
Chin. Phys. B Vol. 21, No. 4 (2012) 048402

Linear matrix inequality approach for synchronization

control of fuzzy cellular neural networks with

mixed time delays∗

P. Balasubramaniama)†, M. Kalpanaa), and R. Rakkiyappanb)

a)Department of Mathematics, Gandhigram Rural Institute – Deemed University, Gandhigram-624 302, Tamilnadu, India

b)Department of Mathematics, Bharathiar University, Coimbatore-641 046, Tamilnadu, India

(Received 26 August 2011; revised manuscript received 30 August 2011)

Fuzzy cellular neural networks (FCNNs) are special kinds of cellular neural networks (CNNs). Each cell in an

FCNN contains fuzzy operating abilities. The entire network is governed by cellular computing laws. The design of

FCNNs is based on fuzzy local rules. In this paper, a linear matrix inequality (LMI) approach for synchronization

control of FCNNs with mixed delays is investigated. Mixed delays include discrete time-varying delays and unbounded

distributed delays. A dynamic control scheme is proposed to achieve the synchronization between a drive network and

a response network. By constructing the Lyapunov–Krasovskii functional which contains a triple-integral term and

the free-weighting matrices method an improved delay-dependent stability criterion is derived in terms of LMIs. The

controller can be easily obtained by solving the derived LMIs. A numerical example and its simulations are presented

to illustrate the effectiveness of the proposed method.
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1. Introduction

Cellular neural networks (CNNs) are locally con-

nected nonlinear networks. They originally stemmed

from cellular automata and artificial neural networks.

Local connectedness is the most significant property

of CNN. The local connectedness restricts the ability

of a CNN to solve many global problems that can-

not be decomposed into local components. However,

the local property has its advantages, such as easy

implementation using VLSI technology and efficiency

for solving local problems, as proposed by Chua and

Yang in Refs. [1] and [2]. Fuzzy set theory provides

mathematical support to the capture of uncertainties

associated with human cognitive processes. A fuzzy

cellular neural network (FCNN) is a generalized case

of the CNN structure proposed by Yang in Refs. [3]

and [4].

In the past decade, synchronization of chaotic sys-

tems has been extensively studied due to its poten-

tial applications in many different areas including se-

cure communication, chemical and biological systems,

information science, optics, and so on. Carroll and

Pecora[5] have introduced the drive-response concept,

and used the output of the drive system to control

the response system so that state synchronization was

achieved.

The study of the dynamical properties of FC-

NNs has mainly concentrated on stability analysis.[6,7]

Time delays in the FCNNs make the dynamic behav-

iors become more complicated, and may destabilize

the stable equilibria and admit periodic oscillation,

bifurcation, and chaos. Therefore, considerable atten-

tion has been paid to the study of delay systems in

control theory.[8] In fact, as special complex networks,

delayed neural networks (DNNs) have been found to

exhibit complicated dynamics and even chaotic behav-

ior if the parameters and time delays are appropriately

chosen.[9−18] However, CNNs and FCNNs have also

been found to exhibit complicated dynamics and even

chaotic behavior if the parameters and time delays are

appropriately chosen.[19−24] For instance, Xia et al.[22]

investigated the synchronization schemes for coupled

identical Yang–Yang type FCNNs.

To the best of the authors’ knowledge, there are
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no results on the linear matrix inequality (LMI) ap-

proach for synchronization control of FCNNs with

discrete and unbounded distributed delays. Based

on the Lyapunov–Krasovskii functional, which con-

tains a triple-integral term and free-weighting matri-

ces method, an improved delay-dependent stability

criterion is derived in terms of linear matrix inequali-

ties (LMIs). For the synchronization conditions given

in Refs. [21] and [24], the time delays are constant de-

lays or time-varying delays that are differentiable such

that their derivatives are not greater than one or finite.

A new result is presented by relaxing these restrictive

conditions on time-varying delays, which means that

our presented results have a wider adaptive range. Fi-

nally, a numerical example and numerical simulations

are given to show the effectiveness of our result.

This paper is organized as follows. In Section 2,

we introduce some model formulation and preliminar-

ies. In Section 3, the main results for asymptotical

synchronization of chaotic FCNNs are presented. In

Section 4, a numerical example is given in order to

demonstrate the effectiveness of our results. Finally,

in Section 5, some conclusions are summarized.

Notations Rn denotes the n-dimensional Eu-

clidean space. For any matrix A = [aij ]n×n, let AT

and A−1 denote the transpose and the inverse of A,

respectively. |A| = [|aij |]n×n. Let A > 0 (A < 0) de-

note the positive-definite (negative-definite) symmet-

ric matrix, respectively. I denotes the identity matrix

of appropriate dimension and Λ = {1, 2, . . . , n}. Sym-

bol ∗ denotes the symmetric terms in a symmetric

matrix.

