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Conductance of metallic nanoribbons with defects∗
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The conductances of two typical metallic graphene nanoribbons with one and two defects are studied using the

tight binding model with the surface Green’s function method. The weak scattering impurities, U ∼ 1 eV, induce a

dip in the conductance near the Fermi energy for the narrow zigzag graphene nanoribbons. As the impurity scattering

strength increases, the conductance behavior at the Fermi energy becomes more complicated and depends on the

impurity location, the AA and AB sites. The impurity effect then becomes weak and vanishes with the increase in the

width of the zigzag graphene nanoribbons (150 nm). For the narrow armchair graphene nanoribbons, the conductance

at the Fermi energy is suppressed by the impurities and becomes zero with the increase in impurity scattering strength,

U > 100 eV, for two impurities at the AA sites, but becomes constant for the two impurities at the AB sites. As

the width of the graphene nanoribbons increases, the impurity effect on the conductance at the Fermi energy depends

sensitively on the vacancy location at the AA or AB sites.
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1. Introduction

Graphene, as a new kind of low-dimensional ma-

terial, has attracted much attention, not only for po-

tential applications in new kinds of devices, but also

for understanding some of the fundamental physics

in nanoscale materials.[1] The mobile electrons in

graphene behave as massless Dirac fermions due to

their unique honeycomb structures, and the geome-

try of sp2 carbon networks has strongly influenced its

electronic band structure with a linear dispersion rela-

tion near the Dirac point.[2−4] Due to the chiral nature

of charge excitations, many unconventional quantum

transport features are exhibited, such as anomalous

quantum Hall effects.[5,6]

In particular, quasi-one-dimensional graphene

nanoribbons (GNRs) with different edges can be ob-

tained by cutting two-dimensional (2D) graphene

sheets along different directions. There are two typi-

cal edge shapes in GNRs, called zigzag and armchair,

respectively. The electronic properties of GNRs have

triggered great enthusiasm for their study. GNRs can

be either semiconducting or metallic, depending on

their shape.[7] All zigzag GNRs are metallic, but arm-

chair GNRs are metallic only when their width satis-

fies the condition N = 3n − 1, where n is an integer

and N is the number of A(B)-site atoms in a unit cell,

relating to the width of the GNRs (see Fig. 1).[7] In

addition, edge states exist in zigzag GNRs, but not

armchair GNRs.[8]

Physically, defects and impurities play an im-

portant role in such nanoscale materials. The con-

ductance of GNRs with edge defects exhibits zero

dips,[9,10] and the vacancies in GNRs lead to con-

ductance suppression and resonance.[11−14] However,

there are usually many defects or impurities in GNRs.

In the present paper, we investigate the transport

properties of metallic zigzag and armchair GNRs with

two defects. The paper is organized as follows. Firstly,

the model and the method are briefly introduced in

Section 2. Then, we show our results and discussions

in Section 3, and finally we give a conclusion in Sec-

tion 4.

2. Model and method

The geometries of zigzag and armchair GNRs

are shown in Fig. 1. There are two inequiva-

lent sublattices, called A- and B-sublattices, respec-
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tively. The graphene lattice constant is a0 = 2.49 Å

(1 Å=0.1 nm)[9,15] and the lengths of the zigzag and

armchair GNRs are Lzig = Ma0 and Larm =
√
3Ma0,

respectively, where M is the number of unit cells in

the ribbon. The width of zigzag GNRs can be writ-

ten as Wzig =
√
3/2Na0, while the width of armchair

GNRs areWarm = Na0/2. The atoms in a unit cell are

denoted by 1A, 1B,. . . , NA, NB as shown in Fig. 1.[9]
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Fig. 1. (colour online) The geometry of GNRs: (a) a zigzag GNR (N = 4), and (b) an armchair GNR (N = 7).

The honeycomb structure is composed of two sublattices, A and B. The red rectangle denotes a unit cell.

The basic transport properties of graphene are

dominated by the π electrons in graphene. We can

use the nearest-neighbor π tight-binding model to de-

scribe a GNR with defects. The Hamiltonian reads

H = −t
∑
⟨i,j⟩

(
c†i cj + h.c.

