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The semi-analytical method, previously used to construct model double-null and single-null diverted tokamak equi-

libria (Bingren Shi, Plasma Phys. Control Fusion 50 (2008) 085006, 51 (2009) 105008, Nucl. Fusion 51 (2011) 023004),

is extended to describe diverted tokamak equilibria with nonzero edge current, including the Pfirsch–Schlüter(PS) cur-

rent. The PS current density is expressed in a way suitable to describe a diverted tokamak configuration in the near

separatrix region. The model equilibrium is expressed by only two terms of the exact separable solutions of the Grad–

Shafranov equation, one of which is governed by a homogeneous ordinary differential equation, and the other by an

inhomogeneous one. The particular merits of such a model configuration are that the internal region inside the separa-

trix and a suitable scrape-off layer can be simultaneously described by this exact solution. To investigate the physics

in the region near the X-point, the magnetic surfaces can be satisfactorily described by approximate hyperbolic curves.
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1. Introduction

The physics in the near separatrix region of di-

verted tokamak plasmas is very important for the

interpretation of mode transition from the low con-

finement regime (L-mode) to the high confinement

regime (H-mode).[1] As is well known, the H-mode is

characterized by edge localized modes (ELMs), and

these modes are excited by the pressure gradient in

the pedestal region and the nonzero edge current at

the separatrix.[2] Theoretically, we hope to obtain a

self-consistent equilibrium with nonzero edge current,

then we can calculate the stability criterion more

accurately. Previously, we provided a semi-analytic

approach[3−5] for constructing exact model diverted

tokamak or spherical tokamak (ST) configurations

with zero edge current. In this paper, we extend

this method to the case with a proper edge current.

Therefore, to become compatible with the peeling-

ballooning type instability studies, an exact equilib-

rium configuration consistent with a suitable edge cur-

rent is hoped for. In this situation, the corresponding

Grad–Shafranov equation becomes inhomogeneous[6,7]

and we need to extend our method, which was origi-

nally suitable for solving the homogeneous equation,

to find exact solutions. The simplest case for the

nonzero edge current equilibrium is the Solovév-type

one,[8−14] which corresponds to a quasi-uniform cur-

rent profile and has been extensively studied for non-

diverted configurations[8−11] and also for recently re-

ported diverted configurations.[12−14] In Ref. [12], a

diverted tokamak equilibrium with an internal null

point was described by the Solovév-type solution, and

this equilibrium has a suitable inboard scrape-off layer

(SOL) region. Recently, analytic ITER-like diverted

tokamak and spherical torus configurations were given

by the so-called “one size fits all” approach for the

quasi-uniform current profile[14] that corresponds to

an internal region solution. Also recently, symmet-

ric (double-null) and asymmetric (single-null) diverted

tokamak equilibria were constructed by Solovév-type

solutions[15] to describe the internal region of a toka-

mak plasma. For the non-uniform current profile

with nonzero edge current, analytic solutions were ob-

tained in Refs. [6] and [7]. Thus the obtained so-

lutions that generally consist of many terms of sep-

arable solutions involving some known special func-

tions, such as the Bessel,[6] the hypergeometric,[7] and

the Whittaker[16] functions etc., are limited to non-

diverted configurations and only the internal region

is described. In this paper, we consider double-null

diverted tokamak equilibria with non-uniform current

profiles and nonzero edge currents. In this case, to
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obtain a solution that can describe both the internal

region and a suitable SOL region, we still use the semi-

analytic approach[3−5] to make it possible to construct

model diverted tokamak or ST configurations by only

two terms of separable solutions like the following (in

cylindrical coordinates):

Ψ(R,Z) = f(R) cos kZ + g(R), (1)

where functions f(R) and g(R) satisfy the correspond-

ing ordinary differential equations generated from the

Grad–Shafranov equation[3−5] (see below). These

equations are solved by a Runge–Kutta solver within

a finite range R1 ≤ R < R2. Within this range, there

are no singularities for the two differential equations

and very accurate solutions can be obtained so that

their derivatives with respect to the radial variable R

can also be obtained accurately. Then, the separa-

trix can be determined to very high accuracy. This

makes it possible to accurately analyse the stability

or transport in the very near separatrix region.

The rest of this paper is organized as follows.

In Section 2, the properties of an equilibrium with

nonzero edge current are discussed generally and the

determination of Pfirsch–Schlüter current in diverted

configuration is carried out, and the magnetic averag-

ing of physical quantities method in the very near sep-

aratrix region is discussed. In Section 3, the method

for the determination of the model equilibrium config-

urations is outlined. Configurations corresponding to

pure PS current and general nonzero edge current are

given as examples. In Section 4, we give concluding

remarks about the method and the physical results

obtained.

