicted explicitly in Fig. 1(b).

The derivations of the first and the last factors in

Eq. (13) are straightforward, and the middle factor is

worked out to be

⟨ΨP ,n | U | ΨP ′,n′⟩
= V −1

e U(P − P ′ + (n− n′)k)Xn′−n(ζ
′ − ζ), (14)

where U(P ) is the Fourier transform of the binding

potential of the ionic core. For the screened Coulomb

potential

U(r) = −Ze2

4πr
exp(−λr),

where Z is the number of the nuclear charge and λ is

the screening parameter, it is given by

U(P − P ′) =
−Ze2

|P − P ′|2 + λ2
. (15)

In deriving Eq. (14), we have used the subtraction the-

orem of generalized phased Bessel (GPB)functions[23]

∞∑
q=−∞

Xn+q(zc1 , zs)Xq(zc2 , zs)
∗ = Xn(zc1 − zc2). (16)

Using the formula

|Φi(P )|2av = 4π|Φnili(|P |)|2,

where the subscript av means averaging over the mag-

netic quantum numbers and

Φnili(|P |) =
∫ ∞

0

rdrPnili(r)jli(|P |r),

we can reduce the initial momentum wavefunction as

|Φi(P
′ + (up − j′)k)|av

=
√
4π |Φi(|P ′ + (up − j′)k|)| . (17)

Finally, we express the transition matrix element as

T 21
fi = − Ze2ω

4V
1/2
e π5/2

×
∑
ji

∫
dP ′

{
Xq−ji+jf (ζ

′ − ζf)X−jf (ζf , η)

|Pf − P ′ − qk|2 + λ2

× X−ji(ζ
′, η)∗(up − ji)Φi(|P ′|) 1

∆E + iϵ

}
,

(18)

where ji, jf are defined in the caption of Fig. 1 (b); and

∆E = EP ,n − EP ′,n′ is the energy difference between

the two involved Volkov states. With the relations

1

∆E + iϵ
= − iϵ

∆E2 + ϵ2
+

∆E
∆E2 + ϵ2

,

lim
ϵ→0

ϵ

(EP ,n − EP ′,n′)
2
+ ϵ2

= πδ(EPn − EP ′n′), (19)

and noticing EP ,n = Ef , we express the delta function

as

δ(Ef − EP ′,n′)

=
(me

2ω

)1/2

(ji − up − εb)
−1/2

× δ
[
P ′ − (2meω)

1/2(ji − up − εb)
1/2

]
,

where εb is the binding number, i.e., the binding en-

ergy per laser photon energy. The delta function in

Eq. (19) guarantees the energy conservation, so the

related transition is a physically real process. Accord-

ing to the above description, we rewrite Eq. (18) as

T 21
fi =

ω

V
1/2
e

Ze2

4π5/2
(T r

fi + T n
fi ) . (20)

The first term in Eq. (20) denotes the on-energy-shell

transitions in which the involved Volkov states are of

the same eigenenergy, and is worked out to be

T r
fi

= −iπme

∑
ji

∫
dΩP ′{Xq−ji+jf (ζ

′ − ζf)

× X−jf (ζf , η)X−ji(ζ
′, η)∗(ji − up)|P ′|Φi(|P ′|)

|Pf − P ′ − qk|2 + λ2
},

(21)

with |P ′| = (2meω)
1/2(ji − up − εb)

1/2. The second

term of Eq. (20) denotes the off-energy-shell transi-

tions in which the involved Volkov states are of un-

equal eigenenergies, and is given by

T n
fi =

∑
ji

∫
dP ′
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×
{
Xq−ji+jf (ζ

′ − ζf)X−jf (ζf , η)X−ji(ζ
′, η)∗

|Pf − P ′ − qk|2 + λ2

× (ji − up)Φi(|P ′|)
∆E

}
, (22)

with ∆E = (ji − up − εb)ω − |P ′|2/2me.

The real processes conserve both the total energy

and the total momentum, in contrast with the virtual

transitions which do not conserve energy. Numerical

calculation shows that the real rescattering process is

much stronger in transition rates than in the virtual

rescattering process. The transition between a Volkov

state and another Volkov state with conserved energy

indicates a real physical process, which does actually

occur. With a solid theoretical proof of the existence

of the rescattering process, the study of any observ-

able phenomena relating to the real rescattering can

be called a rescattering effect.

