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The field equations of Kaluza—Klein (KK) theory have been applied in the domain of cosmology. These equations

are solved for a flat universe by taking the gravitational and the cosmological constants as a function of time ¢t. We use

Taylor’s expansion of cosmological function, A(t), up to the first order of the time ¢. The cosmological parameters are

calculated and some cosmological problems are discussed.
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1. Introduction

distant

type Ia indicated that the universe is presently
[1—4]

Recent observation of supernovae

accelerating. Cosmic acceleration is attributed
to the presence of an unknown form of energy violat-
ing the strong energy conditions p + 3p > 0 where p
and p are energy density and pressure of dark energy,
respectively. Different candidates for dark energy,!®:
have attempted to yield accelerating cosmologies at a
late times. The cosmological constant A and phantom
fields["=19 violating weak energy conditions p+p > 0
are the most popular ones.

Kaluza’s(2%) has shown that the five-dimensional
both Einstein’s 4-
dimensional theory of gravity and Maxwell’s theory

general relativity contains
of electromagnetism. He however imposed a some-
what artificial restriction (the cylindrical condition)
on the coordinates, essentially barring the fifth one a
priori from making a direct appearance in the laws of
physics. Klein’s®! contribution was to make this
restriction less artificial by suggesting a plausible
physical basis for it in the compactification of the
fifth dimension.

ceived by unified-field theorists, and when the time

This idea was enthusiastically re-

came to include the strong and weak forces by ex-
tending Kaluza’s mechanism to higher dimensions, it
was assumed that these too would be compact. This
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line of thinking has led through eleven-dimensional
supergravity theories in 1980 to the current favorite
contenders for a possible theory of everything, ten-
dimensional superstrings.

Most existing astrophysical work on the cosmo-
logical term, operate on the assumption that A is a
constant. However, quantum field theorists and oth-
ers treat the cosmological term as a dynamical quan-
tity (cf. Refs. [22]-[29]). Anything which contributes
to the energy density p of the vacuum behaves like
a cosmological term via A = 8IIGp. Many poten-
tial sources of fluctuating vacuum energy have now
been identified, including scalar fields,!31=39 tensor
fields,[*9=44] nonlocal effects,[*>46] wormholes,[*7:48]

491 and even cosmological

inflationary mechanisms,!
perturbations.[®®) Each of these has been claimed to
give rise to a negative energy density which grows with
time, tending to cancel out any pre-existing positive
cosmological term and drive the net value of A to-
ward zero. Processes of this kind are among the most
promising ways to resolve the longstanding cosmolog-
ical constant problem[®!! (see Ref. [50] for review).

It is the aim of the present work to solve the grav-
itational field equations of Kaluza—Klein (KK) theory
in the domain of cosmology considering the gravita-
tional and cosmological constants as a function of time
t. Then, we assume that A(t) = eR(t)~2, where R(t)
is the scale factor used to calculate the cosmological

(© 2012 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb  http://cpb.iphy.ac.cn

049801-1



Chin. Phys. B Vol. 21, No. 4 (2012) 049801

parameters. In Section 2, the field equations of KK
are applied to the FRW metric. In Section 3, we give
the solution of the field equation and calculate the
corresponding cosmological parameters. In Section 4,
we give the solution of the field equation for a closed
universe and also calculate the cosmological parame-
ters associated with this model. The final section is
devoted a conclusion.

2. The FRW model and KK the-
ory
The FRW line element in five-dimensional space-
time has the form[®?

dr?
1—kr2

ds? = dt* — RQ(t)[ + r2(d#* + sin® 0d ¢?)

+(1— er)dW], (1)

where R(t) is the scale factor, k is the curvature pa-
rameter (k = +1, 0, —1) corresponding to closed flat
and open universe respectively. The Einstein field
equations are given by

R, — glwg = g —87GT,, = 87rGTl'w, (2)
where Ry, R, g, A = A(t), G = G(t) are Ricci ten-
sor, Ricci scalar, metric tensor, cosmological function,
and gravitational function, respectively.

