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1. Introduction

During the past decade, complex dynamical net-

works have become a focal research topic and at-

tracted more and more attention in various fields

including physics, biology, chemistry, and computer

science.[1−5] A complex network is a large set of in-

terconnected nodes, in which each node is a fun-

damental unit with specific contents. Examples of

complex networks include the internet, the world

wide web (WWW), neural networks in human brains,

food webs, telephone cell graphs, electricity distri-

bution networks, etc. Many of these networks ex-

hibit complexity in the overall topological properties

and the dynamical properties of the network nodes

and the coupled units. The complex nature of com-

plex networks has led to a series of important stud-

ies. In particular, one significant and interesting phe-

nomenon is the synchronization of all the dynami-

cal nodes. So far, many different types of synchro-

nizations have been investigated, such as complete

synchronization,[6,7] generalized synchronization,[8]

phase synchronization,[9] lag synchronization,[10] and

projection synchronization.[11−13] Meanwhile, many

approaches to synchronizing complex networks, such

as adaptive control,[14] pinning control,[15] impulsive

control,[16−21] intermittent control,[22,23] and sliding

mode control,[24,25] have been developed.

As is now well known, a real-world complex net-

work normally has a large number of nodes. There-

fore, due to the complexity of the dynamical network,

it is difficult to add controllers to all nodes to re-

alize the synchronization, just as in the case men-

tioned in Ref. [26]. A natural way to reduce the

number of controllers is to use the pinning control

method. Wang and Chen[27] and Li et al.[28] pro-

posed an effective approach to pinning a complex net-

work to its equilibrium. Chen et al.[29] proposed a

pinning control method to achieve the inner synchro-

nization for the complex dynamical network using a

single controller. Guo et al.[30] investigated the global

synchronizations of the complex networks with non-

delayed and delayed couplings based on the pinning

controllers. Some sufficient conditions for the global

synchronization by adding linear and adaptive feed-

back controllers to some part of the nodes were ob-

tained. Yu et al.[31] investigated the pinning synchro-

nization of the delayed dynamical network via periodi-
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cally intermittent control. Wu[32] pointed out that the

pinning control should be applied to the roots of the

trees in the spanning forest of the interaction graph.

To pin an array of linearly coupled neural networks,

Zhou et al.[33] solved two fundamental problems in the

pinning control of complex networks: (i) the number

of nodes that need to be pinned in a network with a

fixed network structure and fixed coupling strength to

reach network synchronization; (ii) the size of the cou-

pling strength required to realize the network synchro-

nization in a network with a fixed network structure

and fixed pinning nodes. Lu et al.[34] proved that only

one controller is required for a strongly connected net-

work, while at least m controllers are needed for an m-

reducible coupling matrix. Song and Cao[35] pointed

out that the nodes whose out-degrees are bigger than

their in-degrees must be chosen as the candidates to

be pinned. As far as we know, although some pinning

control schemes have been proposed for synchroniza-

tion, not much work has been done on the synchro-

nization of nonlinearly coupled complex networks with

time-varying coupling delays and time-varying delays

in the dynamical nodes by using the adaptive feed-

back controllers to a part of the nodes and adjusting

the time-varying coupling strengths.

Motivated by the above discussion, in this paper

we investigate the synchronization of nonlinearly cou-

pled complex networks with time-varying coupling de-

lays and time-varying delays in the dynamical nodes.

In this study, we design the controllers to ensure that

the special networks can reach synchronization. To

reduce the number of the controllers, we control the

complex networks by adding adaptive feedback con-

trollers to a part of the nodes and adjusting the time-

varying coupling strengths. Based on the Lyapunov–

Krasovskii stability theory for functional differential

equations[36,37] and a linear matrix inequality (LMI),

some sufficient criteria are derived from a simple con-

trol law to ensure the synchronization of the network.

The main contributions of this paper are three-fold:

(i) the weight configuration matrix is not necessarily

irreducible; (ii) the pinning nodes can be randomly

selected; (iii) the synchronization criterion is indepen-

dent of the time delays. Numerical examples are also

provided to demonstrate the effectiveness of the the-

ory.

The rest of this paper is organized as follows. The

network model is introduced and some necessary def-

initions, lemmas, and hypotheses are given in Section

2. The synchronization of the coupled complex net-

works is discussed in Section 3. An example and its

simulation are given in Section 4. Finally, conclusions

are drawn in Section 5.