)
+ U

∑
l

c†l cl, (1)

where t is the nearest-neighbor hopping parameter,

t ≈ 2.66 eV, and U represents the strength of de-

fects, set to infinity for vacancies but a small value

for weak scatters.[11−14] We assume all edge sites are

terminated by hydrogen atoms.

The transport system we consider includes the

left lead, conductor, and the right lead. The left-

and right-leads are semi-infinite perfect GNRs with

the same edge shape as the middle conductor. The

transport conductance can be calculated based on the

Landauer formula with the surface Green’s function

method. The transport conductance of the system

can be written as[9,16,17]

G(E) =
2e2

h
T (E) =

2e2

h
Tr

[
ΓLGrΓ

RG+
r

]
, (2)

where T (E) is the transmission coefficient, and ΓL(R)

describes the rate of electron escape from the left lead

to the conductor and then to the right lead. They can

be expressed as

ΓL(R) = i

[
ΣL(R) −

(
ΣL(R)

)+
]
, (3)

where

ΣL = H+
0,1g

L
0,0H0,1, (4)

ΣR = H1,2g
R
2,2H

+
1,2 (5)

is the self-energy of the coupling between the leads and

the conductor. The Green’s function of the system Gr

can be expressed in terms of [9,16−18]

Gr = [(E + iη)I −H1,1 −ΣL −ΣR]−1. (6)

Using the recursive Green’s function method with

the iterative technique, we can calculate the surface

Green’s function and the transmission probability of

the system.[9] The surface retarded Green’s functions

of the left lead are gL0,0 and right lead gRM+1,M+1, via

an iterative procedure.[19]

gL0,0 = [(E + iη)I −H0,0 −H+
−1,0Λ̃]

−1. (7)
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gRM+1,M+1 = [(E + iη)I −H0,0 −H+
−1,0Λ]

−1, (8)

where the Λ and Λ̃ are

Λ = p0 + p̃0p1 + p̃0p̃1p2 + · · ·+ p̃0p̃1p̃2 · · · pn, (9)

Λ̃ = p0 + p0p̃1 + p0p1p̃2 + · · ·+ p0p1p2 · · · p̃n, (10)

where pi and p̃i are defined as follows:

pi = (I − pi−1p̃i−1 − p̃i−1pi−1)
−1

p2i−1, (11)

p̃i = (I − pi−1p̃i−1 − p̃i−1pi−1)
−1

p̃2i−1. (12)

The initialized values are calculated by

p0 = [(E + iη) I −H0,0]
−1

H+
−1,0, (13)

p̃0 = [(E + iη) I −H0,0]
−1

H−1,0, (14)

where Hj,j is the Hamiltonian of the j-th cell and

Hj,j+1 is the coupling matrix of the nearest neighbor

j-th and (j+1)-th cells. η is infinitesimal η → 0+ and

I is a unit matrix. The remaining Green’s function gR

is calculated layer by layer, going down from l = M

to l = 2,[19]

gRl,l =
[
(E + iη)−Hl,l −Hl,l+1g

R
l+1,l+1H

+
l,l+1

]
. (15)

3. Results and discussion

As a typical GNR with two defects, we mainly fo-

cus on two kinds of defects, weak scattering impurities

and vacancies. Suppose that two defects are located

in the same unit cell of the GNR and their positions

are within the half width for simplicity, we consider

that the number of A (B)-site atoms in a unit cell is

N = 8 and the number of unit cells is M = 300. We

use iA (iB)-site to denote an impurity or defect lo-

cated at the iA (iB)-site and the iAjA (iAjB), where

i ̸= j denotes one defect located on the iA-site and

the other at the jA (jB)-site, respectively.