2. Model formulation and prelim-

inaries

Most of the synchronization methods belong to

the master-slave (drive-response) type, which means

that the two systems are coupled so that the behavior

of the second one is influenced by the behavior of the

first one, but the behavior of the first one is indepen-

dent of the second one. The first system will be called

the master system or drive system, and the second

system will be the slave system or response system.

The main objective of this paper is to design a

controller to let the slave system synchronize with

the master system. Now let us consider the follow-

ing chaotic FCNN with discrete and unbounded dis-

tributed delays



ẋi(t) = −dixi(t) +
n∑

j=1

aijfj(xj(t)) +
n∑

j=1

bijfj(xj(t− τ(t))) + Ii

+
n∧

j=1

αij

∫ t

−∞
kj(t− s)fj(xj(s))ds+

n∨
j=1

βij

∫ t

−∞
kj(t− s)fj(xj(s))ds, i ∈ Λ,

xi(s) = ϕi(s), s ∈ (−∞, 0],

(1)

where ϕi(·) ∈ C((−∞, 0],R); αij and βij are the el-

ements of fuzzy feedback MIN template, fuzzy feed-

back MAX template, respectively; aij and bij are the

elements of feedback template;
∧

and
∨

denote the

fuzzy AND and fuzzy OR operations, respectively; xi

and Ii denote the state and external input of the i-th

neuron, respectively; di is a diagonal matrix, di rep-

resents the rates with which the i-th neuron will reset

their potential to the resting state in isolation when

disconnected from the networks and external inputs;

fj represents the neuron activation function; kj(·) is

the delay kernel function.

In this section, the following assumptions are

needed:

A1 The neuron activation functions fj(·) are con-
tinuously bounded and satisfy

l−j ≤ fj(u)− fj(v)

u− v
≤ l+j ,

for any u, v ∈ R, u ̸= v, j ∈ Λ,

where l−j and l+j are some real constants and they may

be positive, zero or negative.

A2 The transmission delay τ(t) is a time vary-

ing delay, and it satisfies 0 ≤ τ(t) ≤ τ , where τ is a

positive constant.

A3 The delay kernels kj are some real-valued

non-negative continuous functions defined in [0,∞)

satisfying

k̃j : =

∫ ∞

0

kj(s)ds > 0 and

k̂j : =

∫ ∞

0

kj(s) e
ηsds < ∞, j ∈ Λ,

for some η > 0.
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Moreover, considering that a chaotic FCNN system depends extremely on initial values, the initial condition

of the response system is defined to be different from that of the drive system. Therefore, a response system

with the same form and parameters of drive system (1) is introduced as follows:

ẏi(t) = −diyi(t) +
n∑

j=1

aijfj(yj(t)) +
n∑

j=1

bijfj(yj(t− τ(t))) + Ii +
n∧

j=1

αij

∫ t

−∞
kj(t− s)fj(yj(s))ds

+
n∨

j=1

βij

∫ t

−∞
kj(t− s)fj(yj(s))ds+ ui(t), i ∈ Λ,

yi(s) = φi(s), s ∈ (−∞, 0],

(2)

where φi(·) ∈ C((−∞, 0],R); di, aij , bij , αij , βij , Ii, and fj are the same as system (1) and ui(t) is the

appropriate control input that will be designed in order to obtain a certain control objective.

Let e(t) =
(
e1(t), e2(t), . . . , en(t)

)
: = x(t) − y(t) be the error state. Then, the error dynamical system

between system (1) and system (2) is given by

ėi(t) = −diei(t) +
n∑

j=1

aijgj(ej(t)) +
n∑

j=1

bijgj(ej(t− τ(t)))

+
n∧

j=1

αij

∫ t

−∞
kj(t− s)fj(xj(s))ds−

n∧
j=1

αij

∫ t

−∞
kj(t− s)fj(yj(s))ds

+
n∨

j=1

βij

∫ t

−∞
kj(t− s)fj(xj(s))ds−

n∨
j=1

βij

∫ t

−∞
kj(t− s)fj(yj(s))ds− ui(t), i ∈ Λ,

ei(s) = ϕi(s)− φi(s), s ∈ (−∞, 0],

(3)

where gj(ej(·)) = fj(xj(·))− fj(yj(·)), j ∈ Λ.

The appropriate control input is

ui(t) : = hijei(t), i, j ∈ Λ. (4)

Substituting Eq. (4) into system (3), it is easy to have

ėi(t) = (−di − hij)ei(t) +
n∑

j=1

aijgj(ej(t)) +
n∑

j=1

bijgj(ej(t− τ(t)))

+
n∧

j=1

αij

∫ t

−∞
kj(t− s)fj(xj(s))ds−

n∧
j=1

αij

∫ t

−∞
kj(t− s)fj(yj(s))ds

+
n∨

j=1

βij

∫ t

−∞
kj(t− s)fj(xj(s))ds−

n∨
j=1

βij

∫ t

−∞
kj(t− s)fj(yj(s))ds, i ∈ Λ,

ei(s) = ϕi(s)− φi(s), s ∈ (−∞, 0].

