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Solitons for the cubic—quintic nonlinear Schrodinger
equation with varying coefficients®

Chen Yuan-Ming(B&7cH])T, Ma Song-Hua(#A%), and Ma Zheng-Yi(Zh1E X)

College of Sciences, Lishui University, Lishui 323000, China

(Received 11 November 2011; revised manuscript received 13 December 2011)

In this paper, by means of similarity transfomations, we obtain explicit solutions to the cubic—quintic nonlinear

Schrodinger equation with varying coefficients, which involve four free functions of space. Four types of free functions

are chosen to exhibit the corresponding nonlinear wave propagations.
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1. Introduction

The nonlinear Schrédinger (NLS) equation and
its extensions have attracted much extensive atten-
tion due to their numerous physical applications in
many branches of nonlinear science, such as nonlinear
optics!! =3 and the Bose-Einstein condensates (BECs)
(where the NLS equation is also known as the Gross—
Pitaevskii equation!!), biomolecular dynamics,!? and
many others.[5—11

One of the simplest extensions of the cubic
NLS equation is the so-called cubic—quintic nonlinear
Schrodinger (CQNLS) model, which is

2
158 =S Gy + Gl ()
The CQNLS equation is another universal mathemati-
cal model describing many situations of physical inter-
est and approximating many other more complicated
models. 8]

The aim of this paper is to study explicit solu-
tions of the CQNLS equation with varying coefficients,
which can be written in the following dimensionless

form:

0 o?
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where (¢, ) represents the macroscopic wavefunc-
tion, f(¢,x) is the group-velocity dispersion coeffi-

cient, h(t,x) is an external poternal potential, g; (¢, )
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and g2 (¢, z) are the cubic and the quintic nonlinear co-
efficients corresponding to the two-body and the three-
body interactions, respectively. The signs of ¢ (¢, )
and go(t,x) can be positive or negative, indicating
that the interactions are repulsive or attractive, re-
spectively. Thus, in this paper, we construct different
types of explicit solutions, such as bright and dark
soliton solutions.

2. Main method

We consider the CQNLS with varying coefficients.
Our first goal is to transform Eq. (2) into the station-
ary CQNLS equation!®!

BV = —Uxx + G1|¥|20 + G,|0|*w, (3)

where both ¥ = ¥(X) and X = X (¢, x) are real func-
tions, E denotes the eigenvalue of the nonlinear equa-
tion, and G; and G2 are the (constant) nonlinearity
parameters.

To connect solutions of Eq. (2) with those of
Eq. (3), we will use the the following transformation:

Y(t,x) =r(t,x)P[X ()], (4)
where ¥(X) satisfies Eq. (3), and (¢, z) is a solution

of Eq. (2).
f(t,z), the potential h(f,x), and the nonlinearities

The group-velocity dispersion coefficient

g1(t,x) and go(t,x) are determined after the trans-
formation has been applied. Although the method-

ology of this transformation has been explained in
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Ref. [12] for the cubic nonlinear Schrédinger (CNLS)
equation, for the sake of completeness, we show here
the method. Moreover, the CQNLS equation presents
an extra term with respect to the CNLS equation,
which implies extra complications in the treatment
of the solutions. Other similarity transformations
have been studied for the NLS equations in different
contexts. 1321

In our calculations, it is convenient to introduce
the polar form for the complex modulating function

r=r(tz),
r(t,x) = p(t,z) et (5)

where p and ¢ are real functions (p is also non-
negative). Substituting Eq. (4) into Eq. (2), and after
some simple algebra, we obtain the following system

of conditions for g1, g2, f, and h:

G1 X,
gl(t’x): ! i (6)
T\ X,
Go X2
ga(t,7) = —2 2 (7)
=

1
f(t,w) = @,

Wt z) = P~ P*0u X2 — pp3 — EpX2
b sz% b

together with

(p2XI)I = 07
p(p)e + f(t,2)(p°¢)a = 0, (10)
Xt + Qf(tvx)(rbzXz = Oa

from Eq. (10), and

(11)

where v(t) # 0 is an arbitrary differentiable function
of time, and 7 X, > 0. The above-mentioned solutions
can make sure Eq. (2) be integrable or non-integrable.
Therefore, based on the similarity transformation (4),
we can obtain the solutions of Eq. (2) from those of
Eq. (3). Moreover, these free functions X (¢, z), ¢(t, x),
and 7(t) lead Eq. (2) to admit the abundant struc-

tures.