2. Model tokamak equilibria with

nonzero edge currents

2.1.The Pfirsch Schlüter current in the

diverted tokamak plasma edge

The plasma parameters in the tokamak edge are

usually thought to be in the collisional regime, tradi-

tionally referred to as the Pfirsch–Schlüter regime,[17]

because these authors first analysed particle trans-

port and edge current using the fluid method.[18,19]

The parallel component of the edge current den-

sity can generally be expressed by the following

expression[17−19]

j∥ = −
(p′(Ψ)F

B

)(
1− B2

⟨B2⟩

)
+

⟨EζBζ⟩B
η⟨B2⟩

. (2)

In this expression, ⟨A⟩ =
∮
A dl

Bp
/
∮ dl

Bp
is an averaged

quantity over the magnetic surface considered, B and

Bp are the total magnetic strength and the poloidal

magnetic field, respectively, p′(Ψ) is the derivative of

the plasma pressure with respect to the poloidal flux

Ψ(R,Z), and the toroidally symmetric magnetic field

is expressed as

B = ∇Ψ ×∇ζ + F∇ζ. (3)

The first term on the right-hand side of Eq. (2) is the

Pfirsch–Schlüter current, while the second term is the

current driven by external electric field. Comparing

with the Grad–Shafranov equation

∆∗Ψ =
∂2Ψ

∂R2
− 1

R

∂Ψ

∂R
+

∂2Ψ

∂Z2

= − µ0Rjζ = −µ0R
2p′(Ψ)− 1

2
F 2′(Ψ), (4)

we note that the toroidal current consists of two terms,

one is proportional to the major radius R and the

other is inversely proportional to it

jζ = Rp′(Ψ) +
1

2µ0R
F 2′(Ψ) = a(Ψ)R+

b(Ψ)

R
. (5)

If the poloidal magnetic field is much smaller than the

toroidal one, as is true for the tokamak, we have

jζ = p′
(
R− F 2

⟨B2⟩R

)
+

R∗

R
jΩ(Ψ). (6)

Here R∗ is a reference position. In the above expres-

sion, the first term on the right-hand side is the PS

current density, while jΩ = F ⟨EζBζ⟩/(η⟨B2⟩) is the

Ohmic current density which we assume is in the same

direction as the toroidal magnetic field (B · j > 0).

Comparing Eq. (6) with Eq. (5), we obtain

a(Ψ) = p′(Ψ),

b(Ψ) =
F 2′

2µ0
= −p′F 2

⟨B2⟩
+R∗jΩ.

The pure PS current case corresponds to jΩ = 0, and

in this case we have ⟨B2⟩ = F 2/R(X)2 with R(X)

being the radial position of the X-point. Therefore,

it is clear that at the X-point, the PS current density

automatically equals zero. Due to this property, we

set the reference position the same as that of the X-

point: R∗ = R(X). In the following, we set Ψ = 0 at

the plasma boundary (separatrix) and assume that the

functions p(Ψ) and F 2(Ψ) have the following forms:

p(Ψ) = p0

( Ψ

Ψa

)2

+ p1

( Ψ

Ψa

)
+ p2, (7)

F 2(Ψ) = (B2
t0R

2
0)
[
1 + α2

( Ψ

Ψa

)2

+ α1

( Ψ

Ψa

)]
. (8)

Then the sum p0 + p1 + p2 is the pressure value at

the magnetic axis and Ψa is the poloidal flux there,
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which is also its maximum. For a given set of param-

eters (p0, p1, α2, α1), we can separate the PS current

from the Ohmic current. For a pure PS current, the

following relation is valid

α1 = − 2p1
⟨B2⟩

. (9)

Previously, in Ref. [8], for the same profiles of

p(Ψ) and F (Ψ) as in Eqs. (7) and (8), the authors de-

veloped an analytical method and obtained two fami-

lies of exact equilibrium solutions. Usually, these solu-

tions expressed by hypergeometric functions are very

complicated, and we need many terms and very ac-

curate numerical coefficients to construct a concrete

configuration so that it is hard to use them in stabil-

ity or transport analysis.

2.2. Average operation over the mag-

netic surface in the near separatrix

region

Now we consider the calculation of averaged phys-

ical quantities over the magnetic surface in the near

separatrix region, including the separatrix itself. As

examples, we consider the safety factor q(Ψ) and the

specific volume as defined by

q(Ψ) =
F

2π

∮
dl

R|∇Ψ |

=
F

2π

∫ 2π

0

r(Ψ, θ)dθ

R|ΨR cos θ + ΨZ sin θ|
, (10)

V ′(Ψ) =

∮
dl

Bp
=

1

2π

∫ 2π

0

Rrdθ

|ΨR cos θ + ΨZ sin θ|
. (11)

Here, use has been made of the relationship in the

local polar coordinates (r, θ): dl/Bp = rdθ/Bθ and

Bθ = 1
R |ΨR cos θ + ΨZ sin θ|.

