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Mei conserved quantity directly induced by Lie

symmetry in a nonconservative Hamilton system

%

Fang Jian-Hui( 7 #4)", Zhang Bin(7k &),
Zhang Wei-Wei(5kffiff), and Xu Rui-Li(#%%i#1)

College of Science, China University of Petroleum, Qingdao 266580, China

(Received 27 November 2011; revised manuscript received 9 December 2011)

In this paper, we investigate whether the Lie symmetry can induce the Mei conserved quantity directly in a

nonconservative Hamilton system and a theorem is presented. The condition under which the Lie symmetry of the

system directly induces the Mei conserved quantity is given. Meanwhile, an example is discussed to illustrate the

application of the results. The present results have shown that the Lie symmetry of a nonconservative Hamilton system

can also induce the Mei conserved quantity directly.
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1. Introduction

Symmetry is the top-level principle in mechan-
ics and physics. There are intimate relations between
If differential

equations of motion of a mechanical system cannot

symmetries and conserved quantities.

be integrated, the existence of some conserved quan-
tities can enable us to obtain some knowledge about
the local physical state of the system, and reveal the
inner essence and the laws of the system. In 1918,
Noether studied the invariance of Hamilton action of
a mechanical system under infinitesimal transforma-
tions, and found that every continuous symmetry of
the action always has a conserved quantity associ-
ated with it, first revealed the potential relations be-
tween conserved quantities and inner symmetries of
the mechanical system, and established the Noether
symmetry theory.2] Lutzky applied the Lie group
theory to differential equations of motion of mechani-
cal systems in 1979, and began to investigate the Lie
symmetry and the conserved quantities of mechani-
cal systems.l3l At the beginning of this century, Mei
presented a new symmetry; form invariancel*®), also
known as Mei symmetry.%7 At present, the mod-
ern methods of finding conserved quantities by us-
ing symmetries in analytical dynamics are mainly re-

lated with the Noether symmetry, the Lie symme-
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try, and the Mei symmetry. Those three symmetries
can induce the corresponding conserved quantities di-
rectly or indirectly, and the conserved quantities in-
duced by them are Noether, Hojman, and Mei con-

8-10] The Noether symmetry can

served quantities.|
induce the Noether conserved quantity directly, and
the Hojman and the Mei conserved quantities indi-
rectly; the Lie symmetry can induce the Hojman con-
served quantity directly, and the Noether and the
Mei conserved quantities indirectly; the Mei symme-
try can induce the Mei conserved quantity directly,
and the Noether and the Hojman conserved quanti-
ties indirectly.l In the last ten years, more and more
attention has been paid to the research of symme-
tries and conserved quantities of constrained mechan-
ical systems, and many important results have been
obtained."*=20] In this paper, we investigate whether
the Lie symmetry can induce the Mei conserved quan-
tity directly in a nonconservative Hamilton system. A
related theorem is presented. We give the condition
under which the Lie symmetry of the system can di-
rectly induce the Mei conserved quantity. Meanwhile,
we discuss an example to illustrate the application of

the results.

*Projct supported by the Natural Science Foundation of Shandong Province, China (Grant No. ZR2011AMO012) and the Funda-
mental Research Funds for the Central Universities, China (Grant No. 09CX04018A).

fCorresponding author. E-mail: fangjh@upc.edu.cn

@© 2012 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb  http://cpb.iphy.ac.cn

050202-1



Chin. Phys. B Vol. 21, No. 5 (2012) 050202

2. Lie and Mei symmetries of the

system

The differential equations of motion of a noncon-
servative Hamilton system can be written as

O0H O0H
's = 5 's = - P ) 1
G= g, P 9. n), (1)

where H = H(t,q,p) is the Hamiltonian of the sys-

+Qs, (s=1,...

tem, and Qs are non-potential generalized forces.
Introduce the infinitesimal transformations

t* =t+ 850(t7 qu)7
q;(t") = qs(t) + €&5(t, q, ),
pa(t*) = ps(t) + ens(t, g, p), (2)

where ¢ is an infinitesimal parameter, &,, &, and 7,
are single-parameter infinitesimal generators.

The Lie symmetry is an invariance of differential
equations of motion under the infinitesimal transfor-
mations. The determining equations of Lie symmetry
of a nonconservative Hamilton system (1) can be ex-

pressed as
<) (Q _ gi) —0,
Xm( + 2 ) 3)
where
X0 = XO 4 (6~ dubo) -+ (i~ fae) g (0
X0 = o2+ g g o)

The Mei symmetry is an invariance under which
the transformed physical quantities still satisfy the
original dynamical equations. The determining equa-
tions of Mei symmetry of a nonconservative Hamilton
system (1) can be expressed as

5 XO )] =0,
5o XO(H)] = XO(Q.), ()

3. Mei

rectly induced by Lie symme-

conserved quantity di-

try

According to the previous studies, the Mei sym-
metry of a nonconservative Hamilton system can in-
duce the Mei conserved quantity directly, while the Lie

symmetry can only induce the Mei conserved quan-
tity indirectly with the aid of the Mei symmetry.!
We have the following results.

Theorem 1 For a nonconservative Hamilton sys-
tem (1), if infinitesimal generators o, &5, and 7, of the
Mei symmetry and a gauge function G(¢, g, p) satisfy
the condition

XOp)é, + S XO(p)e, ~ XOXO (H)]

XO(H)E +XO(Q,) (€ — ds0) + G =0, (7)

the Mei symmetry of the system can induce Mei con-
served quantity

Iy =X (p)e, — XO(H)E + G = const.  (8)

Theorem 2 For a nonconservative Hamilton sys-
tem (1), if infinitesimal generators o, &5, and 7, of the
Lie symmetry satisfy Eq. (6), and there exists a gauge
function G(t, q,p) satisfying Eq. (7), the Lie symme-
try of the system can induce Mei conserved quantity
(8).