3. Solutions for different choices

of free functions

It follows from Egs. (6)—(9) and (11) that there
are many types of choices for free functions X (¢, z) and
@(t, z) and integration function v(t), which will make
Eq. (2) admit various types of structures. To gain in-
sight into the wave propagations of the solutions, we
choose several types of functions X (¢, x), ¢(t,z), and

~(t) to exhibit the dynamics of the solutions of Eq. (2).

3.1. X (t, x) being a linear function of x
Here we choose X(t,z) and ¢(¢,x) to be linear
functions of x expressed as
X(t,z) = mqi(t)x + ma(t),
¢(t7 :C) = nl(t)x + n2(t)a (12)
where mq, ms, n1, and ny are all functions of time,

which are substituted into Eqgs. (6)—(9) and (11) to

obtain the following functions:

ft,z) = \/W,

q(t,z) = 7&@7 (13)
g2t ) = GQT\/T,

h(t, ) = —(n(t)? + )/ )

— (i (t)z + n5 (1))

Since my, ma, n1, and ng are all free parameters,
we can further choose them to exhibit the dynamics of
the solutions of Eq. (2). Based on the similarity trans-
formation (4), the intensity of the solution of Eq. (2)
is expressed as |(t,2)|> = p?|¥(X)|?, thus we only
take some functions related to p and X to investigate
their intensities.

Case 1 my(t) = t, ma(t) = mot®. These ex-
pressions are from Ref. [§8]. On the other hand, many
solutions of Eq. (3) are known. In this paper, we use

the bright soliton solution given in Ref. [12]
n

\/\/1 — Bcosh(2y/—EX)+1
where
4F —16EGo
e e W
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with Go > 0, E < 0, and G; < 0. The restriction on
B is that 0 < § < 1. The dark soliton is given by the
following expression:

¥ = +/ay (sech(uX) — 1), (16)
where
=" (17)

S8E 3E
=—, Gy=—= 18
5@1 ’ 2 504% ’ ( )

Gi

with a3 < 0 being an arbitrary constant.
For the CNLS Eq. (3) with G; = —4 and G5 =1,
we further take () = vot3, (70 > 0), so the bright

soliton intensity of Eq. (2) can be written as

hns(t, @) |* = 4ty

4 (@ cosh(2y/=E (tz + mot?)) + 1)

E ‘ (19)

The corresponding wave propagation is illustrated in Figs. 1(a) and 1(b), in which it is found that the amplitude

of the solution becomes larger when space variable z becomes larger.

Fig. 1. Intensity U = |¢|? distributions of ((a), (b)) the bright soliton given by Eq. (19) with E = —1.0, and
((c), (d)) the dark soliton given by Eq. (20) with £ = 1.0. The other parameters are mg = 0.1 and vo = 0.5.

For the periodic wave and the dark soliton solutions, we may take the bounded function ~(t) = —i’j’r—i,
(70 > 0), which makes sure p be bounded. The intensity of the dark soliton of Eq. (2) is given by
a1(—1 + cosh(2V5BE(tx + mot®
()2 = 2|2 Gk D), 20)

T 1+t

which is illustrated in Figs. 1(c) and 1(d).

cosh(2VEE(tz 4+ mot?))

From Fig. 1, we can find the same pictures as those for the CNLS equation with varying coefficients, the

detail can be found in Ref. [16].

Case 2 my(t) = cos(t), ma(t) = mosin(t), v(t) = vocos(t)?, (70 > 0). Figures 2(a)-2(d) display the
intensity distributions of the following solutions of Eq. (2). The bright soliton intensity (Figs. 2(a) and 2(b)) is

given by
[Ys(t,2)[* = 4cos(t)*70

& , (21)

—4 <\/g cosh(2v/—E(cos(t)z + mgsin(t))) + 1)
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and the dark soliton intensity (Figs. 2(c) and 2(d)) is given by

