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Dynamic characteristics of the resonant gyroscope are studied based on the Mathieu equation approximate solution

in this paper. The Mathieu equation is used to analyze the parametric resonant characteristics and the approximate

output of the resonant gyroscope. The method of small parameter perturbation is used to analyze the approximate

solution of the Mathieu equation. The theoretical analysis and the numerical simulations show that the approximate

solution of the Mathieu equation is close to the dynamic output characteristics of the resonant gyroscope. The ex-

perimental analysis shows that the theoretical curve and the experimental data processing results coincide perfectly,

which means that the approximate solution of the Mathieu equation can present the dynamic output characteristic of

the resonant gyroscope. The theoretical approach and the experimental results of the Mathieu equation approximate

solution are obtained, which provides a reference for the robust design of the resonant gyroscope.
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1. Introduction

Resonance is a property of a system, which de-

scribes an enhanced response at a certain characteris-

tic frequency that is wholly determined by parameters

of the system.[1] The specific frequency is the one at

which the system retains the input energy with min-

imum loss. At the microscopic scale, the resonance

enhances the effect of small force and the device signal-

to-noise ratio. Operation at resonance is advantageous

not only for micromechanical actuators but also for

sensing. The resonant sensing often involves the de-

tection of input by means of resonant frequency shift

of the sensing device. In applications such as the gyro-

scope that require large amplitude motions, operation

at resonance is highly desirable.

A resonant gyroscope operates based on the prin-

ciple of detecting an induced Coriolis acceleration on

a vibrating proof mass in the presence of an applied

rotation rate, as its name implies. In the resonant

gyroscope, the resonant sensing serves as the basis

for the Coriolis force detection. The detection of fre-

quency shift is more advantageous than that of change

in amplitude, as it is less sensitive to effects such as

feedthrough couplings from undesired sources and par-

asitic passive elements. The resonant gyroscope tech-

nique also benefits from being highly sensitive, low

noise, and potentially low power and having large dy-

namic range and good linearity.

Although the gyroscopes have been the subject of

intensive research in the past few years,[2−5] and the

resonant gyroscope possesses the above advantages,

there is not much research on it and its dynamic char-

acteristics. Seshia et al.[6] reported an integrated mi-

croelectromechanical resonant gyroscope, but they did

not give the dynamic characteristics of the resonant

gyroscope in detail. Hassan and Roger[7] reported the

theory of direct frequency output vibratory gyroscope,

but they were concerned with the gyroscope whose

vibratory mode was out of plane, and the detection

principle was not resonant sensing that measured the

Coriolis force directly. There are some other investiga-

tions about the resonant gyroscope, but they all focus

on the driving control or the fabrication process.[8−10]

The gyroscope with resonant output has not been fab-
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ricated commercially. The main reason is that the res-

onant gyroscope develops slowly due to the fact that

the Mathieu equation has not been solved completely.

The Mathieu equation is a differential equation, which

can be used to describe the dynamic characteristics of

the resonant gyroscope.

The Mathieu equation is an excellent paradigm

for studying the parametric resonance (PR), which

is a subharmonic resonance that exemplifies the re-

sponse of a system to a kind of periodic force. In fluid

dynamics, many examples of waves may be excited

by the PR. Other examples can be found in acous-

tic instabilities of flames[11] and the Rayleigh–Benard

convection.[12] In geophysical fluid dynamics, Poulin

et al.[13] and Pedlosky and Thomson[14] derived ordi-

nary differential equations of the Hill type to describe

the stabilities of barotropic and baroclinic shear flows,

respectively. The Mathieu equation is also important

for describing travelling waves in a spatially uniform

medium. However, there have not been any reports

about parametric resonant dynamic characteristics in

resonant gyroscopes.

Finding the space of parameters is very important

for finding a stable approximate solution of the Math-

ieu equation. Hence, it is of interest to characterize

the dynamic characteristics by a stable approximate

solution of the Mathieu equation. Recently, several

authors have studied stable approximate solutions for

the Mathieu equation,[15−18] but the approximate so-

lutions they obtained are very complicated and just

reflect the parameter resonant excitement stability un-

der some conditions; several other authors have stud-

ied the stability of the Mathieu equation approximate

solution[19−21] to find out the stable state in the para-

metric periodic excitement, but they did not give any

clear approximate solution. All the studies mentioned

above only concern with the mathematical analysis,

the results have no practical values and may not be

used directly to analyse the dynamic characteristics of

resonant gyroscopes.