Assuming that matter filling the universe is in the
form of a perfect fluid, then

A
T = p+ —
ek
A
T =T =Ty =T = —P+ —, (3
1 2 3 4 +87TG’ (3)

where p = p(t) is the density and P = P(t) is the pres-
sure. Applying Eq. (2) to metric given by Eq. (1) and
using Eq. (3) we obtain the following set of differential

equations
R\® &k
R (R\®> k

Now we have two differential equations in five un-
known functions R(t), p(t), P(t), A(t), and G(t).
Therefore we need some extra conditions to be able
to solve Egs. (4) and (5), for each value of k. One of
these conditions is usually provided by an equation of

state characterizing the fluid filling the model. Here
we take the equation of state in the form

P=(w—1)p, (6)

where w € [0,2]. When w = 0, then P = —p (dark
energy case), when w = 1, then P = 0 (dust case),
when w = 4/3 then P = p/3 (radiation case), and
when w = 2 then P = p (stiff matter case). The con-
servation equation has the form 77#¥. , = 0. This will
gives rise to the relation,

p'+4§8(p+13)+8:G(ﬁ—g> —0. (7

Equations (4), (5), and (6) are three nonlinear differ-
ential equations in the five unknown functions. There-
fore, we spilt Eq. (7), for simplicity, into the two equa-
tions

p+4§$%p+P)o, (®)
and
i ¢
1 e=" ®)

in order to impose two further additional conditions
on the unknown function. Now, we have five differ-
ential equations (4), (5), (6), (8), and (9) in the five
unknown functions R(t), p(t), P(t), A(t), and G(t).
Equation (9) shows that A is constant whenever G
is constant and vice versa. Solving Eq. (8), we obtain
C1
p(t) = Ry’

(10)

where equation (6) has been used and ¢; is a constant
of integration. The constant ¢; can be determined by
using w = wp and p = p. (critical density) at time
t = tp, where the subscript 0 refers to the present
value. We are going to use the following definitions of
some cosmological parameters:

R(ty)  Ro
R(to)  Ro’
e

the deceleration parameter

the Hubble’s parameter Hy =

the Hubble’s time

def. Ry H
1
RO Ho
the density parameter oy def. @,

Pe

where p. is the critical density defined by

det. 3H?
el . 11
p 8rG (1)
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3. Solution for £k =0

We are going to solve the field equations™ (4)
and (5), and then we evaluate the cosmological pa-

rameters. Here we assume?

Alt) ~ e+ et + -+, (12)
where €y and € --- are arbitrary constants. From
Eq. (9) we obtain

G(t) = ca(eg + €1t), (13)

where co is another constant of integration.
Equations (4) and (5), in the case k = 0, take the

forms
87Gip+ A= 6[(*‘“”)}

w) )
swap—a= 5[ 1O (HOY)

From Eq. (14) we obtain

it (i) + [ 1

(15)

where equation (6) has been used again. Equation
(15) is a differential equation with two variables so we
are going to study the following cases, dust, radiation,
and stiff matter.

We will discard the case w = 0 since this will make
the density parameter, given by Eq. (10), always con-
stant, in spite of the expansion of the universe. This
needs an extensive discussion which will be done in
the future work.

(i) Dust case (w =1)

The integration of Eq. (15) has the form

C3 A(l, A(t)/Aoo) — C4 B(l, A(t)/Aoo)
c3 A(A(t)/Aoo) — ca B(A(t)/Ago)

1/3 o\ 1/3
€ 3€
Ay = <112> , Ago = (;) ; (16)

where ¢3 and ¢4 are constants of integration, A(1,x)

and B(1, z) are the AiryAi(1, z) and AiryBi(1, z) wave
3)

functions.
From Eq. (16) we obtain the scale factor in the
form

c3 A(A(t)/ Aogo) — ca BA(t)/ Ago)