The total ionization rate can be obtained by the

standard treatment in the scattering theory. The dif-

ferential ionization rate for a given ATI order q reads

dW

dΩPf

=
Ve

(2π)2

∫
|Pf |2 dPf

∣∣T 1
fi + T 21

fi

∣∣2 δ(Ei − Ef)

=
(2m3

eω
5)1/2

(2π)2
(q − εb)

1/2|T̃ 1
fi + T̃ 21

fi |2, (23)

where the tilde placed over the transition matrix el-

ement means which is divided by ωV
−1/2
e , i.e., T̃ =

T/(ωV
−1/2
e ).

3. Numerical results and discus-

sion

In this section, using the derived ionization rate

formula, we calculate PES and PADs of atoms in var-

ious laser fields. Without further statement, the laser

field is chosen as that from Ti:S laser system of wave-

length 800 nm with intensity varying from 1013 to

1015 W/cm2, and the target atom is chosen as the

hydrogen atom with ionization potential 13.6 eV. The

second transition matrix element in Eq. (23) contains

the on-energy-shell transitions and the off-energy-shell

transitions. Due to the large denominator in the frac-

tion of Eq. (22), mathematically, the transitions be-

tween the Volkov states with unequal energy eigenval-

ues play a trivial role compared with the on-energy-

shell transitions. Moreover, our numerical calcula-

tions verify that the contribution of the off-energy-

shell transition to ionization rate is, generally, at least

three orders of magnitude less than that of on-energy-

shell transitions. Thus, our calculations only involve

the on-energy-shell transitions.

3.1.Kinetic-energy spectra and angular

distributions of high-energy photo-

electrons

The calculated PES and PADs are shown in

Figs. 2 and 3. Figure 2 depicts the calculated kinetic-

energy spectra at laser intensity of 1.56×1014 W/cm2.

We see from the figure that the spectrum of over-

all photoelectrons from both the direct ionization and

the rescattering processes shows a fast decrease at the

low-order part, then exhibits a plateau in the middle

part, and then a sharp decrease appears at ATI orders

higher than 70. For comparison, the contribution of

T 1
fi term is also depicted. The photoelectrons from T 1

fi

term contribute mainly to the low energy part, and

the yield decreases quickly as the ATI order increases.

The numerical result discloses that the yield of pho-

toelectrons from T 21
fi term forms the plateau running

up to about the 70th ATI order. For lower ATI or-

ders, the yield from T 21
fi term is far less than that from

T 1
fi term, then the low-order ATI electrons are mainly

from the direct ionization mechanism. Due to the fast

decrease, the yield from T 1
fi term becomes less than

that from T 21
fi for ATI orders higher than 40. Thus,

the higher-order ATI photoelectrons are mainly from

the T 21
fi transitions. The result coincides with that

in Ref. [27] theoretically, and Ref. [6] experimentally.

For the chosen laser intensity, the ponderomotive pa-

rameter is 6.0, and the minimum photons absorbed to

overcome the binding potential is about 9, we see that

the plateau cuts off at about 10Up, while the plateau

begins a little higher than the generally accepted 2Up.

The calculated spectrum for circularly polarized laser

field shows no plateau, which agrees well with the pre-

vious studies.

Detailed study discloses that the Bessel function

Xq−ji+jf (ζ
′ − ζf) arising from the transition between

Volkov states in the transition rate formula plays a key

role in forming the plateau. Since ji denotes the num-

ber of absorbed photons in the ionization process, it

determines the momentum of the electron in a Volkov

state, so we define one ji as an excitation channel.

Calculations indicate that the plateaus of different

channels cut off at different regions, and generally, the

channels with small ji cut off at a lower energy region,
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but with higher probabilities. For the channels with

higher ji, the cutoffs appear at energy much larger

than 10Up. However, the interference among differ-

ent channels eliminates the higher-energy plateaus, so

the overall plateau cuts off at about 10Up. For cir-

cular polarization, each ionization channel exhibits a

plateau, but the interference effect shortens the length

and decreases the height of the overall plateau, so

the plateau formed by rescattered photoelectrons is

covered by that formed by the direct-emitted photo-

electrons. As a result, the overall spectrum shows no

plateau in a circular polarized laser field.