In this paper, we solve the problems mentioned

above for resonant gyroscopes. We use an approxi-

mate solution to study the dynamic characteristics of

resonant gyroscopes. First of all, we introduce the

parametric resonant characteristics based on the res-

onant gyroscope working principle, and study the re-

lations between the Mathieu equation and the para-

metrical resonant characteristics of the resonant gyro-

scope. Then we use the method of small parameter

perturbation, simulate and discuss the approximate

solution of the Mathieu equation with the fluctuation

of parameters for the resonant gyroscope. Finally, in

order to verify the validity of the approximate solu-

tion for the Mathieu equation, simulations and exper-

iments are performed.

2. Mathematical modeling

2.1.Working principle of resonant gyro-

scope

A schematic diagram of the z-axis resonant gy-

roscope is shown in Fig. 1. The proposed gyroscope

dynamical system consists of a sense-mode oscillator

and a drive-mode oscillator. The proof mass is free to

oscillate in the sense direction, and is excited in the

drive direction. In the drive direction, the proof mass

oscillates and behaves as a resonant oscillator. For

a given z-axis Ω, the Coriolis force acts on the proof

mass, then the sense-mode system transmits this force

into two double ended tuning fork (DETF) resonators

placed on each side to provide a differential output.

The two tines of the tuning forks vibrate in anti-phase

to each other. The periodic compression and tension

of the tuning fork tines, which are induced by the ac-

tion of the Coriolis force on the proof mass, modulate

the resonant frequency of the DETF. Each force sen-

sor is comprised of the mechanical structure of tuning

fork embedded in the feedback loop of an oscillator

circuit.

DFTF

sense direction

Ω

proof mass

Fc
y

xz

anchor

DETF

drive direction
CdKd

Fig. 1. Simplified model of the resonant gyroscope.

2.2.Modeling

As mentioned above, the drive mode of the reso-

nant gyroscope is a one-dimensional dynamic system,

the operational frequency can be achieved by adjust-

ing the drive mode stiffness or the decoupling frame

mass, and the drive mode is independent of the sense

mode. Therefore, the focus of the resonant gyroscope

is on the DETF sense mode, specifically on demodu-

lating the oscillator output frequency.
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The resonant gyroscope has two sets of DETF

resonators serving as the angular velocity sensors,

the push and the pull resonators. Each resonator is

formed with two beams. The two DETF resonators

are excited simultaneously by two oscillators and vi-

brate at their resonant frequency. For each mode of

vibration, the input of the drive oscillator is connected

to the detection devices, and the output to the driving

devices. When the resonant gyroscope has an angu-

lar velocity, the resonant frequencies of the two DETF

resonators vary with the angular velocity due to the

Coriolis effect. The Coriolis force will cause axial push

and pull loadings on the DETF resonators to shift

their resonant frequency. One DETF resonator is sub-

jected to a tension due to the pull axial loading, thus

the resonant frequency will increase. The other DETF

will be under compression, and the frequency will de-

crease. As a result, the difference in the resonance

frequency between the two modes is a function of the

applied angular velocity, and the frequency shifts of

the two resonators are proportional to the applied an-

gular velocity input. Figure 2 shows the operating

principle of the DETF.

driving
device 1

driving
device 2

sensing
device 1

sensing
device 2

-F Coriolis

+F Coriolis

resonant

output

Df1

Df2

DETF

Fig. 2. Schematic diagram of the operating principle of

DETF.

The dynamics of the device can be described by

a series of coupled differential equations. The proof

mass dynamics can be described by classical spring–

mass–damper equations. The dynamics of the DETF

subjected to an axial time-varying Coriolis force is

given by the parametric excitement equation.