R(t) = \/AO [A(1, A(t)/Aoo) B(A(t)/Aoo) —

(ii) Radiation case (w = 4/3)
The integration of Eq. (15) has the form

H(t) =

(iil) Stiff matter case (w = 2)
The integration of Eq. (15) has the form

H(t) = Cy

B(L, A(1)/ Aoo) ACA(D Aco)] "
A(l,A(t)/Boo)CG B(l,/l(t)/B()o) o 613 1/3 o 27612 1/3
0 s ACA(),/Boo) — 6 BA()/Boo) 0~ <16> » B = ( 32 ) ’ (18)
where ¢5 and c¢g are constants of integration. From Eq. (18) we obtain the scale factor in the form
_ ¢s A(A(t)/Boo) — ¢ B(A(t)/Boo) o
RO) = { By R A B DA B~ 30 A B AT BTl "
Cr A(l, A(t)/COQ) — Cg B(l, A(t)/COO) o €1 1/3 - 3612 1/3
oAt e st = () - o= (%) 20)
where ¢7 and cg are constants of integration. From Eq. (20) we obtain the scale factor in the form
o Cr A(A(t)/OOO) — C8 B(A(t)/COQ) 1/4
RO = | oA A O B o) — B A S ATl ey

1) In Ref. [52] a solution of the field equations (4) and (5) has been obtained for the case k = 0, A(t) ~ eH?(t) and the relevant
cosmological parameters are also calculated. The continuity equation given in this case, is the same as Eq. (8), and not like Eq. (7),

which does not include the variation of A(t) and G(¢).

2) In these calculations we will take Taylor’s expansion, of A(t), up to the first order in (¢) and we will neglect the higher orders.

3) AiryAi and AiryBi(z) are linearly independent solutions for w in the equation w” — zw = 0. Specifically AiryAi(z) =
C1F1(2/3;23/9) — C2F1(4/3;23/9) and AiryBi(z) = V3 [C*1F1(2/3;2%/9) + C*2F1(4/3;2%/9)] where C*1 = AiryAi(0) and
C*9 = AiryAi’(0) and F; is the generalized hypergeometric function. Also AiryAi(l,z) is the first derivative of AiryAi(z).
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4. Physical of the

models obtained

properties

4.1. Red shift

Consider an observer O, located at the origin
of space coordinate and a galaxy S at an arbitrary
point with spatial coordinates (r, 0, ¢, ¥). Accord-
ing to Eq. (1), the velocity of a radial ray of light
(ds=0,d6 =0,d¢ = 0,dy) = 0) is given by

dr _  V1-—kr? (22)
dt R(t)
Hence if a light pulse is emitted by the galaxy S at the
instant ¢y, is received by O at the instant ¢g, (tg > t1)
we obtain from Eq. (22)

sin~try, k=+1,
f(re) e k=0, (23)
T = — = f—
Vo). B )Y ’
sinh ‘7, k=-1.

The value of the red-shift Z in all obtained models can
be proved to have the form

L _ R

A — 20 24
)\ Rl ( )

4.2. Particle horizons

One of the important questions in cosmological
theory is to find out, according to a certain model,
the answer of the following questions: How much of

o ¢

our universe can be observed at a given instant? To
answer this question we consider, as mentioned above,
a galaxy S at the point (r, 6, ¢, 1) and an observer O,
located at the origin space coordinates. Then consider
a light signal emitted by S at the instant ¢; and re-
ceived by O at the instant ¢y. Light signal moves along
null geodesic whose equation gives rise to

dr_\/l—kr2:> dr _dt
R(t) VI—kr2  R(t)

T
We have to distinguish between two different dis-

= f(r1).(25)

tances, the radial coordinate distance defined by

aer. [0 dt

w RO

and the proper distance s defined by

(26)

s &L R(to)r. (27)
Recalling the red-shift as given by Eq. (24), one can al-
ways express the proper distance s in terms of the red-
shift Z. Then if s = oo as Z — oo, we can say that
the model is free from particle horizons, i.e., isotropic
observers can communicate by sending and receiving
signals. But if s attains a finite value as Z — oo we
say that the model contains particle horizons.