2. Network models and mathe-

matical preliminaries

2.1.Model description

The network with time-varying coupling delays

and adaptive coupling strengths can be described by

ẋi(t) = f(t,xi(t),xi(t− τ1(t)))

+σ(t)

N∑
j=1

aijH1(xj(t))

+ c(t)
N∑
j=1

bijH2(xj(t− τ2(t))),

i = 1, 2, . . . , N, (1)

where xi(t) = (xi1(t), xi2(t), . . . , xin(t))
T ∈ Rn is

the state vector of the i-th dynamical node, f :

R+ ×Rn → Rn is a vector value function, τ1(t) > 0

and τ2(t) > 0 are time-varying delays, σ(t) > 0 and

c(t) > 0 are time-varying coupling strengths, H1(·)
and H2(·) are nonlinear functions, A = (aij)N×N and

B = (bij)N×N are the weight configuration matrices.

If there is a connection between nodes i and j(j ̸= i),

then couplings aij = aji > 0, bij = bji > 0, otherwise,

aij = aji = 0, bij = bji = 0. The diagonal elements of

matrices A andB are defined as aii = −
N∑

j=1,j ̸=i

aji and

bii = −
N∑

j=1,j ̸=i

bji, respectively, where i = 1, 2, . . . , N .

Particularly, the weight configuration matrix is not

necessarily irreducible.

2.2.Mathematical preliminaries

To obtain the main results, the following lemmas

and assumptions are needed.

Definition 1 Assume that s (t) ∈ Rn are arbi-

trary smooth dynamics. The controlled complex net-

work (1) is said to be in homogeneous synchronized

state s (t) if the solution satisfies lim
t→∞

∥xi(t)− s(t)∥ =

0 for any initial conditions.

Let C([−τ, 0],Rn) be the Banach space of con-

tinuous functions that map interval [−τ, 0] into Rn

with norm ∥ϕ∥ = sup−τ≤θ≤0 ∥ϕ(θ)∥. The initial con-

ditions of the functional differential Eq. (1) are given

by xi(t) = ϕi(t) ∈ C([−τ, 0],Rn), and it is assumed

that equation (1) has a unique solution for these initial

conditions.
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Suppose that s(t) is a solution of the uncoupled system, ṡ(t) = f(s(t)). In order to pin system (1) into the

synchronization manifold (s(t), s(t), . . . , s(t)), we should add controllers ui(t) = ki(H1(xi(t))−H1(s(t))) to a

certain selection of the nodes. Without loss of generality, we add the controllers to the first l nodes (0 ≤ l ≤ N),

then we have



ẋi(t) = f(t,xi(t),xi(t− τ1(t))) + σ(t)
N∑
j=1

aijH1(xj(t))

+ c(t)
N∑
j=1

bijH2(xj(t− τ2(t)))− ui(t), i = 1, 2, . . . , l,

ẋi(t) = f(t,xi(t),xi(t− τ1(t))) + σ(t)
N∑
j=1

aijH1(xj(t))

+ c(t)
N∑
j=1

bijH2(xj(t− τ2(t))), i = l + 1, l + 2, . . . , N.

(2)

Noting that ei(t) = xi(t)− s(t), we have

ėi(t) = f̃(t,xi(t),xi(t− τ1(t))) + σ(t)
N∑
j=1

aijH1(xj(t))

+ c(t)
N∑
j=1

bijH2(xj(t− τ2(t)))− ui(t), i = 1, 2, . . . , l,

ėi(t) = f̃(t,xi(t),xi(t− τ1(t))) + σ(t)
N∑
j=1

aijH1(xj(t))

+ c(t)
N∑
j=1

bijH2(xj(t− τ2(t))), i = l + 1, l + 2, . . . , N,

(3)

where f̃(t,xi(t),xi(t − τ1(t))) = f(t,xi(t),xi(t −
τ1(t)))− f(t, s(t), s(t− τ1(t))).

Lemma 1[38] For two arbitrary vectors x and y,

a matrix S > 0 with compatible dimensions, one has

2xTy ≤ xTSx+ yTS−1y.

Lemma 2[39] Let Q and R be two symmetric

matrices, and matrix S has a suitable dimension, thenQ S

ST R

 < 0

if and only if both R < 0 and Q − SR−1ST < 0 are

satisfied.