3.1.A zigzag GNR

We first investigate the effect of the weak scat-

tering impurity in the GNR. We compare the con-

ductances of the pure zigzag GNR and one- or two-

impurity GNRs, as shown in Fig. 2. The conduc-

tance of a pure zigzag GNR is flat at the Fermi en-

ergy, exhibiting metallic behavior. For an impurity at

1A, the conductance has a dip near the Fermi energy

(see Fig. 1(a)), which agrees with Li’s results.[9] For

two impurities at 1AjA, where j = 2 ∼ 4, the con-

ductances have two dips near the Fermi energy (see

Fig. 1(a)). However, as the location of the impurity

is far away from the edge, the dip at the Fermi en-

ergy gradually disappears. Then the conductance of

the 1AjA type behaves similarly to the case of the

1A type, exhibiting only one dip near the Fermi en-

ergy. In addition, for the 1AjB type, the conductance

also has only one dip near Fermi energy, as shown

in Fig. 2(b). For the two impurities located at the

bulk sites, the 2AjA (2AjB) type, the conductances

show only one dip, as depicted in Figs. 2(c) and (d),

where j = 1 ∼ 4. Due to the nonbonding nature of

edge states in the zigzag GNR,[7] the electronic states

of the edge sites are almost localized. For impuri-

ties at the same sublattice as the edge sites, especially

near the corresponding edge, there exists scattering

between impurities and electrons, which affects the

conductance of the system. Therefore, the conduc-

tance of a zigzag GNR with two impurities depends

on the location of the impurities, and the width of the

GNR. The position of the conductance dip is similar

to the case of a single impurity at the jA-site.

For the vacancy defects, the conductances of all

cases (one or two vacancies) are symmetric to the

Fermi energy, which is different from the cases of two

impurities. The details of the conductance depends

on the location of the vacancies. In Fig. 3(a), we plot

the conductances in different energy channels near the

Fermi energy for the one vacancy at 1A and the two

vacancies at 1AjA, where j = 2 ∼ 4. For one va-

cancy at the 1A site, the conductance has two dips at

±1.3 eV. For the 1AjA type vacancies there are four

zero-conductance dips and three local maximums at

different energy channels. One of the local conduc-

tance maximums is located at the Fermi energy. For

the 1AjB type vacancies (Fig. 3(b)), there are only

three dips in the conductances. One is located at the

Fermi energy, and the others are at two symmetric

energy channels near ±1.3 eV. The conductance dips

become shallow as the position of the B-sublattice im-

purity j locates beyond the A-sublattice impurity. It

can be seen from Figs. 3(a) and 3(b) that the influ-

ences of the two vacancies located at the 1AjA and

1AjB are quite different, especially near the Fermi en-

ergy. Interestingly, for the 2AjA vacancies shown in

Fig. 3(c), the conductance behaviors in the different
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energy channels are also quite different. Particularly,

the conductances for the 2A and 2A3A vacancies have

a maximum at the Fermi energy, while for the 2A4A

vacancy, the conductance has a minimum at the Fermi

energy. Moreover, for the 2AjB vacancies shown in

Fig. 3(d), as the vacancy at the B-sublattice moves

beyond the vacancy at the 2A site, the conductance

shows a dip in the Fermi energy.
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Fig. 2. (colour online) The conductance of the zigzag GNR (N = 8) near the Fermi energy. (a) One impurity is

located at the 1A site and two impurities at the 1AjA sites (pure means without impurities for comparison); (b) two

impurities located at the 1AjB sites; (c) one impurity located at the 2A, and two impurities at the 2AjA sites; and (d)

two impurities located at the 2AjB sites.
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Fig. 3. (colour online) The conductance of the zigzag GNR (N = 8) near the Fermi energy. (a) One vacancy at the

1A site and two vacancies located at the 1AjA sites (pure for comparison); (b) two vacancies located at the 1AjB sites;

(c) one vacancy located at the 2A site, and two vacancies at the 2AjA sites; and (d) two vacancies located at the 2AjB

sites.
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A single vacancy at the A(B)-site in the graphene

sheet leads to the amplitude of wave function van-

ishing at the A(B)-sublattice and forms a zero-

energy quasilocalized state around the vacancy, which

belongs to the B(A) sublattice, i.e. nonbonding

character.[10,20] Thus, when the single vacancy is near

the corresponding edge at the same sublattice,[10] e.g.

1A-site vacancy, the coupling between vacancy states

and edge states forms the bonding and antibond-

ing configuration, resulting in two conductance dips.

However, if the single vacancy is far away from the

corresponding edge, e.g. 1B-site vacancy, the conduc-

tance has only one dip near the Fermi energy. For

double vacancies, there are four conductance dips for

the 1AjA type and three dips for the 1AjB type. This

is because there is one vacancy located at the edge

for both of the two types of vacancies, and the cou-

pling between the vacancy state and the edge state is

stronger than the coupling between the two vacancies.