(5)

Remark 1 Note that the assumptions A1 and

A2 on activation function and time-varying delay in

this paper are weaker than those generally used in the

literature,[21,24] namely, the boundedness of the acti-

vation function fj . Further, the differentiability of the

time varying delay τ(t) is not required in this paper.

Now, we state the following a few lemmas which

will be used in the following discussion.

Lemma 1 (Schur complement[25]) The linear

matrix inequality Q(x) S(x)

ST(x) R(x)

 > 0,

where Q(x) = QT(x), R(x) = RT(x) is equivalent to

R(x) > 0 and Q(x)− S(x)R−1(x)ST(x) > 0.

Lemma 2 For any x, y ∈ Rn, ϵ > 0, and positive-

definite matrix Q ∈ Rn×n, the following matrix in-

equality holds:

2xTy ≤ ϵxTQx+ ϵ−1yTQ−1y.
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Lemma 3[26] Let z, z′ be two states of system

(1), then we have∣∣∣∣∣∣
n∧

j=1

αijfj(z)−
n∧

j=1

αijfj(z
′)

∣∣∣∣∣∣
≤

n∑
j=1

|αij ||fj(z)− fj(z
′)|,

∣∣∣∣∣∣
n∨

j=1

βijfj(z)−
n∨

j=1

βijfj(z
′)

∣∣∣∣∣∣
≤

n∑
j=1

|βij ||fj(z)− fj(z
′)|.

Lemma 4[27] For any x ∈ Rn, any constant ma-

trix A = [aij ]n×n with aij ≥ 0, the following matrix

inequality holds:

xTATAx ≤ nxTAT
s Asx,

where

As = diag

(
n∑

i=1

ai1,
n∑

i=1

ai2, . . . ,
n∑

i=1

ain

)
.

Lemma 5[28] Given any real matrix M = MT >

0 of appropriate dimension, a scalar η > 0, and a

vector function ω(·) : [a, b] → Rn, such that the inte-

grations concerned are well defined, then[∫ b

a

ω(s)ds

]T
M

[∫ b

a

ω(s)ds

]

≤ (b− a)

∫ b

a

ωT(s)Mω(s)ds.

3. Main results

Theorem 1 Assume that assumptions A1–A3

hold. The error dynamical system (3) is globally

asymptotically stable, if there exist n × n positive

diagonal matrices P , R, U1, and U2, some n × n

positive-definite symmetric matrices Q, W , M1, and

M2, two scalars µ1 > 0, µ2 > 0, and a 2n × 2n ma-

trix
(

T11 T12

⋆ T22

)
> 0 such that the following LMI has

feasible solution:

Ω =


Ωi,j ΓT

1 ΓT
2

⋆ −µ1n
−1I 0

⋆ ⋆ −µ2n
−1I

 < 0, (6)