For example we are going to explore the exis-
tence of particle horizons in one of the models dis-
cussed above. For the dust model (w = 1, k = 0,
A(t) = €o + €1t), given by Eq. (17), we have

dt

fory=m=[ o=

n R(t)

3 A(A(t)/ Aoo) — ca B(A(t)/Aoo)

\/Ao [A(L, A(t)/Aoo)B(A(t)/ Aoo) — B(L, A(t)/ Aoo) A(A(t)/ Ago)]

Taking Taylor’s expansion of the above equation, up to the first order in ¢, we obtain

dt

to
= /
ty

i VL[]

t<\@\?’/§03r[§} T 3@6&@[3})

)

esl[3] |

which can be integrated to give,

o/ Vi s [ [0 ] #2098 (3 oo [vBes 3 T ) )

43/3v/ —/3cs + 304\/F[%]

)

Vel | atmar 3] + 200900 [3) + 00 [VE + 3e T3] )]
L 2v/—/3es + 3cay /213 {142},

vV \/563 + 3041—‘[%}
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where T is the gamma function. Then from Eq. (26) we have,

In [—2¢3esl [1] + 20, 90T [] + t0< (V3es + 34 T [2

S:RQ’I‘1:

]ﬂ In{l+ 2} (28)

V3ez + 3C4F[%]

From Eq. (27) we see that there is no particle horizon
since when Z — oo the proper distance s tends to
infinity as well.

Using the same method we can show that radia-
tion and stiff matter models (w = 4/3,k = 0, A(t) =
€0 + e1t) and (w = 2,k = 0, A(t) = €y + €1t), respec-
tively, are free from particle horizons.

5. Main results and discussion

In the present work, we consider the cosmolog-
ical application in the domain of KK theory, taking
the Newtonian and the cosmological constants, G and
A, to be functions of time ¢. Assuming homogeneity
and isotropy, the field equations of KK theory give
two differential equations. We have added to them an
equation of sate and two further conditions related to
conservation. This is done in order to gain the five
unknown functions R(t), P(t), p(t), A(t), and G(t).
One of these equations shows, in a clear way, that the
relation between A(t) and G(t) indicates that A(¢) is
constant whenever G(t) is constant and vice versa. We
study the flat space, i.e., k = 0, and assume a Taylor
expansion of A(t) keeping up to the first order of ¢,
i.e., O(t). We can see from Egs. (12), (17), (19), and
(21) that the values of A(t) and the scale factor R(t)
are finite while, when ¢ — 0 the values of A(¢) and the
scale factor R(t) are unbounded when ¢t — occ.

A summary of the results obtained are compared
below in the following table.

o5l e dust
= radiation
N | R stiff
—
9]
£ 15
8
9
<
13)
wn

Fig. 1. The scale factor R(t) of different cases for ¢g = 1,
e1=1,ca=1,ca=1,c5 =1,¢c6 =1,cy =1,and cg = 1.

\
Different figures (Figs. 1-5) related to this sum-

mary are given. From these figures we can conclude
as follows.

¢ ¢ ¢ ¢ ¢ ¢ dust

2.5 1

radiation

s o ¢ o o ¢ stiff

Hubble parameter H(t)

t

Fig. 2. The Hubble parameter H(t) of different cases for
eo=1€e1=1,c3=1,ca =1, ¢c5 =1, c6 =1,c7 =1,

cg = 1.
0.016
¢ s oo oo o dust
Qo radiation
0012k oo 0 o6 o gtiff
<
z o
‘% 0.008
a
)
[@)
0.004

Fig. 3. The density p(t) of different cases for ¢¢ = 1,
e1=1,c3=1,ca=1,c5 =1, c6 =1,cr=1,cg = 1.
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3 4
oo oo s odust
radiation
2 stiff

0.5 1.0 1.5 2.0

Deceleration parameter g(t)

o
o
®000004

Fig. 4. The deceleration parameter g(¢) of different cases
foreg=1,e1=1,c3=1,c4 =1,¢c5=1,¢c6 =1, c7r =1,
cg = 1.