The free DETF dynamic equation can be ex-

pressed as

EI
∂4w

∂x4
+ ξ

∂w

∂t
+ F

∂2w

∂x2
+ ρA

∂2w

∂t2
= 0, (1)

where E is the Young’s modulus of elasticity, I is the

moment of inertia, F (t) is the total instantaneous ax-

ial load expressed as

F (t) = F0 cos(ωdt), (2)

with ωd being the resonant frequency of the proof

mass. The boundary conditions are w = 0, ∂w
∂x = 0

at x = 0, L. The equation of motion governing the

transverse vibration (w(x, t) = ϕ(x)q(t)) as a function

of position x along the length of the beam at time t is

given by Eq. (1), where ϕ(x) is the mode-shape func-

tion, q(t) is the response of the vibratory track with

time. Substituting the above function into Eq. (1)

leads to the following equation:∫ L

0

ρAϕ2dxq̈ +

∫ L

0

ξϕ2dxq̇

+

(∫ L

0

EI

(
∂2ϕ

∂x2

)2

dx+

∫ L

0

F

(
∂ϕ

∂x

)2

dx

)
q = 0. (3)

Because the DETF working under 1 mode (i = 1) sat-

isfies these conditions, the no-load resonant angular

frequency ω0 and the instantaneous frequency ωn of

the DETF can be obtained as

ω0 =

√∫ 1

0

EI

L3

(
∂2ϕ

∂τ2

)2

dτ

/∫ 1

0

ρALϕ2dτ =

(
4.730

L

)2
√

EI

ρA
, (4)

ωn =

√√√√[∫ 1

0

EI

L3

(
∂2ϕ

∂τ2

)2

dτ +

∫ 1

0

F

L

(
∂ϕ

∂τ

)2

dτ

]/∫ 1

0

ρALϕ2dτ = ω0

√
1 +

0.293FL2

12EI
. (5)

Under driving force Fd, the DETF works at its resonant frequency, and the dynamic equation can be

expressed as ∫ L

0

ρAϕ2dxq̈ +

∫ L

0

ξϕ2dxq̇ +

[∫ L

0

EI

(
∂2ϕ

∂x2

)2

dx+

∫ L

0

F

(
∂ϕ

∂x

)2

dx

]
q = Fd. (6)
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The driving force Fd keeps the DETF working at the

resonant frequency, so∫ L

0

ξϕ2dxq̇ = Fd, (7)

q̈(t) + ω2
0

(
1 +

0.293L3F0 cosωdt

EI

)
q(t) = 0. (8)

If the transformations are chosen appropriately, equa-

tion (8) can be converted into a standard form. Let

δ′ = ω2
0 and ε′ = ω2

0(0.293L
3F0/2EI), equation (8)

can be rewritten as

q̈ + (δ′ + ε′ cosωdt) q = 0. (9)

In order to use the method of small parameter

perturbation, differential equation (9) is converted

into a standard form for the parametric resonance.

Let 

z =
ωdt

2
,

q′′ =
d2q

dz2
,

δ = δ′
(

2

ωd

)2

= 4

(
ω0

ωd

)2

,

S =
0.293L3

2EI
,

ε = 2ε′
(

2

ωd

)2

= 4

(
ω0

ωd

)2
0.293L3F0

2EI
,

= 4

(
ω0

ωd

)2

SF0,

F0 = 2mΩωdAm,

(10)

where Ω is the input angular velocity, Am is the max-

imum driving amplitude of the proof mass, and m is

the mass of the proof mass, equation (9) becomes

q′′(z) + (δ + ε cos 2z) q(z) = 0. (11)

Equation (11) is known as the standard Mathieu

equation. According to Eq. (11), the DETF vibration

stiffness k = δ+ε cos 2z changes with the Coriolis force

exerted on the sensing mass of the resonant gyroscope.

When the equivalent mass maintains the same, the

DETF resonant frequencies will be changed accord-

ingly. Here, parameter δ represents the DETF natural

resonant frequency. The significant perturbation term

ε cos 2z, which represents the modulation of the spring

constant of the resonant sensor at the proof mass driv-

ing frequency ωd, is directly contributed by the Cori-

olis force exerted axially on the resonator tines.

Equation (11) exactly represents the parametric

excitement dynamic characteristic of the resonant gy-

roscope. This equation has been widely studied in

the context of parametric resonance, and the approx-

imate solution of the Mathieu equation can be either

bounded or unbounded, which is dependent on the

parameters of the equation. This leads to the remark-

able result that the approximate solution of the Math-

ieu equation is dependent on parameters, and the ap-

proximate solution can determine the dynamic reso-

nant output of the resonant gyroscope. Hence, it is of

interest to characterize the dynamic characteristic of

the resonant gyroscope by the approximate solution

of the Mathieu equation.