Lemma 3[40] For vector-valued function

f(t,xi(t),xi(t−τ1(t))), assuming that there exist pos-

itive constants γ > 0 and θ > 0 such that f satisfies

the semi-Lipschitz condition, we have

(xi(t)− yi(t))
T(f(t,xi(t),xi(t− τ1(t)))

−f(t,yi(t),yi(t− τ1(t))))

≤ γ(xi(t)− yi(t))
T(xi(t)− yi(t)) + θ(xi(t− τ1(t))

−yi(t− τ1(t)))
T(xi(t− τ1(t))− yi(t− τ1(t)))

for all x,y ∈ Rn and t ≥ 0, where i = 1, 2, . . . , N.

Assumption 1[41] (global Lipschitz condition)

Suppose that there exist nonnegative constants α, β

for all ∀t ∈ R+ such that for any time-varying vectors

x(t),y(t) ∈ Rn,

∥H1(x)−H1(y)∥ ≤ α ∥x− y∥ ,
∥H2(x)−H2(y)∥ ≤ β ∥x− y∥ ,

where ∥·∥ denotes the 2-norm throughout the paper.

Assumption 2[41] Time delays τ1(t) and τ2(t)

are differential functions with 0 ≤ τ̇1(t) ≤ ε ≤ 1 and

0 ≤ τ̇2(t) ≤ ε ≤ 1. Clearly, this assumption is en-

sured if delays τ1(t) and τ2(t) are constants. For con-

venience, we denote

x̃j(t) = (x1j(t), x2j(t), . . . , xNj(t))
T,

ẽj(t) = (e1j(t), e2j(t), . . . , eNj(t))
T,

H1(x̃j(t)) = (H1(x1j(t)),H1(x2j(t)), . . . ,

H1(xNj(t)))
T,

H2(x̃j(t)) = (H2(x1j(t)),H2(x2j(t)), . . . ,

H2(xNj(t)))
T,

ẽj = x̃j(t)− s̃j(t).

3. Main results

In this section, we synchronize system (1) by us-

ing adaptive feedback controllers. If parameters k1,
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k2, . . . , kl in coupled system (3) are defined as

k̇i = qie
T
i (t)ei(t), i = 1, 2 . . . l,

where qi (i = 1, 2, . . . , l) are positive constants and

ki(0) > 0, then controller ui(t) = ki(H1(xi(t)) −
H1(s(t))) is called an adaptive feedback controller.

After applying an adaptive feedback controller to sys-

tem (3), we have



ėi(t) = f̃(t,xi(t),xi(t− τ1(t))) + σ(t)
N∑
j=1

aijH1(xj(t))

+ c(t)
N∑
j=1

bijH2(xj(t− τ2(t)))− ui(t), i = 1, 2, . . . , l,

k̇i = qie
T
i (t)ei(t), i = 1, 2, . . . , l,

ėi(t) = f̃(t,xi(t),xi(t− τ1(t))) + σ(t)
N∑
j=1

aijH1(xj(t))

+ c(t)
N∑
j=1

bijH2(xj(t− τ2(t))), i = l + 1, l + 2, . . . , N.

(4)

Theorem 1 Suppose that Assumptions 1 and 2

hold, the adaptive coupling strengths are obtained as

σ(t) = ρ̂(t) + µ1, c(t) = η̂(t) + µ2, (5)

where µ1 > 0, µ2 > 0, ρ̂(0) > 0, and η̂(0) > 0. If ρ̂(t)

and η̂(t) satisfy the following update laws:

˙̂ρ(t) = −
N∑
i=1

eTi (t)ei(t),

˙̂η(t) = −
N∑
i=1

[eTi (t)ei(t) + eTi (t− τ2(t))ei(t− τ2(t))],

and the following condition holds:

µ1αA− αkΛ+
1

2(1− ε)
IN +

1

2
β2µ2

2B
TB < 0, (6)

where k is a positive constant to be determined, then

controlled dynamical network (1) is synchronized.

Proof Construct the following Lyapunov–

Krasovskii function:

V (t) =
1

2

N∑
i=1

eTi (t)ei(t)

+
θ

(1− ε)

N∑
i=1

∫ t

t−τ1(t)

eTi (ξ)ei(ξ)dξ

+
1

2(1− ε)

n∑
j=1

∫ t

t−τ2(t)

