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Effect of inertia mass on the stochastic resonance
driven by a multiplicative dichotomous noise*
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A stochastic system driven by dichotomous noise and periodic signal is investigated in the under-damped case.

The exact expressions of output signal amplitude and signal-to-noise ratio (SNR) of the system are derived. Numerical
results indicate that the inertial mass greatly affects the output signal amplitude and the SNR. Regardless of whether

the noise is symmetric or asymmetric, the inertial mass can influence the phenomenon of stochastic resonance (SR) of

the system, leading to two types of resonance phenomenon: one is coherence-resonance-like of the SNR with inertial

mass, the other is the SR of the SNR with noise intensity.
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1. Introduction

The term “stochastic resonance (SR)” was first
introduced by Benzi et al.?l Their goal is to ex-
plain the periodic recurrence of ice ages on the earth.
Since the introduction of SR, it has been studied ex-
tensively. Noise-induced dynamics has become the
center of the subject that has been investigated in a
variety of nonlinear systems with additive and multi-
plicative noises.>~% The phenomenon of SR has at-
tracted considerable interest due to many applica-

(5-7] 8] chemistry,”) and so

tions in biology, physics,
on.[19=15] The beneficial role of the background noise
in physical systems has been appreciated, particularly
since the discovery of SR. There has been a tremen-
dous theoretical development of SR in stochastic sys-
tems. In order to describe SR, one believes that
the response of the system undergoes a resonance-like
behavior, and the typical manifestation is the exis-
tence of a maximum or minimum of the output sigal
or signal-to-noise ratio (SNR).[>7=11:1415] They have
studied the SNR on the correlation time of the noise
and the frequency of the input signal to testify SR
phenomenon.

Recently, it has been shown that SR can occur
in linear systems for the dichotomous noise,!16=2
composite noise,?1?21 Gaussian noise,!**=2% and so
on.26=28] Tt turns out that SR takes place only for

a multiplicative colored noise, but disappears for a
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white noise. In general, one considers an over-damped
nonlinear or a linear system. However, only a few pre-
vious studies considered the effect of the inertia mass
on the system.

In this paper, we investigate the effect of the iner-
tia mass on the phenomenon of stochastic resonance
This
paper is organized as follows. In Section 2, we provide

driven by a multiplicative dichotomous noise.

the exact expressions of output signal amplitude and
the effect of inertial mass on output signal amplitude.
Furthermore, we calculate the SNR and investigate
the effect of inertial mass on SNR. In Section 3, the
main results and conclusions are summarized.

2. Model and its output ampli-

tude and signal-to-noise ratio

A stochastic system subjected to a sinusoidal sig-
nal and an inertia mass can be described by the fol-
lowing stochastic differential equation:

dU
mi+ & = —# + &(t)x + asin(wt), (1)
x
where dU(x)/dx = 0 (the potential U(z) is a con-
stant), m is the inertial mass, and £(t) represents the
asymmetric dichotomous noise which takes two asym-
metric values of E, and —kE (E > 0, k > 0). The k
represents the asymmetric degree of the noise. When
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k = 1, the noise becomes symmetric. y is the transi-
tion rate ranging from E to —kE, and «' is the reverse
transition rate. We assume that £(¢) has the statistical

properties
By —kEy
€ ="""" =
(E()E(X)) = DAexp[-Alt — 1], (2)

where go is a constant that can be zero, negative, or
positive, A = v+~ is the autocorrelation rate, 7 = 1/A
is the correlation time, and D is the noise intensity.
We have[?"]