where i, j = 1, 2, . . . , 10 with

Ω1,1 = −2PD −QT − 1

τ
M1 − 2M2 − U1Σ1,

Ω1,2 =
1

τ
M1, Ω1,3 = TT

12, Ω1,4 = −DTPT −QT,

Ω1,5 = 0, Ω1,6 =
2

τ
M2, Ω1,7 =

2

τ
M2,

Ω1,8 = PA+ U1Σ2, Ω1,9 = PB, Ω1,10 = 0,

Ω2,2 = −Q− 1

τ
M1, Ω2,3 = 0, Ω2,4 = 0, Ω2,5 = 0,

Ω2,6 = 0, Ω2,7 = 0, Ω2,8 = 0, Ω2,9 = 0,

Ω2,10 = 0, Ω3,3 = τT11 − 2TT
12 − U2Σ1, Ω3,4 = 0,

Ω3,5 = 0, Ω3,6 = 0, Ω3,7 = 0, Ω3,8 = 0,

Ω3,9 = U2Σ2, Ω3,10 = 0,

Ω4,4 = −2P +W + τM1 +
τ2

2
M2 + τT22,

Ω4,5 = 0, Ω4,6 = 0, Ω4,7 = 0,

Ω4,8 = PA, Ω4,9 = PB, Ω4,10 = 0,

Ω5,5 = −W, Ω5,6 = 0, Ω5,7 = 0, Ω5,8 = 0,

Ω5,9 = 0, Ω5,10 = 0, Ω6,6 = − 2

τ2
M2,

Ω6,7 = − 2

τ2
M2, Ω6,8 = 0, Ω6,9 = 0, Ω6,10 = 0,

Ω7,7 = − 2

τ2
M2, Ω7,8 = 0, Ω7,9 = 0, Ω7,10 = 0,

Ω8,8 = RK − U1, Ω8,9 = 0, Ω8,10 = 0,

Ω9,9 = −U2, Ω9,10 = 0, Ω10,10 = µ1I + µ2I −R,

K = diag
{
k̃1k̂1, . . . , k̃nk̂n

}
,

|α|s = diag
{ n∑

i=1

|αi1|,
n∑

i=1

|αi2|, . . . ,
n∑

i=1

|αin|
}
,

|β|s = diag
{ n∑

i=1

|βi1|,
n∑

i=1

|βi2|, . . . ,
n∑

i=1

|βin|
}
,

S = |α|s + |β|s, ΓT
1 =

[
(WS)T 0 0 0 0 0 0 0 0 0

]T
,

ΓT
2 =

[
0 0 0 (WS)T 0 0 0 0 0 0 0

]T
.

Moreover, the estimation gain H = P−1Q.

Proof Consider the following Lyapunov–

Krasovskii functional

V (t) =

7∑
i=1

Vi(t), (7)

where

V1(t) = eT(t)Pe(t) =
n∑

i=1

pie
2
i (t),

V2(t) =

∫ t

t−τ

eT(s)Qe(s)ds+

∫ t

t−τ

ėT(s)Wė(s)ds,

V3(t) =
n∑

j=1

rj k̃j

∫ ∞

0

kj(θ)

∫ t

t−θ

g2j (ej(s))dsdθ,
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V4(t) =

∫ 0

−τ

∫ t

t+θ

ėT(s)M1ė(s)dsdθ,

V5(t) =

∫ 0

−τ

∫ 0

θ

∫ t

t+λ

ėT(s)M2ė(s)dsdλdθ,

V6(t) =

∫ t

0

∫ θ

θ−τ(θ)

 e(θ − τ(θ))

ė(s)

T  T11 T12

∗ T22


×

 e(θ − τ(θ))

ė(s)

 dsdθ,

V7(t) =

∫ 0

−τ

∫ t

t+θ

ėT(s)T22ė(s)dsdθ.

From Lemma 3, we obtain

∣∣∣ n∧
j=1

αij

∫ t

−∞
kj(t− s)fj(xj)ds

−
n∧

j=1

αij

∫ t

−∞
kj(t− s)fj(yj)ds

∣∣∣
≤

n∑
j=1

|αij |
∣∣∣ ∫ t

−∞
kj(t− s)

(
fj(xj)− fj(yj)

)
ds
∣∣∣

=

n∑
j=1

|αij |
∣∣∣ ∫ t

−∞
kj(t− s)gj(ej(s))ds

∣∣∣.

By calculating the time derivation of Vi(t) along the trajectory of system (5), we obtain

V̇1(t) = 2
n∑

i=1

piei(t)
{
(−di − hij)ei(t) +

n∑
j=1

aijgj(ej(t)) +
n∑

j=1

bijgj(ej(t− τ(t)))

+

n∧
j=1

αij

∫ t

−∞
kj(t− s)fj(xj)ds−

n∧
j=1

αij

∫ t

−∞
kj(t− s)fj(yj)ds

+
n∨

j=1

βij

∫ t

−∞
kj(t− s)fj(xj)ds−

n∨
j=1

βij

∫ t

−∞
kj(t− s)fj(yj)ds

}

≤ 2eT(t)P
[
(−D −H)e(t) +Ag(e(t)) +Bg(e(t− τ(t)))

]
+ 2eT(t)P (|α|+ |β|)

∣∣∣ ∫ t

−∞
k(t− s)g(e(s))ds

∣∣∣
≤ − 2eT(t)PDe(t)− 2eT(t)Qe(t) + 2eT(t)PAg(e(t)) + 2eT(t)PBg(e(t− τ(t)))

+µ−1
1 neT(t)P (|α|s + |β|s)(|α|s + |β|s)TPe(t)

+µ1

(∫ t

−∞
k(t− s)g(e(s))ds

)T(∫ t

−∞
k(t− s)g(e(s))ds

)
+ 2ėT(t)P

[
− ė(t) + ė(t)

]
≤ − 2eT(t)PDe(t)− 2eT(t)Qe(t) + 2eT(t)PAg(e(t)) + 2eT(t)PBg(e(t− τ(t)))

+µ−1
1 neT(t)P (|α|s + |β|s)(|α|s + |β|s)TPe(t)

+µ1

(∫ t

−∞
k(t− s)g(e(s))ds

)T(∫ t

−∞
k(t− s)g(e(s))ds

)
− 2ėT(t)P ė(t)

− 2ėT(t)PDe(t)− 2ėT(t)Qe(t) + 2ėT(t)PAg(e(t)) + 2ėT(t)PBg(e(t− τ(t)))

+µ−1
2 nėT(t)P (|α|s + |β|s) (|α|s + |β|s)TP ė(t)

+µ2

(∫ t

−∞
k(t− s)g(e(s))ds

)T(∫ t

−∞
k(t− s)g(e(s))ds

)
, (8)