5 o| @1(—1 + cosh(2V5E(cos(t)x + mgsin(t))))
|¢ds (t7 LU)| =70 COS(t) 2 - (22)
cosh(£V5E(cos(t)x + mosin(t)))
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Fig. 2. Intensity U = || distributions of ((a), (b)) the bright soliton given by Eq. (21) with £ = —1.0, and
((c), (d)) the dark soliton given by Eq. (22) with E = 1.0. The other parameters are mg = 0.1 and vo = 0.5.
3.2. X(t,z) being a hyperbolic-sine We obtain
function of x
B ~o cos(t)2n+1
Here we choose X (t,x) and 7(¢) to be hyperbolic- plz,t) = (25)

cosh(cos(%)x) cos(%)
sine functions of x and periodic functions of time.

They are given by from Eq. (11). These functions are substituted into

. t Egs. (6)—(9) to obtain the other functions for the cho-
X(t,z) =sinh | cos | = |z|, (23) _ ) : .
sen function ¢. Thus we can obtain the bright soliton
v(t) = yocos(t)* T, (70 >0, n>0). (24) intensity as
|

st )2 = Cos(tt)%% . —E , 2%
el ) cosh(cos(5)x) cos(3) \/1+ £ cosh(2y/=E sinh(cos(%)z)) + 1 20
and the dark soliton intensity as
5 Yo cos(t)?nHL a1(—1 + cosh(2v/5E sinh(cos(£)z)))
as(t: @) = cosh(cos(%)x) cos(%) cosh(2/5E(sinh(cos(§)z))) ' (27)

The intensities of these solutions are exhibited in Fig. 3 for different parameters. In particular, n can lead
to different wave propagations (see the columuns for n = 0 and n = 0.5 in Fig. 3).
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Fig. 3. Intensity U = ||? distributions of the solutions given by Eq. (25) with E = —1.0, ((a), (b)) n = 0, ((c),
(d)) n = 0.5, and the solutions given by Eq. (26) with £ = 1.0, ((e), (f)) n =0, ((g), (h)) n = 0.5. The other
parameter is yo = 0.5.

3.3. X (t, ) being a combination of lin-  periodic functions of time. They are given by

ear and periodic functions of x
X (t,z) = 2tz + wo sin(t*x),
Here we choose X (t,2) and ~(¢) to be the combi-

nation of linear and periodic functions of  and semi-

050510-5
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We obtain from Eq. (11). These functions are substituted into
Egs. (6)—(9) to obtain the other functions for the cho-

Yo cos(t)? (30) sen function ¢. Thus we can obtain the bright soliton

2 + wy cos(t3x) intensity as

cos(t)?vo -F
|¢bs(t7x)‘2 = ) (31)
2 + wo cos(t*x)t \/1+ & cosh(2v=E(4tx + 2wy sin(t?z))) + 1
and the dark soliton intensity as
st )2 = Yocos(t)?  |a1(—1+ cosh(2V5E(2tx + wy sin(t?z)))) ’ (32)
dsih 2 + wy cos(t2x)t cosh(2V5E(2tx + wy sin(t?z))) .

3.4. X (t,x) being a Jacobi-sn function of =

When we choose X (t,z) and ~(¢) to be the Jacobi-sn functions of  and the Jacobi-dn functions of time.

They are given by
X (t,x) = sn (e(tr +wot?), k), ~(t) =vodn(t, k). (33)

We obtain

B o dn(et, k)
M%”_¢mww@+mmmﬁmm+@$ﬂ o

from Eq. (11). These functions are substituted into Egs. (6)—(9) to obtain the other functions for the chosen

function ¢. Thus we can obtain the bright soliton intensity as

ot )] Tonlet ) = (35)
bs\l, = )
cn(et(wot + ), k) dn(et(wot + ), k)et \/1+ % cosh(2v/—Esn (e(tx + wot?), k)) + 1
and the dark soliton intensity as
[Yas(t, z)|* = Yo dn(et, k) a1(—1 + cosh(2v5Esn (e(tz + wot?), k))) ‘ (36)
= cn(et(wot + ), k) dn(et(wot + x), k)et cosh(2v5Esn (e(tx + wot?), k) '
\
4. Conclusion the obtained solutions. These solutions may provide

more information to further study the nonlinear phys-
In summary, we have obtained many new types ical system.
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