(I) The models resulting from the three stud-
ied cases, i.e., dust, radiation, and stiff matter have
no singularity unless when Ag = (e;/12)Y/3, By =
(613/16)1/3, and C*¢ = (e1/24)'/? vanish, which con-
tradicts our assumption that A(t) = €y + €1t is a func-
tion of £. In other words the models are singular when
A(t) is constant.

(IT) The resulting models are accelerating which
is consistent with most recent observation.!!=?!

(ITI) Figure 3 shows that density in the three mod-

Table 1.
deceleration parameters g(t) for A(t) = eg + €1t.

Comparison between the results of scale

1.0

@ s ¢ ¢ s 2 o dust
radiation
s s s s 0 o stiff

N o o
'S o o
i c

Density parameter o(t)

©
o

Fig. 5. The density parameter o(t) of different cases for
eo=1e=1cc3=1ca=1c=110¢=1 ¢ =1,
cg = 1.

els are decreasing with time which ensures that our
universe is expanding.

(IV) The three models are free from particle hori-
zons, which is consistent with the previous result.!>?!

(V) We have considered the cosmological term to
contribute to the material-energy contents of the uni-
verse.

(VI) Equation (7) satisfies the conservation law
when G(t) and A(t) are functions of time in contra-

diction with the result obtained before (Eq. (8).[5%

factors R(t), Hubble parameters H(t), density p(t), and

Equation w=1 w=4/3 w=2

of state

Seale factor 3 AU (1) —eaBU (1) csA(f1(1D) =g B (1)) 88 c7A(2(D))—egB(2 (1) 1
AGAG (B () -BU VAT |\ BalAG (DIBU1 (D)~ B(] (1) AT ()] ColAUT5(0)B(f2() — B4 (1)) A(72(D)]

c3A (S (1)) —cg B(F' (1))

esA(f] (1)) egB(f1 (1)

erA(f5 (1)) —cgB(f5(1))

csA(f1(8)—ceB(F1(D)

c7A(f2(#)) —cgB(f2(1))

Hubble A0 S AT(D) —ca BIFD)) Bo G5 ATF () e B(F1 () 0 s A(T2 (M) FBE(F2(D)
parameter
Donsity  SLAQIAU (DBU () =B( (DA (0))? 01{BO[A(f{(f))B(fl(t))fBB(f{(f))A(fl(t))] }3/2 1 ColAFS (D) B(f2(8) =B () A(F2(1)]

(e3A(F(1)—eaB(F(£)))2

1 1

1

Deceleration

3 §/e12[e3 A (1)) — ca B (1))]2

parameter {3 {12 (g AG (1) = caB(s (1))2
— YTLA() [eg A(f (1) — caB(F())]?}

18 ¥/ae1 2[5 A(F] (1)) — cgB(F] (1))]2

{15 YerZiesacsi () = coB(sL ()7
—324(0)[e5 A(f1 (1)) — cgB(f1 ()12}

3 §e12[er A(SL (1)) — egB(f5(1))]2

{3 {serZieracss o) - csmsp?
—8A()[erA(f2 (1)) — cgB(f2(0)]2)

In{1+ Z} In{1+ 2z}
Particle _
VV3Bez + 3¢4T12]

VV3es + 3T 2]
{in[=2 ¥BeaT(§] + 2¢4 ¥OT(]] ]
+to([VBez + 3e4]T[2])]}

horizons

{111[72 %C5F[% + 2cq %F[%]
+t0([V3es + 3eITI2 D]}

In{1+ Z}
{in[=2 ¥BerT(4] + 2¢5 YOT(]]
+to([VBer + 3egIT[2])]}

F(t) = A(t)/Ag, Ago = (Be12/2)Y/3, f'(t) = (1, A(t)/Agg, f1(8) = A(¥)/Boo, Boo = (27¢12/32)Y/3, fl () = (1, A(t)/Boo), f2(t) =

A()/Cgo. Coo = (3e12/8)1/3, and fh(t) = (1, A(+)/Cpo)-
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