V̇2(t) = eT(t)Qe(t)− eT(t− τ)Qe(t− τ) + ėT(t)Wė(t)− ėT(t− τ)Wė(t− τ), (9)

V̇3(t) =
n∑

j=1

rj k̃j

∫ ∞

0

kj(θ)g
2
j (ej(t))dθ −

n∑
j=1

rj k̃j

∫ ∞

0

kj(θ)g
2
j (ej(t− θ))dθ

≤ gT(e(t))RKg(e(t))−
n∑

j=1

rj

∫ ∞

0

kj(θ)dθ

∫ ∞

0

kj(θ)g
2
j (ej(t− θ))dθ

≤ gT(e(t))RKg(e(t))−
n∑

j=1

rj

(∫ ∞

0

kj(θ)gj(ej(t− θ))dθ
)2
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= gT(e(t))RKg(e(t))−
(∫ t

−∞
k(t− s)g(e(s))ds

)T
R
(∫ t

−∞
k(t− s)g(e(s))ds

)
, (10)

V̇4(t) = τ ėT(t)M1ė(t)−
∫ t

t−τ

ėT(s)M1ė(s)ds

≤ τ ėT(t)M1ė(t)−
1

τ
eT(t)M1e(t) +

2

τ
eT(t)M1e(t− τ)− 1

τ
eT(t− τ)M1e(t− τ), (11)

V̇5(t) =
τ2

2
ėT(t)M2ė(t)−

∫ 0

−τ

∫ t

t+θ

ėT(s)M2ė(s)dsdθ

≤ τ2

2
ėT(t)M2ė(t)−

2

τ2

(∫ 0

−τ

∫ t

t+θ

ė(s)dsdθ
)T

M2

(∫ 0

−τ

∫ t

t+θ

ė(s)dsdθ
)

=
τ2

2
ėT(t)M2ė(t)−

2

τ2

(
τe(t)−

∫ t

t−τ

e(s)ds
)T

M2

(
τe(t)−

∫ t

t−τ

e(s)ds
)

=
τ2

2
ėT(t)M2ė(t)−

2

τ2

(
τe(t)−

∫ t

t−τ(t)

e(s)ds−
∫ t−τ(t)

t−τ

e(s)ds
)T

M2

×
(
τe(t)−

∫ t

t−τ(t)

e(s)ds−
∫ t−τ(t)

t−τ

e(s)ds
)

=
τ2

2
ėT(t)M2ė(t)− 2eT(t)M2e(t) +

2

τ
eT(t)M2

∫ t

t−τ(t)

e(s)ds

+
2

τ
eT(t)M2

∫ t−τ(t)

t−τ

e(s)ds+
2

τ

∫ t

t−τ(t)

eT(s)dsM2e(t)−
2

τ2

∫ t

t−τ(t)

eT(s)dsM2

×
∫ t

t−τ(t)

e(s)ds− 2

τ2

∫ t

t−τ(t)

eT(s)dsM2

∫ t−τ(t)

t−τ

e(s)ds+
2

τ

∫ t−τ(t)

t−τ

eT(s)dsM2e(t)

− 2

τ2

∫ t−τ(t)

t−τ

eT(s)dsM2

∫ t

t−τ(t)

e(s)ds− 2

τ2

∫ t−τ(t)

t−τ

eT(s)dsM2

∫ t−τ(t)

t−τ

e(s)ds, (12)

V̇6(t) =

∫ t

t−τ(t)

 e(t− τ(t))

ė(s)

T  T11 T12

∗ T22

 e(t− τ(t))

ė(s)

 ds

= τ(t)eT(t− τ(t))T11e(t− τ(t)) + 2eT(t)TT
12e(t− τ(t))− 2eT(t− τ(t))TT

12e(t− τ(t))

+

∫ t

t−τ(t)

ėT(s)T22ė(s)ds

≤ eT(t− τ(t))
[
τT11 − 2TT

12

]
e(t− τ(t)) + 2eT(t)TT

12e(t− τ(t)) +

∫ t

t−τ

ėT(s)T22ė(s)ds, (13)

V̇7(t) = τ ėT(t)T22ė(t)−
∫ 0

−τ

ėT(t+ θ)T22ė(t+ θ)dθ = τ ėT(t)T22ė(t)−
∫ t

t−τ

ėT(s)T22ė(s)ds. (14)

In addition, for any n × n diagonal matrices U1 > 0, U2 > 0, the following inequality holds by the methods

proposed in Ref. [29]:
 e(t)

g(e(t))

T −U1Σ1 U1Σ2

∗ −U1

 e(t)

g(e(t))

+

 e(t− τ(t))

g(e(t− τ(t)))

T −U2Σ1 U2Σ2

∗ −U2

 e(t− τ(t))

g(e(t− τ(t)))


 ≥ 0. (15)