Fig. 2. (colour online) The calculated kinetic energy spec-

tra of photoelectrons in linearly polarized laser field of in-

tensity 1.56 × 1014 W/cm2 and wavelength 800 nm. The

abscissa is the number of net laser photons absorbed dur-

ing ionization. The value of λ is chosen to be 0.1.

Fig. 3. PADs of the 23rd ATI peak for hydrogen atoms

irradiated by a laser field of wavelength 800 nm and inten-

sity 1.04× 1014 W/cm2 for different values of λ: (a) 0.01,

(b) 0.05, (c) 0.1, and (d) 0.2. For comparison, the PADs

are normalized.

Our calculations on different channels disclose

that the photoelectrons may exchange photons with

the laser field during the rescattering process, emit-

ting photons or further absorbing photons. Take the

channel of ji = 15 as an example, the bound electron

absorbs 15 photons during its excitation into a contin-

uum state. When it is rescattered by the parent core,

it may emit several photons, which contributes to the

ATI peaks lower than the 15th order. While more gen-

erally, it further absorbs photons contributing to the

ATI peaks higher than the 15th order. All the transi-

tions are of comparable probabilities, so the PES from

this channel exhibits a long plateau with a cutoff at

about the 100th ATI order. The photoelectrons are

more likely to further absorb photons in the rescatter-

ing process, which confirms the assumption that the

photoelectrons are accelerated during the rescattering

process. For a given ATI order, many channels con-

tribute to it and the interference effect among channels

is important.

Our calculations reveal a multiple-plateau struc-

ture in the PES, as shown in Fig. 2 for the total ion-

ization rate. Here, the “multiple-plateau” denotes the

plateau structure except the one discussed above and

includes two aspects. One is the short plateau cutting

off around the 80th ATI order, and the other denotes

the long plateau following the 115th ATI order. Math-

ematically, the GPB function X−jf (ζf , η) arising from

the exit process[13] causes the short plateau, thus the

plateau is formed when the photoelectrons leave the

laser field. This plateau is evident for a fixed laser

intensity and becomes not so notable when the laser

intensity fluctuates. In fact, the PES in the cutoff re-

gion shows many trivial rises and falls, each may be

regarded as such a plateau. The low-order ATI chan-

nels contribute to the first plateau and their oscillation

forms the short plateau in the PES, as shown in Fig. 2

for ji = 11. The long plateau appears for very high

ATI order and is ascribed to the multi-rescattering of

photoelectrons in the past.[20,28] Here, we argue that

this plateau is formed by high-order ATI channels, as

shown in Fig. 2. The ionization rate for ji = 54 chan-

nel exhibits a very long plateau with a small value.

The contribution of this channel to lower order ATI

peaks is quite trivial, but becomes important for ATI

peaks in the second plateau. Note that in our cal-

culations only the first time rescattering is included,

so we identify that the second plateau is formed by

high-order ATI channels.

For directly emitted photoelectrons, the PADs are

determined by the GPB function that describes the
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physical process, thus determined by the number of

photons absorbed during the ionization and the pon-

deromotive parameter of the laser field in turn. For

rescattered photoelectrons, the kinetic energy has no

relation with the number of photons absorbed dur-

ing ionization, say ji in Eq. (21). The number role of

jets in PADs does not hold yet, since too many chan-

nels contribute to one rescattering ATI peak. Con-

sequently, the PADs are determined by many factors

and show complicated structures. The PADs exhibit

many huge jets striking away from the waist of the

main lobes along the laser polarization, and the main

lobes may split distinctively. Moreover, the motion of

electrons is affected by the Coulomb attraction of the

parent ion during rescattering, while the latter is char-

acterized by the value of λ. Then, the PADs become

very sensitive to the value of λ. Figure 3 depicts the

PADs of the 23rd ATI peak for different values of λ,

from which we see the PADs show the main lobes along

the laser polarization. Such kind of PADs agrees with

the experimental observation in Ref.[3]. The height of

jet varies with the value of screening parameter λ, and

the main lobes split as the value of λ decreases. The

distinctive variation of PADs with λ inspires people

to attract the information of binding potential by the

PADs of rescattering photoelectrons, as did by Okun-

ishi et al. to retrieval the cross section of the parent

ion by the rescattering electrons.[29,30]