However, when the two vacancies are located in the

bulk, the interplay between the two vacancies makes

the resonance of the conductance more complicated,

e.g. 2AjA type. In addition, it is easy to find that the

conductance at the Fermi energy decreases with the

increase in distance between the two vacancies.

In order to investigate the effect of the scattering

strength of the defects, we plot the conductance at the

Fermi energy versus the scattering strength of defects

in Fig. 4. One impurity located at the 1A site and two

AA-type defects located at 1AjA, where j = 2 ∼ 4,

are shown in Fig. 4(a). The conductances at the Fermi

energy smoothly decrease for U < 100 eV and become

stable for U > 100 eV with the increasing in the scat-

tering strength. For AB-type defects located at 1AjB

where j = 1 ∼ 4 in Fig. 4(b), the conductances at

the Fermi energy show one dip with the increasing in

the scattering strength, and the minimums of the con-

ductances depend on the location of the defect at the

B-sublattice. For the 2A and 2AjA type impurities

in Fig. 4(c) and the 2AjB impurities in Fig. 4(d), the

behaviors of the conductances are similar to the cases

in Figs. 4(a) and 4(b).
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Fig. 4. (colour online) The conductance of the zigzag GNR (N = 8) at the Fermi energy versus the impurity scattering

strength. (a) One impurity located at the 1A site and two at the 1AjA sites; (b) two impurities located at the 1AjB

sites; (c) one impurity located at the 2A, and two impurities at the 2AjA sites; and (d) two impurities located at the

2AjB sites.

Another interesting question is how the behavior of the conductance relates to the width of the GNR. In

Fig. 5, we investigate the conductances at the Fermi energy versus the number of A (B)-site atoms that are

related to the width of the GNR. The conductances at the Fermi energy for all vacancy cases converge to near

1. This implies that the effect of the vacancy vanishes as the width of the GNR becomes large.
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Fig. 5. (colour online) The conductance of the zigzag GNR at the Fermi energy versus the width of the GNR. (a) One

vacancy at the 1A site and two vacancies located at the 1AjA sites; (b) two vacancies located at the 1AjB sites; (c) one

vacancy located at the 2A site, and two vacancies at the 2AjA sites; and (d) two vacancies located at the 2AjB sites.

3.2.B armchair GNR

For the armchair GNR with weak scattering de-

fects, U = 1.0 eV, located at the sites of 1AjA, 1AjB,

2AjA, and 2AjB (see Fig. 6), we find that there is

almost no influence on the conductances around the

Fermi energy, but the conductances are modified in

the edge of the channel below the Fermi energy, which

can be seen in Figs. 6(a)–6(d). This is because no edge

states exist in the armchair GNR, and the scattering

strength of the impurities is too small to impact on

the conductance.[9]
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Fig. 6. (colour online) The conductance of the armchair GNR (N = 8) at the Fermi energy. (a) One impurity located
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located at the 2A, and two impurities at the 2AjA sites; and (d) two impurities located at the 2AjB sites.
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For one vacancy at the jA or jB site where

j = 1 ∼ 4, respectively, in Figs. 7(a) and 7(b), the

conductance is symmetric and has a dip at the Fermi

energy except for the case of the 3A(B)-site vacancy.

The pure curves mean the lattice without impurities

and defects for comparison.

In Figs. 7(c) and 7(d), the behaviors of the con-

ductances are quite different for the two vacancies at

1AjA or 1AjB. The conductances for the two vacan-

cies at 1AjA still have a dip at the Fermi energy, but

two dips appear at the ±1.3 eV channels for the 1AjB-

type vacancies. This difference originates from the

repulsion effect of the opposite non-bonding charac-

ters of two vacancies located at different sublattices,

respectively.
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Fig. 7. (colour online) The conductance of the armchair GNR (N = 8) near the Fermi energy. One vacancy is located

(a) at the jA sites, (b) at the jB sites; (c) two vacancies located at the 1AjA sites (1A for comparison), and (d) at the