3. Approximate solution of the

Mathieu equation

Since the input into the resonant gyroscope is

modulated by a periodic function, its output must be

demodulated into a stable state, and the solution of

the parametric excitement equation (11) must be in

its stable regions.

For the resonant gyroscope, with limitations of

parameters δ and ε, an approximate solution can be

derived in its stable regions and obtained by the small

parameter perturbation method.

Let

q = e
√
δ
∫
w(z)dz, (12)

where w (z) is a differentiable function of z, then

dq

dz
=

√
δw (z) e

√
δ
∫
w(z)dz, (13)

d2q

dz2
=

(√
δw′ (z) + δw2 (z)

)
e
√
δ
∫
w(z)dz. (14)

Substituting the above equations into Eq. (11) yields(√
δw′ (z) + δw2 (z)

)
e
√
δ
∫
w(z)dz

+ (δ + ε cos 2z) e
√
δ
∫
w(z)dz = 0, (15)

w′ (z)√
δ

+ w2 (z) + 1 + β cos 2z = 0. (16)

In Eq. (16), β = ε/δ = 2ε′/δ′ ≤ 1, and β can

be naturally assumed to be small. If parameter β is

defined as the small parameter, function w (z) can be

expanded in series of powers of β as follows:

w (z) = w0 + βw1 + β2w2 + · · · , (17)

w′ (z) = w′
0 + βw′

1 + β2w′
2 + · · · , (18)

w2 (z) =
(
w0 + βw1 + β2w2 + · · ·

)2
= w2

0 + β (2w0w1)
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+ β2
(
2w0w1 + w2

1

)
+ · · · . (19)

Substituting Eqs. (17), (18), and (19) into Eq. (16)

and gathering terms of the same order with respect to

β, we obtain the following differential equations:(
1√
δ
w′

0 + w2
0 + 1

)
+β

(
1√
δ
w′

1 + 2w0w1 + cos 2z

)
+β2

(
1√
δ
w′

2 + 2w0w2 + w2
1

)
= 0, (20)



1√
δ
w′

0 + w2
0 + 1 = 0,

1√
δ
w′

1 + 2w0w1 + cos 2z = 0,

1√
δ
w′

2 + 2w0w2 + w2
1 = 0.

(21)

Form Eq. (21), we have

w0 = tan
(
−
√
δz + C1

)
,

w1 = C2 cos
2
(
−
√
δz + C1

)
+ cos2

(
−
√
δz + C1

)
×
∫ √

δ cos 2z cos2
(
−
√
δz + C1

)
dz,

...

(22)

Substituting Eq. (22) into Eq. (17) yields a compli-

cated approximate solution of the Mathieu equation,

and it is not useful for analyzing the dynamic char-

acteristics of the resonant gyroscope. Therefore, it is

very important to choose a small parameter to obtain

the approximate solution of the Mathieu equation.

Let σ =
1√
δ
, if δ is very large, σ will be very

small and σ may be defined as the small parameter.

Therefore function w (z) can be expanded in series of

powers of σ as follows:

w (z) = w0 + σw1 + σ2w2 + · · · , (23)

w′ (z) = w′
0 + σw′

1 + σ2w′
2 + · · · , (24)

w2 (z) =
(
w0 + σw1 + σ2w2 + · · · · · ·

)2
= w2

0 + σ (2w0w1) + σ2
(
2w0w1 + w2

1

)
+ · · · . (25)

Substituting Eqs. (23), (24), and (25) into Eq. (16)

and gathering terms of the same order with respect to

σ, we obtain the following differential equations:

σw′ (z) + w2 (z) + 1 + β cos 2z

= σw′
0 + σ2w′

1 + σ3w′
2 + w2 (z) + w2

0 + σ (2w0w1)

+σ2
(
2w0w2 + w2

1

)
+ 1 + β cos 2z

= w2
0 + 1 + β cos 2z + σ (w′

0 + 2w0w1)

+σ2
(
w′

1 + 2w0w2 + w2
1

)
+ · · ·

= 0, (26)



w2
0 + 1 + β cos 2z = 0,

w′
0 + 2w0w1 = 0,

w′
1 + 2w0w2 + w2

1 = 0,
...