ẽTj (ξ)ẽj(ξ)dξ

+
α

2

l∑
i=1

(ki − k)2

qi
+

ρ̃2

2αλ1
+

η̃2

βλ2
,

where ρ̃(t) = (γ + θ
(1−ε) ) + αλ1ρ̂(t), ˙̃ρ(t) =

αλ1
˙̂ρ(t), η̃(t)= 1

2βλ2η̂(t), ˙̃η(t) = 1
2βλ2

˙̂η(t), λ1 =

max |λ(A⊗ I)|), and λ2 = max(|λ(B ⊗ I)|). By

virtue of Assumptions 1 and 2, the time derivative

of V (t) along the trajectory of system (4) is derived

as

V̇ (t) =
N∑
i=1

eTi (t)(f̃(t,xi(t),xi(t− τ1(t)))

+σ(t)
N∑
j=1

aijH1(xj(t))

+ c(t)
N∑
j=1

bijH2(xj(t− τ2(t)))− ui(t))

+
θ

(1− ε)

N∑
i=1

(eTi (t)ei(t)− (1− τ̇1(t))

× eTi (t− τ1(t))ei(t− τ1(t)))

+α
l∑

i=1

(ki − k)eTi (t)ei(t)

+
1

2(1− ε)

n∑
j=1

(ẽTj (t)ẽj(t)− (1− τ̇2(t))

× ẽTj (t− τ2(t))ẽj(t− τ2(t)))

+ ρ̃(t) ˙̂ρ(t) + η̃(t) ˙̂η(t).

Using Lemma 3, we obtain

V̇ (t) ≤
N∑
i=1

[
γei (t)

T
ei (t) + θeTi (t− τ1(t))ei(t− τ1(t))

]
+

N∑
i=1

eTi (t)ρ̂(t)
N∑
j=1

aijH1(xj(t))

+µ1

N∑
i=1

eTi (t)

N∑
j=1

aijH1(xj(t))

+
N∑
i=1

eTi (t)η̂(t)
N∑
j=1

bijH2(xj(t− τ2(t)))
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+µ2

N∑
i=1

eTi (t)
N∑
j=1

bijH2(xj(t− τ2(t)))

−α
l∑

i=1

keTi (t)ei(t) +
θ

(1− ε)

N∑
i=1

eTi (t)ei(t)

− θ(1− τ̇1(t))

(1− ε)

N∑
i=1

eTi (t− τ1(t))ei(t− τ1(t))

+
1

2(1− ε)

n∑
j=1

ẽTj (t)ẽj(t)

− 1− τ̇2(t)

2(1− ε)

n∑
j=1

ẽTj (t− τ2(t))ẽj(t− τ2(t))

+ ρ̃(t) ˙̂ρ(t) + η̃(t) ˙̂η(t).

Let e(t) = (eT1 (t),e
T
2 (t), . . . , e

T
N (t))T ∈ RnN , by using

Assumptions 1 and 2 and Lemma 1, we obtain

V̇ (t) ≤
N∑
i=1

[γei (t)
T
ei (t)

+ θeTi (t− τ1(t))ei(t− τ1(t))]

+αλ1ρ̂(t)

N∑
i=1

eTi (t)ei(t)

+µ1α
n∑

j=1

ẽTj (t)Aẽj(t) +
1

2
βλ2η̂(t)(e

T(t)e(t)

+ eT(t− τ2(t))e(t− τ2(t)))

+µ2β
n∑

j=1

ẽTj (t)Bẽj(t− τ2(t))

−α

l∑
i=1

keTi (t)ei(t) +
θ

(1− ε)

N∑
i=1

eTi (t)ei(t)

− θ

N∑
i=1

eTi (t− τ1(t))ei(t− τ1(t))

+
1

2(1− ε)

n∑
j=1

ẽTj (t)ẽj(t)

− 1

2

n∑
j=1

ẽTj (t− τ2(t))ẽj(t− τ2(t))

+ ρ̃(t) ˙̂ρ(t) + η̃(t) ˙̂η(t).

Let Λ =

 Il×l 0

0 0


N×N

, we obtain

V̇ (t) ≤
n∑

j=1

ẽTj (t)

[
µ1αA− αkΛ+

1

2(1− ε)
I

]
ẽj(t)

+µ2β
n∑

j=1

ẽTj (t)Bẽj(t− τ2(t))

− 1

2

n∑
j=1

ẽTj (t− τ2(t))ẽj(t− τ2(t))

=
n∑

j=1

(ẽTj (t), ẽ
T
j (t− τ2(t)))Zj(ẽj(t), ẽj(t− τ2(t))),

where

Zj =

 µ1αA− αkΛ+ 1
2(1−ε)IN

1
2βµ2B

1
2βµ2B

T − 1
2IN

 .