Actually, the Lie symmetry of a nonconservative
Hamilton system can also induce the Mei conserved
quantity directly, which is shown by the following the-
orem.

Theorem 3 For a nonconservative Hamilton sys-
tem (1), if infinitesimal generators &g, &, and 7, of the
Lie symmetry and a gauge function G(t, q,p) satisfy
the condition

) d )
X (ps)€s + a[ (O)( $)]Es — (H)fo
— &oéo 63 — &X© <88i1> — &4 XM (Qy)
- §0§'st + G = 0; (9)

the Lie symmetry of the system can induce Mei con-
served quantity (8) directly.
Proof Taking the derivative of I to ¢, we have

%24 = XO(ps)es + %[X(O)(ps)]gs — XO(m)E,
— SIXO(H) + G w0)
Because
%m@wn
e
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+ &o

[0°H | 0°H 2H
o " atag T drop. P
(O°H | 9H . O°H J
0gr0t  0gr0gs " Dgrops’”
TO*H  92H . 0°H

+ ds
3]% ot Opr0gs

OH OH OH
+& +ﬁk-+w®(>
Opr,

OH OH
5 x(0)
8QS> +PaX (6195) ’

and ¢s and p, are not embraced in 9H/dqs and
OH /dps, we have

+ &k

+ Nk
—50

+@X@<

d

= 1x(0)

X )
_gOH o o
=<0 ot ka nk()pk

OH OH
+X© <8t> + ¢, XM <aq +ps>

- QS£O)

+ ps(€s

Using Eq. (1), we obtain

d
S XO )]
. H
- 6%+ (57)
+%ﬂ”< +m>
+mxm( >+&Qy (11)

Substituting Eq. (11) into Eq. (10), we obtain

div _ (0 4 5 <O (e
dr X (ps)gs + dt[ (ps)]ﬁs X (H)fo
— &oéo 88 — £XO© <88?>

) oH .
- EOQSX(I) <(3(] +ps)

—epex (2 g
‘ Ops

— &8.Qs +G. (12)

Substituting the determining equations (3) into
Eq. (12) and using Eq. (9), we obtain

d Iy
— =0. 13
T (13)
If the Hamiltonian is time-independent, equation (9)
turns into
XO ()6, + S XOp)le, ~ XO (H)éo

— &4 XM(Qs) — &8:Qs +G=0.  (14)

For the conserved Hamilton system, Qs = 0, it is
easy to obtain the following deduction from Theorem
3.

Deduction For the conserved Hamilton system,
if infinitesimal generators &y, &, and 7ns of the Lie
symmetry and a gauge function G(t,q,p) satisfy the

condition

XO(p)é, + S XO (pa)]e, ~ XO(H)Eo

- foﬁ.oa — &X© (%f) +G=0, (15)

the Lie symmetry of the system can induce Mei con-
served quantity (8) directly.

4. Example
The Hamiltonian of a nonconservative Hamilton
system is
H = %(p§+p§)+qz+t2p1, (16)
the non-potential generalized forces are
Q1 =0, Q2=p>. (17)
The differential equations of motion (1) give
Gi=p1+1t°, G2=p2, P1=0, po=ps—1 (18)
We have

XO(H) = nipy + naps + & + 2&0tpy + mit?. (19)

The determining equations (3) of the Lie symme-
try give

& — (p1 + %) = m1 + 260t, &2 — pa&o = 1o,
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m =0, 12— (p2—1)& = 1n2. (20)

Choosing the infinitesimal generators as

=1, & =1 &=np,
m=0, na=p2—1, (21)

equations (20) are satisfied, so infinitesimal genera-
tors (21) are Lie symmetrical. While for infinitesimal
generators (21), X(O)(H) = 2tp; + p3, the determining
equations (6) of the Mei symmetry are not satisfied, so
infinitesimal generators (21) are not Mei symmetrical.
According to Theorem 2 and the previous study
results, for infinitesimal generators (21), the Lie sym-
metry of the system cannot induce any Mei conserved
quantity without the aid of the Mei symmetry. Ac-
cording to Theorem 3, presented in this paper, for
infinitesimal generators (21), the Lie symmetry of the
system can induce the Mei conserved quantity directly.
For infinitesimal generators (21), equation (9) gives

G = 2p1 + p2 — 13 (22)
then we have

1
G=q +p2+pit— §f3~ (23)

According to Theorem 3, from Eq. (8), we have
L3
Iv=q1 —tp1 — §t = const. (24)
If we choose the infinitesimal generators as

§o=0,& =t &=-p,m=11m=0 (25

then the determining equations (19) of the Lie symme-
try and (6) of the Mei symmetry are both satisfied, the
infinitesimal generators (25) are both Lie symmetrical
and Mei symmetrical.

For infinitesimal generators (25), from Egs. (7)
and (9), we can obtain the same G, i.e.,

G = P2 — Q2. (26)

According to Theorems 2 and 3, we can obtain
the following Mei conserved quantity:

Iyt = p2 — g2 +t = const. (27)

5. Conclusion

In previous studies, the Mei conserved quantity
induced by the Lie symmetry of a nonconservative

Hamilton system can only be obtained indirectly with
the aid of the Mei symmetry. The theorem of Mei con-
served quantity induced directly by the Lie symmetry
of a nonconservative Hamilton system is presented in
this paper. The condition under which the Lie symme-
try of the system directly induces the Mei conserved
quantity is given. The present results show that not
only the Mei symmetry but also the Lie symmetry of a
nonconservative Hamilton system can induce the Mei
conserved quantity directly.
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