/

_ 2 2 Y
D=FE(1+k) 7(74_7,)3. (3)
We assume
£@t) =n(t) + g, (4)

where g is a constant, and 7(t) is a dichotomous noise
which takes two values ¢ and —c¢ (¢ > 0). The mean
value and correlation function of 7(t) are given by
(n(t)) = g0 — g,
(n(t)n(t)) = (g0 — 9)* + Drexp[=Alt =[], (5)
and ¢ and g take the forms of
c=1+kE/2, g=(1-k)E/2. (6)

In what follows, the method in Ref. [30] is adopted
to deal with Eq. (1). Averaging Eq. (1), we obtain

&) | de)
d? d¢
= gle(®) + () + asint).  (7)

Assuming & = y, equation (7) can be rewritten as

m O )
= g(z(t)) + (n(t)z(t)) + asin(wt). (8)
Applying the formulas of Shapiro and Loginov to the
system,[?9=32 we have
AL — () 120y Nnyate)

+ A () (2(1)). (9)

Substituting Eq. (8) into Eq. (9), and considering
& =y, we can obtain the differential equation

2
) SO — g0 — awscosft
= (n(t)y(t) - A d%ff» + ()

—g{z(t)) —asin(wt) | + A{n(®))(=(t)).  (10)
Then, Eq. (10) can be rewritten as
d*(y(t)) d(y(1)
d¢? dt
+ (A= 9)(y() = goM=(1))
= (n(t)y(t)) + aw cos(wt) + aAsin(wt). (11)

+ (14 Am)

Applying the formulas of Shapiro and Loginov
once again, we have

QO _ () WO, _ \inityytey)
+ M) (y(t))-

(12)

Then, substituting Eqgs. (8) and (11) into Eq. (12), and
considering y = &, we obtain a four-order differential
equation of (x(t)) as
d*(z(t 1 d3(x(t
1)
3\ 1 29\ d%(z(t))
n )

dt2
A2 29 2goM\ d{z(t))
* ( T T mE T m )dt

—goA — mgor? + g% — 2
# (A (a(1)

—amw? + a\ + amA? — 2ag + goa .
= 5 sin(wt)
m

2amw + aw

5 cos(wt), (13)

m

where 7(t)? = ¢? is used since n(t) = +c. From
Eq. (13), we can obtain the output signal in the fol-

lowing form:

(z(t)) = Asin(wt + ), (14)
where
1/2
A:a(f§+fz) !
f+i)
f1f3f2f4>
=arctan | ————— |, 15
? (Gt (%)
and
ot (e B L)
m o m m
—goA — mgoN* + g* — ¢
+ 2 ,
A2 A 29  2goA 3
f2 = <m mZ mz o )02 A
2mwA + w
f3 = D) ’
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—mw? + X+ mA2 =29+ go
fa= 3 . (16)

m

The SNR reflects the response of the system to an
external signal. Then, the effect of the inertial mass
on the SNR of the system will be considered. In order
to obtain the analytical expression of SNR, correlation
function of the system must be calculated. Multiply-
ing x(t") on both sides of Eq. (1), and then averaging
them, we can obtain

() | d@)et)
dt? dt
= E@z®)x(t")) + asin(wt)(z()).  (17)

In the same way as above, we can obtain the four-order
equation about (z(¢t)x(t')) as

d*(z(t)x(t')) +2(1 +A) d*(z()x(t))

det des
+ </\2 )W
N (x:j 2go>\> d(z (d)f(t'»
- (pArms mg‘)” =22 elogalt)
_ ”11(75 +aN? - a;ﬂ + “ﬂ’;o> () sin(wt)
+ (2000 + 22 ) (2(#) cos(wt)
N W‘;{ { — mAw? sin() + Aw cos(p)

— Ago sin(go)] cos(wt')
+ [-mAw? cos(p) —
— Ago cos(p) — al sin(wt’)}

'|) sin(wt). (18)

Awsin(y)

x exp(—A|t —

The solution of Eq. (18) is expressed in the following
form:

(x(t)z(t")) = M sin(wt + ¢)

+ Nsin(wt + ) exp(—Alt — ]), (19)

where

)

M= w§+wi>1/2
o w? + w2
1 2

WiW3 — WaWy
¢ = arctan [ —————
Waw3 + WiwWy

52 1/2 2
3
N = (zf n z%) , % = arctan (21>’ (21)

with

1
wp = w _(/\2+%+7) 2

0/\ + mgo/\2 + DX
— 32

2 2 1
wy = (/\+/\2— goA)w—2<+)\>w3a
m m m m

2amw + aw
2 IO (o),

—amw? + aX + amA? + agg

)

- @), @)
1

21 = M =622 Wt + 2<m + A) (=3 + 3 w?)