It follows from Lemma 2 that if

µ1αA− αkΛ+
1

2(1− ε)
IN +

1

2
β2µ2

2B
TB < 0,

then V̇ (t) < 0. The proof is completed.

Remark 1 As is now well known, a real-world

complex network normally has a large number of

nodes, it is usually difficult to control a complex net-

work by adding the controllers to all nodes. To reduce

the number of the controllers, the pinning controller

is relatively simple and is easy to implement.

Remark 2 By using the Lyapunov–Krasovskii

functional method and a linear matrix inequality

(LMI), we prove that the dynamical network can be

made synchronized with one isolated node by adding

the controllers to only a small subset of the nodes. In

addition, the pinning nodes can be randomly selected.

It indeed provides some new insights into future prac-

tical engineering design.

Remark 3 In this paper, the weight configura-

tion matrix is not necessarily irreducible.

Remark 4 The synchronization criteria have

been given in Theorem 1. Compared with some simi-

lar designs, our pinning adaptive controllers are very

simple. In particular, the synchronization criteria are

independent of the time delay.

4. Illustrative example

In this section, a numerical example is given to

demonstrate the validity of the synchronization crite-

ria obtained in the previous sections. Considering the

following network:
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ẋi(t) = f(t,xi(t),xi(t− τ1(t))) + σ(t)
N∑
j=1

aijH1(xj(t))

+ c(t)
N∑
j=1

bijH2(xj(t− τ2(t)))− ui(t), i = 1, 2, . . . , l,

ẋi(t) = f(t,xi(t),xi(t− τ1(t))) + σ(t)
N∑
j=1

aijH1(xj(t))

+ c(t)
N∑
j=1

bijH2(xj(t− τ2(t))), i = l + 1, l + 2 . . . N,

where f(t,xi(t),xi(t− τ1(t))) = Dxi(t)+h1(xi(t))+

h2(xi(t − τ1(t))), and xi(t) = (xi1(t), xi2(t), xi3(t))
T,

with τ1(t) = 2 et

(1+ et) , h1(xi) = (3.247(|xi1 + 1| −
|xi1 − 1|), 0, 0)T, h2(xi) = (0, 0,−3.906 sin(0.5xi1))

T,

τ2(t) =
et

10(1+ et) , N = 4, l = 1, H1(x) = sinx + 2x,

H2(x) = cosx+ 3x,

D =


−2.169 10 0

1 −1 1

0 −19.53 −0.1636

 ,

A = B =


−1 1 0 0

1 −3 1 1

0 1 −2 1

0 1 1 −2

 .

The simulation results are given in Figs. 1–4. Fig-

ure 1 shows the chaotic behavior of the time-delayed

Chua oscillator. Figures 2 and 3 show the time evo-

lutions of the synchronization errors with q1=1 and

q1=15, respectively. Figure 4 shows the evolution of

the feedback strength k1 with q1=15. All numerical

simulations illustrate the effectiveness of Theorem 1.
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Fig. 1. Chaotic behavior of time-delayed Chua oscillator.

As can be seen, the constant qi can be chosen

properly to adjust the synchronization speed. The

larger the adaptive gain qi, the faster the synchro-

nization of the networks.
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Fig. 2. (colour online) Time evolutions of the synchro-

nization errors with q1=15.
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Fig. 3. (colour online) Time evolutions of the synchro-

nization errors with q1=1.

We have proved in Theorem 1 that system (1) can

be synchronized by adding suitable controllers to only

a sub-collection of the nodes in the network. The nu-

merical simulation is performed to verify the effective-

ness of the theoretical results. Particularly, let l = 1,

then the results imply that network (1) can be glob-

ally synchronized with (s(t), s(t), . . . , s(t)), which also

means that we can pin a coupled complex network to a

homogenous solution by using only a single controller.
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Fig. 4. Evolution of the feedback strength k1 with q1=15.

5. Conclusion

In this paper, the synchronization of complex net-

works with time-varying coupling delays and time-

varying delays in the dynamical nodes is investigated

based on the pinning controllers. The coupling ma-

trices are not assumed to be irreducible. By using

the Lyapunov–Krasovskii functional method and a lin-

ear matrix inequality (LMI), we give some criteria for

the synchronization. The numerical simulation is per-

formed to verify the effectiveness of the theoretical

results. Compared with the existing results, our re-

sults reveal that our synchronization is still very use-

ful when the existing methods become invalid. In our

future work, we will consider the pinning synchroniza-

tion problem of directed complex networks.
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