1AjB sites.
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scattering strength. (a) One impurity located at the 1A site and two at the 1AjA sites; and (b) two impurities

located at the 1AjB sites.
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Similarly to the zigzag GNR, we plot the con-

ductances at the Fermi energy versus the scattering

strength in Figs. 8(a) and 8(b). For one or two va-

cancies at the A-sublattice, the conductances at the

Fermi energy trend to zero for U > 100 eV. For two

vacancies at the 1AjB sites, the conductances have a

dip at U ≈ 8 eV for j = 2 and 3, and trend to con-

stant after U > 20 eV, which is similar to the situation

of the zigzag GNR. Finally, in Figs. 9(a) and 9(b) we

show that the conductances at the Fermi energy versus

1/N are related to the width of the GNR. The con-

ductances for one or two vacancies at the A-sublattice

increase very slowly with the increase in the width

of the GNR, but this is actually very small, 10−3 for

N ∼ 50. For two vacancies at the 1AjB sites, the con-

ductances converge to 1 for j = 1, 2, and 3, but trend

to 0.2 and 0.8 for j = 4 and 7, respectively. Actually,

the conductances of the GNR with the two vacancies

at the 1AjB sites have a periodic behavior with the

location of the j sites.1) This implies that the conduc-

tance in the Fermi energy is sensitive to the location

of the two vacancies.
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Fig. 9. (colour online) The conductance of the armchair GNR (N = 8) at the Fermi energy versus the inverse

of the number N of atoms in the width of the GNR. One vacancy is located (a) at the 1A site, and two vacancies

at the 1AjA sites; (b) two vacancies located at the 1AjB sites.

It should be pointed out that the above results do

not change qualitatively for the defects at iAjA and

iAjB, where i > 2, even though our calculations are

based on the vacancies at i = 1 or 2.

4. Conclusion

By numerically studying the transport properties

of two typical metallic GNRs with one and two de-

fects based on the tight-binding model with the sur-

face Green’s function technique, we reveal the basic

physical properties of the conductance near the Fermi

energy and their relationships with defect property

and location.

For the zigzag GNR with one or two weak scatter-

ing impurities, the conductance near the Fermi energy

is suppressed due to the quantum confinement effect

for the narrow GNR. For one or two vacancies in the

narrow zigzag GNR, the conductance near the Fermi

energy is also suppressed and shows one or two dips

symmetrically near the Fermi energy due to the edge

states. The detailed behavior depends on the location

of the vacancies. As the width of the GNR increases,

the defect effects on the conductance at the Fermi en-

ergy become weak and vanish eventually.

For the armchair GNR with one or two weak scat-

tering impurities U < 1 eV, the conductance is also

independent of impurities at the Fermi energy, but the

impurities modify the conductance below the Fermi

energy. With the increase in the impurity scatter-

ing strength, the conductance in the Fermi energy is

suppressed by the AA-type defects, and becomes zero

for U > 100 eV, which very weakly depends on the

width of the GNR. For AB-type defects, the conduc-

1)The conductances have periodic behavior for two vacancies at 1AjB, in which the conductances for j = 1, 2, 3, 5, 6, and

8, 9, . . . have a similar behavior, and for j = 4, 7, 10, . . . have another similar behavior.
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tance in the Fermi energy shows a dip near U = 10 eV

and trends to constant with the increase in the impu-

rity scattering strength for the narrow GNR, but the

impurity effects become weak and vanish with the in-

crease in GNR width. For one or two vacancies in the

armchair GNR, the conductance shows a symmetric

behavior in the upper and lower Fermi energy. The

couplings between the two defect states have an influ-

ence on the conductance. The A-, B-, and AA-type

vacancies induce one dip of conductance at the Fermi

energy, while the AB-type vacancy leads to two dips

of conductance near the Fermi energy due to the op-

posite non-bonding character of the vacancies. With

the increase in the GNR width, the conductance at

the Fermi energy has a small increase for the-AA type

vacancy, while it shows a periodic behavior for the

AB-type vacancy. The effect of the AB-type vacancy

tends to vanish for the AB vacancy at 1AjB, except

for the periodic position j = 4, 7, . . ., etc. Our results

can provide a basic understanding of the defect effect

in the transport properties of GNRs, which will be

helpful for designing GNR-based nanodevices.
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