()\2 4 % + 1)(}\2 —W2)

+ (AQ LA 290)\)(—)\)

m?2 m

GoA + mgoA? + DA
_ e

1
29 = —(—4N3w + 4\w?) — 2(m + A) (302w — w?)

)

z3 = W{[ mAw? sin(p) + Aw cos(p)
— Ago sin(p)] cos(wt’)
+ [-mAw? cos(p) — Awsin(p)
— Ago cos(p) — a] sin(wt')}. (23)
Let |t —¢| = 7 > 0, we can calculate the correla-
tion function as ' = t+ 7 and ' = t — 7. Next,

taking the time average within one period of 27/w
and performing the Fourier transformation regarding
7 to the correlation functions ({(z(¢t)z(t+ 7))); and
({x(t)x(t — 7)))+, the averaged power spectrum on one
side can be obtained

S(2)+0

0
/ ({x(t)x(t — 7)))s exp(—i27)dT

— 00

+oo
+ [ 0t o esp(-iondr

- ;.&{[(QJFA?_&JF&)M
+ <2/\w + ;‘;>wg] cos(p) + me n ;)wl

_ (T’; FAZ—w? fz)wz} sin(w)}

X [0(2 4 w) +6(2 - w)]
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+% . % . Z%TIZ%{ZQ[—WLAUJQ sin(yp)
+ Aw cos(ip) — Ago sin(p)] + 21 [—mAw? cos()
— Awsin(yp) — Agg cos(p) — al}
A A
o @
1 a 1
2 m? A+

— Awsin(p) — Ago cos(p) — a]

X

+ {z9[-mAw? cos(y)

— 21 [-mAw? sin(yp) + Aw cos(p) — Ago sin(p)]}
2+w N—-w
[(Q+w)2+)\2 (Qw)2+)\2}

(24)

The averaged power spectrum on the other side can
be obtained in the same way. Thus, the total power
spectrum reads

5(92) = G16(£2 —w) + G26(2) + G, (25)

where

A A
G1 = W‘chg{{<+)\2w2+go)w1
m  wy + w; m m

+ (2/\w + ::L>w2] cos(¢)

T Kmu n w>w1
m

- (A FAZ Wy gO)U)Q:| sin(go)}, (26)
m m
Go = 0, (27)
a 1 9 .
Gs = 5 {22[—mAw”sin(p)
2

m? 24z
+ Aw cos(p) — Ago sin(y)]
+ 21 [~mAw? cos(p) — Awsin(p)

— Ago cos(p) — al}

A A
x {(Q—w)Q et (Q+w)2+/\2]
A
m2 22422
— Ago cos(ip) — a] — z1[~mAw? sin(p)
+ Aw cos(ip) — Ago sin(p)]}

{ZQ[msz cos(p) — Awsin(y)

N+4+w 2—w (28)
(R4+w)2+X2 (2—-w)2+ 2]
The SNR is defined as
Gy
SNR= ——~ ——. 29
Gg(.Q = w) ( )

So far we have obtained the analytical expressions
of the amplitude and the signal-to-noise ratio. Now
let us discuss the effect of inertial mass on them. By
virtue of Eq. (15), the effects of inertia mass m on the

amplitude can be discussed through numerical com-
putations (see Figs. 1 and 2). In Figs. 1(a) and 1(b),
we plot the dependence of A on the noise intensity
D for symmetric noise (k = 1) and asymmetric noise
(k = 3), respectively. In Fig. 1, we can see that in the
case of symmetric dichotomous noise, troughs of the
curves of A appear with the increase of inertial mass
m, while in the case of asymmetric dichotomous noise,
the amplitude exhibits that a peak gets flattened and
vanishes with the increase of m. This means that it
is the difference of curves between the symmetric and
asymmetric dichotomous noise that makes the under-
damped system different. Figure 1(b) shows the reso-
nance, but Fig. 1(a) shows the reverse resonance.