Hence, from expressions (7)–(15) we have

V̇ (t) ≤ ξT(t) [Ωi,j + ΓT
1 µ−1

1 nΓ1 + ΓT
2 µ−1

2 nΓ2] ξ(t),= ξT(t)Ωξ(t), (16)

where
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ξ(t) =

[
eT(t), eT(t− τ), eT(t− τ(t)), ėT(t), ėT(t− τ),

∫ t

t−τ(t)

eT(s)ds,

∫ t−τ(t)

t−τ

eT(s)ds,

gT(e(t)), gT(e(t− τ(t))),

∫ t

−∞
k(t− s)gT(e(s))ds

]T
,

Ω = Ωi,j + ΓT
1 µ−1

1 nΓ1 + ΓT
2 µ−1

2 nΓ2.

By expression (6), it yields

V̇ (t) ≤ − ξT(t) Ω∗ ξ(t), t > 0,

where Ω∗ = −Ω > 0, which guarantees globally

asymptotically stable of the error dynamical system

(3) by Lyapunov stability theory. As a result, the

chaotic FCNN with discrete and distributed delays (2)

is globally synchronized with the master FCNN (1). �
Remark 2 Yu and Jiang[23] have investigated

the global exponential synchronization of fuzzy cellu-

lar neural networks with delays and reaction–diffusion

terms. Feng et al.[24] have investigated the global

exponential synchronization of delayed fuzzy cellu-

lar neural networks with impulsive effects. The au-

thors in the previous literature have tried to solve

the synchronization of FCNNs with constant delays.

So far no results have been reported on the synchro-

nization of FCNNs with unbounded distributed delays

using the LMI approach. It is challenging and com-

plicated to synchronize the FCNNs model with un-

bounded distributed delays. By constructing a suit-

able Lyapunov–krasovskii functional and simple con-

trol, we derive a simple and efficient criterion in terms

of LMIs for synchronization. The results obtained in

this paper are simple and easy to apply in practical

applications.

Let us consider the master FCNN described by

the following state equation:



ẋi(t) = −dixi(t) +
n∑

j=1

aijfj(xj(t)) +
n∑

j=1

bijfj(xj(t− τ(t))) + Ii

+
n∧

j=1

αijfj(xj(t− τ(t))) +
n∨

j=1

βijfj(xj(t− τ(t))), i ∈ Λ,

xi(s) = ϕi(s), s ∈ (−∞, 0].

(17)

The corresponding response system of system (17) is given by

ẏi(t) = −diyi(t) +
n∑

j=1

aijfj(yj(t)) +
n∑

j=1

bijfj(yj(t− τ(t))) + Ii

+

n∧
j=1

αijfj(yj(t− τ(t))) +

n∨
j=1

βijfj(yj(t− τ(t))) + ui(t), i ∈ Λ,

yi(s) = φi(s), s ∈ (−∞, 0],

(18)

where ϕi(·), φi(·), di, aij , bij , αij , βij , Ii, fj , and ui(t) described in systems (17) and (18) are the same as those

in systems (1) and (2).

Let e(t) =
(
e1(t), e2(t), . . . , en(t)

)
: = x(t) − y(t) be the error state. Then, the error dynamical system

between systems (17) and (18) is given by

ėi(t) = −diei(t) +
n∑

j=1

aijgj(ej(t)) +
n∑

j=1

bijgj(ej(t− τ(t)))

+
n∧

j=1

αijfj(xj(t− τ(t)))−
n∧

j=1

αijfj(yj(t− τ(t)))

+
n∨

j=1

βijfj(xj(t− τ(t)))−
n∨

j=1

βijfj(yj(t− τ(t)))− ui(t), i ∈ Λ,

ei(s) = ϕi(s)− φi(s), s ∈ (−∞, 0],

(19)
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where gj(ej(·)) = fj(xj(·))− fj(yj(·)), j ∈ Λ.

Theorem 2 Assume that assumptions A1 and

A2 hold. The error dynamical system (19) is glob-

ally asymptotically stable, if there exist n × n pos-

itive diagonal matrices P , U1, U2, and some n × n

positive-definite symmetric matrices Q, W , M1, M2,

two scalars µ1 > 0, µ2 > 0, and a 2n × 2n matrix(
T11 T12

⋆ T22

)
> 0 such that the following LMI has feasible

solution:

Ω =


Ωi,j ΓT

1 ΓT
2

⋆ −µ1n
−1I 0

⋆ ⋆ −µ2n
−1I

 < 0, (20)

where i, j = 1, 2, . . . , 9 with

Ω1,1 = −2PD −QT − 1

τ
M1 − 2M2 − U1Σ1,

Ω1,2 =
1

τ
M1, Ω1,3 = TT

12, Ω1,4 = −DTPT −QT,

Ω1,5 = 0, Ω1,6 =
2

τ
M2, Ω1,7 =

2

τ
M2,

Ω1,8 = PA+ U1Σ2, Ω1,9 = PB, Ω1,10 = 0,

Ω2,2 = −Q− 1

τ
M1, Ω2,3 = 0, Ω2,4 = 0,

Ω2,5 = 0, Ω2,6 = 0, Ω2,7 = 0, Ω2,8 = 0, Ω2,9 = 0,

Ω2,10 = 0, Ω3,3 = τT11 − 2TT
12 − U2Σ1,

Ω3,4 = 0, Ω3,5 = 0, Ω3,6 = 0, Ω3,7 = 0, Ω3,8 = 0,

Ω3,9 = U2Σ2, Ω3,10 = 0,

Ω4,4 = −2P +W + τM1 +
τ2

2
M2 + τT22,

Ω4,5 = 0, Ω4,6 = 0, Ω4,7 = 0, Ω4,8 = PA,

Ω4,9 = PB, Ω4,10 = 0, Ω5,5 = −W,

Ω5,6 = 0, Ω5,7 = 0, Ω5,8 = 0, Ω5,9 = 0, Ω5,10 = 0,

Ω6,6 = − 2

τ2
M2, Ω6,7 = − 2

τ2
M2, Ω6,8 = 0,

Ω6,9 = 0, Ω6,10 = 0, Ω7,7 = − 2

τ2
M2,

Ω7,8 = 0, Ω7,9 = 0, Ω7,10 = 0,

Ω8,8 = −U1, Ω8,9 = 0, Ω8,10 = 0,

Ω9,9 = µ1I + µ2I − U2, Ω9,10 = 0,

|α|s = diag
{ n∑

i=1

|αi1|,
n∑

i=1

|αi2|, . . . ,
n∑

i=1

|αin|
}
,

|β|s = diag
{ n∑

i=1

|βi1|,
n∑

i=1

|βi2|, . . . ,
n∑

i=1

|βin|
}
,

S = |α|s + |β|s, ΓT
1 =

[
(WS)T 0 0 0 0 0 0 0 0

]T
,

ΓT
2 =

[
0 0 0 (WS)T 0 0 0 0 0 0

]T
.

Moreover, the estimation gain H = P−1Q.

Proof Consider the following Lyapunov–

Krasovskii functional

V (t) =
6∑

i=1

Vi(t), (21)

where

V1(t) = eT(t)Pe(t) =
n∑

i=1

pie
2
i (t),

V2(t) =

∫ t

t−τ

eT(s)Qe(s)ds+

∫ t

t−τ

ėT(s)Wė(s)ds,

V3(t) =

∫ 0

−τ

∫ t

t+θ

ėT(s)M1ė(s)dsdθ,

V4(t) =

∫ 0

−τ

∫ 0

θ

∫ t

t+λ

ėT(s)M2ė(s)dsdλdθ,

V5(t) =

∫ t

0

∫ θ

θ−τ(θ)

 e(θ − τ(θ))

ė(s)

T  T11 T12

∗ T22


×

 e(θ − τ(θ))

ė(s)

 dsdθ,

V6(t) =

∫ 0

−τ

∫ t

t+θ

ėT(s)T22ė(s)dsdθ.

The proof of this Theorem is immediately follows from

Theorem 1. �

4. Numerical example

Example 1 Consider the chaotic FCNN model



ẋi(t) = −dixi(t) +
n∑

j=1

aijfj(xj(t)) +
n∑

j=1

bijfj(xj(t− τ(t))) + Ii

+
n∧

j=1

αij

∫ t

−∞
kj(t− s)fj(xj(s))ds+

n∨
j=1

βij

∫ t

−∞
kj(t− s)fj(xj(s))ds, i ∈ Λ,

xi(s) = ϕi(s), s ∈ (−∞, 0]

(22)
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with parameters defined as

ϕ(s) = (1,−0.5,−1)T, s ∈ (−∞, 0], fj(xj) =
1

2

(
|xj + 1| − |xj − 1|

)
, j = 1, 2, 3,

k(s) = 0.17 e−s, Ii = 0, i = 1, 2, 3, τ(t) = 0.04| sin(t)|,

A =


1.25 −3.21 −3.2

−3.2 1.1 −4.4

−3.2 4.4 1

 , B =


4.3 −7.5 −3

−3 1.2 −5

−3.2 4.5 −2.3

 , D =


1 0 0

0 1 0

0 0 1

 ,

α = β =


−1/32 −1/32 1/32

−1/32 −1/32 1/32

−1/32 −1/32 1/32

 .

The corresponding response system is designed as

ẏi(t) = −diyi(t) +
n∑

j=1

aijfj(yj(t)) +
n∑

j=1

bijfj(yj(t− τ(t))) + Ii +
n∧

j=1

αij

∫ t

−∞
kj(t− s)fj(yj(s))ds

+
n∨

j=1

βij

∫ t

−∞
kj(t− s)fj(yj(s))ds+ ui(t), i ∈ Λ,

yi(s) = φi(s), s ∈ (−∞, 0],

(23)

where u is given by Eq. (4) and the initial condition

is

φ(s) = (−4.5, 3, 4.8)T, s ∈ (−∞, 0].