(27)

From Eq. (27) it follows that

w0 = ±iµ,

w1 = −1

2

µ′

µ
,

w2 = ± i

8µ2

(
3µ′2 − 2µµ′′) ,

...,

(28)

where µ2 = 1 + β cos 2z. Substituting Eq. (28) into

Eq. (17), we obtain function w (z) and the approxi-

mate solution of the Mathieu equation q(z) as

w (z) = ±iµ− σ

2

µ′

µ
± i

σ2

8µ2

(
3µ′2 − 2µµ′′

)
= ±iµ− 1

2
√
δ

µ′

µ
± i

1

δ

3µ′2 − 2µµ′′

8µ2
, (29)

∫
w (z) dz

=

∫ (
±iµ− 1

2
√
δ

µ′

µ
± i

1

δ

3µ′2 − 2µµ′′

8µ2

)
dz + C

=
1√
δ
Inµ− 1

2 ± i

∫ (
µ+

3µ′2 − 2µµ′′

8δµ2

)
dz + C, (30)

q(z) = e
√
δ
∫
w(z)dz = exp

(
Inµ−1/2 ± i

∫ √
δµdz

)
= Aµ−1/2 exp

(
±i

√
δ

∫
µdz

)
=

B

(δ + ε cos 2z)
1/4

× cos

(∫
(δ + ε cos 2z)

1/2
dz + θ

)
, (31)

where A, B, and θ are arbitrary constants and are de-

termined by the primal conditions. From Eq. (31), it

is easy to see that there is an amplitude modulation

at the same time as when the frequency modulation in

the output of the resonant gyroscope takes place. In

the resonant gyroscope under investigation, the reso-

nant frequency shift in the sensing device is used to
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sense the angular velocity, so the frequency of output

signal of the resonant gyroscope is

ω (z) =
d
(∫

(δ + ε cos 2z)
1/2

dz + θ
)

dz

= (δ + ε cos 2z)
1/2

, (32)

ω (t) =
ωd

2

√
δ + ε cosωdt

=
√
δ′ + 2ε′ cosωdt

=
√
δ′
√
1 + β cosωdt

= ω0

√
1 + β cosωdt, (33)

ω (t) = ω0

√
1 + β cosωdt

≈ ω0

(
1 +

β cosωdt

2

)
= ω0 +

ε′

ω0
cosωdt, (34)

where z = ωdt
2 and ω0 =

√
δ′, with ω0 being the

no-load resonant angular frequency of DETF. From

Eq. (33), it is easy to see that the change in tension

along the DETF results in changes of the stiffness,

shifting the resonant frequency. At the same time,

the modulated power of the output resonant frequency

is determined not only by modulated stiffness ε′, but

also by static modulated stiffness δ′.

The relation between the modulated frequency

output and the input angular velocity is given by

ω̂ (t) =
ε′

ω0
cosωdt = ω0SF (t)

= ω0S
m

4
QωdΩym(t), (35)

where ym is the vibration amplitude of the proof mass.

In order to obtain a linear output of the modulated

frequency, some transformations in one period are ap-

plied to change Eq. (35) into

youtput =

∫
T

ω̂(t)·ym(t)dt
∫
T

y2m(t)dt

=

∫
T

SmQ

4
ω0ωdΩym(t)·ym(t)dt

/∫
T

y2m(t)dt

=
SmQ

4
ω0ωdΩ. (36)

The dynamic frequency output characteristics of the

resonant gyroscope based on the approximate solution

of the Mathieu equation are obtained theoretically,

which will be evaluated by the experimental date in

the next section.

4. Simulation and experiment

4.1. Simulation

The numerical solution of Eq. (11) obtained by

using the Runge–Kutta method can be used to val-

idate the accuracy of the approximate solution (Eq.