0-9 T T T T
0.8 (a)
0.7 k- - -

0.6 F

0.5F

0.4F ~ )

e

-~
~ - o
- - —

0.3F

Fig. 1. Output signal amplitude A as a function of the
noise intensity D. (a) k =1, (b) k = 3. The other param-
eters are £ =1,a=0.5, w=0.5, and v = «'.

In Figs. 2(a) and 2(b), we plot the dependence
of A on the inertial mass m for a symmetric noise
(k = 1) and an asymmetric noise (kK = 3), respec-
tively. As shown in Fig. 2(a), a resonance peak oc-
curs. As the value of D decreases, the peak of A-m
curves becomes higher, and the position of the peak
moves toward left. In the case of asymmetric dichoto-
mous noise, the amplitude exhibits that a bimodal
structure exists in Fig. 2(b). With D increasing, the
highest peak of the curves of A becomes lower and the
lowest one vanishes.
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Fig. 2. Output signal amplitude A as a function of the
inertial mass m for D = 1.8, 2, and 2.2. (a) k = 1, (b)
k = 3. The other parameters are the same as that in
Fig. 1.

According to Eq. (29), the change of SNR with
the noise intensity and inertial mass for symmetric
noise and asymmetric noise are shown in Figs. 3 and
4, respectively. In Figs. 3(a) and 3(b), we plot the
dependence of SNR on the noise intensity D for sym-
metric noise (kK = 1) and asymmetric noise (k = 3),
respectively. From Fig. 3(a), we can see that with the
further increment of the inertial mass m,the SNR de-
pendence of D becomes non-monotonic. A trough of
the curves of SNR appears. The value in the trough
is smaller and the position of the trough moves right
with the increment of the inertial mass m. However,
in the case of asymmetric dichotomous noise, the SNR
of the system decrease monotonously with increasing
noise intensity D, as shown in Fig. 3(b) where no peak
appears. The curves of SNR illustrate that the SNR
decreases with D, but increases with m.

Figures 4(a) and 4(b) are plots of SNR as a
function of the inertial mass m for symmetric noise
(k = 1) and asymmetric noise (k = 3), respectively.
As shown in Fig. 4(a), a trough appears. The value in
the trough is smaller and the position of the trough
moves right with the increment of the noise intensity
D. For a small value of D, the SNR shows a small sin-
gle peak. As the value of D increases, the peak for the
smaller value of D decreases and a new peak appears

for a larger value of D. Figure 4(b) shows that one
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200

100

Fig. 3. SNR as a function of the noise intensity D. (a)
k=1, (b) k = 3. The other parameters are the same as that

in Fig. 1.
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Fig. 4. SNR as a function of the inertial mass m for
D =18, 2, and 2.2. (a) k =1, (b) k = 3. The other
parameters are the same as that in Fig. 1.
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resonance peak appears. The SNR increases for small
values of m, but decreases for large values of m.
Namely, the SNR of the system as a function of m
is non-monotonic and behaves as a maximum. The
SR in the conventional form occurs.

3. Numerical simulations

In this section, numerical simulations are pre-
sented to verify the effectiveness of the influence of
the inertial mass on the SNR, leading to the stochastic
resonance of the system. In Fig. 5, we plot the power
as a function of frequency at different inertial masses
for asymmetric noise. We find that the stochastic res-
onance appears at w = 0.5. Figure 6 shows that in
the case of asymmetric dichotomous noise, the SNR
of the system as a function of inertial mass exhibits a
peak.
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Fig. 5. Power as a function of frequency at different inertial

ot

masses: m =1, m =5, and m = 8 for D = 2 and k = 3,
respectively. The other parameters are the same as in Fig. 1.
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Fig. 6. SNR as a function of the inertia mass m for D = 2
and k = 3. The other parameters are the same as in Fig. 1.

4. Conclusions

In summary, we have studied the effect of the in-
ertial mass on SR that is subjected to multiplicative
dichotomous noise, and found that the inertial mass
greatly affects the output signal amplitude and the
SNR. Regardless of whether the noise is symmetric

or asymmetric, the inertial mass can influence the
stochastic resonance of the system, leading to two
types of resonance phenomenon: one is the coherence-
resonance-like of the SNR with inertial mass, the other
is the SR of the SNR with noise intensity.
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