By using the Matlab LMI toolbox to solve the LMI (6)

in Theorem 1, it can be found that the LMI is feasible

and

P =


0.0027 0 0

0 0.0039 0

0 0 0.0028

 ,

R =


1.5033 0 0

0 1.5291 0

0 0 1.5443

 ,

Q =


0.0027 −0.0000 0.0009

−0.0000 0.0033 −0.0009

0.0009 −0.0009 0.0036

 ,

W = 10−3 ×


0.4309 −0.0492 0.2845

−0.0492 0.5644 −0.2946

0.2845 −0.2946 0.7081

 ,

M1 =


0.0097 −0.0012 0.0070

−0.0012 0.0130 −0.0073

0.0070 −0.0073 0.0165

 ,

M2 =


0.9241 −0.0053 −0.0184

−0.0053 1.0913 0.0215

−0.0184 0.0215 0.8319

 ,

T11 =


3.7860 −0.0035 −0.1892

−0.0035 4.7300 0.2625

−0.1892 0.2625 3.3565

 ,

T12 =


0.3225 0.0007 0.0189

0.0021 0.4482 −0.0261

0.0139 −0.0043 0.3027

 ,

T22 =


0.0327 −0.0006 0.0079

−0.0006 0.0493 −0.0088

0.0079 −0.0088 0.0365

 ,

U1 =


0.6533 0 0

0 0.7100 0

0 0 0.5919

 ,

U2 =


0.2840 0 0

0 0.4044 0

0 0 0.2505

 ,

µ1 = 0.5531, µ2 = 0.5576.

Consequently, the controller gain matrixH is designed

as follows:
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H = P−1Q =


0.9949 −0.0107 0.3447

−0.0076 0.8578 −0.2225

0.3422 −0.3140 1.2978

 . (24)

By Theorem 1, models (22) and (23) are asymptoti-

cally synchronized. The simulation results are illus-

trated in Figs. 1(a)–1(d) in which the controller de-

signed in Eq. (24) is applied.
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Fig. 1. State trajectories and error trajectories of drive system (22) and response system (23) with control

input (24): (a) the state x1 and its estimation, (b) the state x2 and its estimation, (c) the state x3 and its

estimation, (d) the error states.
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Fig. 2. State trajectories and error trajectories of drive system (22) and response system (23) without control

input: (a) the state x1 and its estimation, (b) the state x2 and its estimation, (c) the state x3 and its estimation,

(d) the error states.
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Remark 3 The simulation results can be de-
scribed as follows. Figures 2(a)–2(d) provide the state
trajectories and the error trajectories between the
drive system (22) and the response system (23) with-
out control input. One may observe that the drive
system (22) and the response system (23) without con-
trol input cannot be synchronized. Figures 3(a) and
3(b) describe the chaotic behavior in phase space of
the drive system (22) and the response system (23)
without control input, respectively. Figures 1(a)–1(d)
show that the state trajectories and error trajectories
of the drive system (22) and the response system (23)
with control input (24) to be asymptotically synchro-
nized. In the simulations, we choose the time step
size h = 0.1 and time segment T = 50. In addi-
tion, we should point out that for simplicity of our
computer simulations, the delay kernel k is used as
k(s) = 0.17 e−s for s ∈ [0, 4] and k(s) = 0 for s > 4.
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15
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24
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10
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x
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-20 -15 -10 -5 0
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↽

(a)

(b)

Fig. 3. (a) The chaotic behavior of drive system (22) in

phase space with the initial condition ϕ(s) = (1,−0.5,−1)T,

s ∈ (−∞, 0]; (b) The chaotic behavior of response system (23)

in phase space without control input with the initial condition

φ(s) = (−4.5, 3, 4.8)T, s ∈ (−∞, 0].

5. Conclusion
In this paper, the synchronization for FCNNs

with mixed delays was considered. Mixed delays in-
clude discrete time-varying delays and unbounded dis-
tributed delays. A dynamic control scheme was pro-
posed to achieve the synchronization between a drive
network and a response network. By constructing
the Lyapunov–Krasovskii functional which contains a
triple-integral term and the free-weighting matrices
method, we derived a simple and efficient criterion
in terms of LMIs for synchronization. The controller
can be easily obtained by solving the derived LMIs.
The assumptions A1 and A2 on activation function
and time-varying delay in this paper are weaker than
those generally used in the previous literature,[21,24]

namely, the boundedness of the activation function
fj . Further the differentiability of the time varying
delay τ(t) is not required in this paper. A numerical
example and its simulations are presented to illustrate
the effectiveness of the proposed method.
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