(31)) in the resonant gyroscope parameter range. Fig-

ure 3 shows that the amplitude is modulated by the

change of the frequency in the parametric excitement

system. When the DETF beam stiffness (the central

line) reaches its maximal value, the frequency of the

response signal also rises to its maximal value, while

the amplitude decreases to its minimal value. The

trends are reversed when the stiffness reaches its min-

imum, which proves that the amplitude modulation

presents at the same time when the frequency modu-

lation in the output of the resonant gyroscope takes

place, and it also shows that the approximate solution

Eq. (31) for the Mathieu equation is reasonable and

presents the dynamic characteristic of the resonant

gyroscope.

2
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Fig. 3. Numerical solution of the Mathieu equation.

4.2. Experiment

The numerical simulation has shown that the nu-

merical simulation result and the theoretical solution

have the same dynamic output characteristic. In order

to evaluate the approximate solution for the Mathieu

equation experimentally, some relevant experiments

are carried out.

The resonant gyroscope shown in Fig. 4 is made

by Taiyuan Aeroinstuments CO. Ltd. and will be used

as the sensor to be calibrated. The resonant frequency

of the proof mass is around 30 Hz, and the resonant

frequency of the DETF is around 1 kHz. The resonant

gyroscope parameters are listed in Table 1.
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Fig. 4. The resonant gyroscope made by Taiyuan Aeroin-

stuments CO. Ltd.

Table 1. Parameters of the resonant gyroscope for exper-

iment.

Symbol Description Values

ρ density 7.8×103 kg/m3

E Young’s modulus 2×1011 P

m proof mass 0.261495 kg

L DETF beam length 0.062 m

I
area moment of inertia

4.159375×10−2 mm4

of the DETF beam

Q quality factor 100

The resonant gyroscope shown in Fig. 5 has a

standard angular velocity in the range from −200 ◦/s

to 200 ◦/s. The calibration system is composed of

three parts, i.e., a resonant gyroscope, a rate table

(CIMM00003719), and a signal sampling device. The

resonant gyroscope can be used to detect the rotations

produced by the rate table. The rate table can rotate

at a series of angular velocities, and the angular veloc-

ities are applied to the resonant gyroscope. The direct

output signal of the resonant gyroscope is sampled ev-

ery 20 s by the signal sampling device. The sampled

crude signal at a fixed angular velocity (100 ◦/s) is

shown in Fig. 6. The proof mass vibrating signal is

shown in Fig. 6(a), and the beam original output sig-

nal is shown in Fig. 6(b). As shown in Fig. 6, the

output of the resonant gyroscope beam is not a linear

frequency output. Under the condition of transformed

output in Eq. (36), the ratio between the alternating

part of the frequency output and the changing angular

velocity is plotted in Fig. 7. As shown in Fig. 7, the

resonant gyroscope beam output frequency is a linear

output, which is very close to the theoretical result,

i.e., the transformed result in the foregoing section.

The theoretical curve and the experimental data co-

incide perfectly, which means that the approximate

solution of the Mathieu equation can present the dy-

namic output characteristic of the resonant gyroscope.

 

rate table  

resonant gyroscope 

drive (x)   

signal sampling device

sense (y)    

↼z↽

Fig. 5. Calibration assembly of the resonant gyroscope.
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signals from the resonant gyroscope.
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Fig. 7. Fitting result of the output frequency response

date for changing angular velocity.

5. Conclusions

In this paper, the dynamic characteristic of the

resonant gyroscope with alternating acceleration has

been studied, which shows that the resonant gyro-

scope is equivalent to a parametric resonant system

and can be described by the Mathieu equation. The

approximate relationship between the resonant gyro-

scope parameters and the Mathieu equation is studied.
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An approximate analytical method based on the

small parameter perturbation is employed to investi-

gate the approximate solution of the Mathieu equa-

tion. The benefits of using the Mathieu equation to

describe the parametric resonance dynamic character-

istic of the resonant gyroscope are analyzed theoret-

ically and studied experimentally. Numerical simu-

lations are carried out for investigating the dynamic

output performance. A very good agreement between

the simulation results obtained by the numerical in-

tegration and the analytical solution is observed. Ex-

periments are also carried out for investigating the

dynamic output performance. A very good agreement

is obtained between the results obtained experimen-

tally and analytically. Therefore, it is found that it

is very useful to analyze the dynamic characteristic of

the resonant gyroscope by using the Mathieu equation

approximate solution.
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