3.2. Scaling relation of high-energy pho-

toelectrons

Scaling analysis is a powerful technique for ana-

lyzing many phenomena in strong field physics. For

example, many papers have contributed to the scal-

ing relation of high-order harmonic generation.[31,32]

For photoionization, our analytical study has shown

that the main features of angular distributions of di-

rectly emitted photoelectrons are mainly determined

by three dimensionless parameters: 1) up, the pon-

deromotive number; 2) εb, the binding number; 3)

the orders of ATI peaks. Keeping the three physical

quantities unchanged, the physical process is identi-

cal, and a scaling law of PADs is established.[33] The

scaling law states that for corresponding ATI peaks,

the PADs from an atom with the binding energy Eb

irradiated by a laser beam of intensity I and frequency

ω are the same as those from an atom with the binding

energy kEb irradiated by a laser beam with intensity

k3I and frequency kω. While for rescattered photo-

electrons, does the scaling relation still hold?

We first study the scaling relation on the PADs of

rescattered photoelectrons. We do as follows: choose

the PADs of an ATI peak in the plateau as a reference,

change the binding energy and the laser frequency to

k times, and change the laser intensity to k2, k3 and

k4 times the original, respectively, then compare the

main features of the calculated PADs. Figure 4 shows

such a comparison. We see the PADs related with

the physical quantities chosen as the scaling law are

the same, while the other two patterns of PADs show

more or less differences from the original one. Thus,

we conclude that the PADs of rescattered electrons

obey the scaling law.

Fig. 4. (a) PADs of the 23rd ATI peak for hydrogen

atoms irradiated by a laser field of wavelength 800 nm

and intensity 1.04 × 1014 W/cm2. (b) –(d) PADs of the

23rd ATI peak for a model atom of ionization potential

27.2 eV irradiated by a laser field of wavelength 400 nm

and laser intensities (b) 4.16 × 1014, (c) 8.32 × 1014 and

(d) 16.64× 1014 W/cm2. The value of λ for (a) is chosen

as 0.1, while it is 0.2 for the other three.

The energy spectra of rescattered photoelectrons

also obey the scaling law. Noticing that in the unit of

photon energy, the plateau cuts off at about an ATI

order around 10up, while one important feature of the

scaling law is to keep up unchanged. Thus, we wonder

whether the scaling law still holds in the energy spec-

tra. By changing the three quantities according to the

scaling law, we calculate the spectrum and compare it

with the original one. The comparison is shown in

Fig. 5. Although the scaled emission rates are little

higher than the original, the variations of the spectra

are almost the same as each other, both for directly

emitted and for rescattered photoelectrons.
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Fig. 5. (colour online) Comparison of kinetic-energy spec-

tra of photoelectrons: black open circles denote the emis-

sion rates from hydrogen atoms in a laser field of wave-

length 800 nm and intensity 1.56× 1014 W/cm2, and red

real circles denote those from a model atom with binding

energy 40.8 eV in laser field of wavelength 267 nm and in-

tensity 4.21×1015 W/cm2. The abscissas is the number of

net photons absorbed by the electrons during ionization.

The value of λ is chosen as 0.27.

4. Conclusion
We conclude as follows:

1) Rescattering processes exist in multiple-photon

ionization, as real transitions between a real Volkov

state and another real Volkov state with both energy

and momentum conservation. The rescattering can

occur many times, even infinite times. The rescat-

tering processes contribute photoelectron production

rates to photoelectron spectra significantly.

2) For a linearly polarized laser field, the kinetic-

energy spectrum of photoelectrons exhibits a broad

plateau followed by a sharp cutoff at about 10Up. The

plateau is formed by the rescattered photoelectrons.

For circular polarization, the PES does not exhibit

any plateau structure.

3) We show a multiple-plateau structure of PES

in laser fields with linear polarization. Besides the

plateau cutting off at 10Up, there is a second plateau

appears around between 17Up and 23Up, which is

formed by the high-order ATI channels, i.e., when the

bound electrons absorb many photons in the excita-

tion process and further absorb photons during the

rescattering process.

4) The angular distributions and the kinetic-

energy spectra of rescattered photoelectrons obey the

same scaling law as those of the directly emitted pho-

toelectrons, which indicates that the binding parame-

ter, the ponderomotive parameter, and the ATI order

are the three basic parameters in the photoionization

process.
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