It is well known that both of these quantities

diverge logarithmically approaching the X-point,[20]

and the dominant contributions to these quantities

are from a short arc near the X-point in their inte-

grals along the magnetic field lines. We can express

the flux function near the X-point by its Taylor ex-

pansion

Ψ(R,Z) =Ψ(X) +
1

2
ΨRR(X)(R−R(X))2

+
1

2
ΨZZ(X)(Z − Z(X))2

+ ΨRZ(X)(R−R(X))(Z − Z(X)) + · · · .
(12)

The argument X denotes the coordinates at the X-

point, while the subscripts R, Z, RR, ZZ, RZ,

represent the partial differentiation with respect to

them. Use has been made of the condition ΨR(X) =

ΨZ(X) = 0, and we should indicate that in the general

case, ΨRZ(X) ̸= 0. However, we can suitably rotate

the R, Z axes to eliminate the cross term. Here, with-

out loss of generality, we use our simplified diverted

configuration expressed by Eq. (1), and in such a case

we have ΨRZ(X) = 0. The determinations of ΨRR and

ΨZZ will be seen in the concrete applications below.

Here we only have a general discussion. We can verify

that α = 1
2ΨZZ(X) > 0 while ΨRR = −λα < 0. Then

the magnetic surface near the X-point can be written

as

Ψ(R,Z) =Ψ(X)− λα(R−R(X))2

+ α(Z − Z(X))2 . . . . (13)

The magnetic surfaces inside the plasma region are

described by

Z = Z(X)−
√
λ(R−R(X))2 +∆2. (14)

In this expression, we define a quantity

∆2 =
(Ψ − Ψ(X))

α
. (15)

We also have

|∇Ψ | = 2α[λ(λ+ 1)(R−R(X))2 +∆2]1/2. (16)

Note that∆ is a characteristic parameter denoting the

proximity in the perpendicular direction to the sepa-

ratrix Ψ = Ψ(X). The above equations are very useful

in calculating a series of surface integrals related to the

peeling stability and transport analyses.[21−23] In the

following, for simplicity, we consider the configuration

with up–down symmetry, then we have

V ′(Ψ) =

∮
dl

Bp
≈ 2

∫ Rout

Rin

RdR

ΨZ
= 2

∫ Rx+δ

Rx−δ

RdR

ΨZ
≈ −R3

0xs

Ψaα

∫ δ

0

dx√
λx2 +∆2

= − R3
0xs

Ψaα
√
λ
ln
[√λδ2 +∆2 +

√
λδ

∆

]
≈ − R3

0xs

Ψaα
√
λ
ln
(2√λδ

∆

)
, (17)

q(Ψ) ≈ (FR0/Ψa)

πα
√
λR(X)

ln
[√λδ2 +∆2 +

√
λδ

∆

]
≈

q0
√
η

παxs

√
λ
ln
(2√λδ

∆

)
. (18)
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In the above expressions, δ is a small quantity de-

noting the departure of a point on the integral route

from the X-point. We will see below that its value

does not affect its physical results. Extending to any

quantity, for ∆ → 0, in the lowest approximation, we

obtain ⟨A⟩ = A(X).

3. Diverted equilibrium configu-

rations with nonzero edge cur-

rent

For p(Ψ) in Eq. (7) and F 2(Ψ) in Eq. (8), the

Grad–Shafranov equation (4) becomes

∂2Ψ

∂R2
− 1

R

∂Ψ

∂R
+

∂2Ψ

∂2Z
= −

(2µ0p0
Ψ2
a

R2 +
B2

t0R
2
0a2

Ψ2
a

)
Ψ

−
(µ0p1

Ψa
R2 +

B2
t0R

2
0a2

2Ψa

)
.

(19)

By introducing

Ψ̄ = Ψ/Ψa, x = R/R0, y = Z/R0, βa = 2µ0p0/B
2
t0,

β1 = 2µ0p1/B
2
t0, η =

(Bt0R
2
0

Ψa

)2

, (20)

equation (19) turns into its dimensionless form

∂2Ψ̄

∂x2
− 1

x

∂Ψ̄

∂x
+

∂2Ψ̄

∂y2
+ η[(a2 + βax

2)Ψ̄

= −η

2
(a1 + β1x

2). (21)

To solve the linear inhomogeneous partial differential

equation (21), we assume a two-term separable solu-

tion as in Eq. (1) but now in dimensionless form

Ψ̄(x, y) = f(x) cos ky + g(x). (22)

For the given k, we obtain two ordinary differential

equations

d2f

dx2
− 1

x

df

dx
+ [−k2 + η(a2 + βax

2)]f = 0, (23)

d2g

dx2
− 1

x

dg

dx
+ [−k2 + η(a2 + βax

2)]g

= −1

2
η(a1 + β1x

2). (24)

The procedure to obtain solutions for both the homo-

geneous equation (23) and the inhomogeneous equa-

tion (24) is similar to our previous method.[3−5] How-

ever, because now we have an inhomogeneous term in

Eq. (24), there are some differences between them. In

the homogeneous case, i.e., for a1 = β1 = 0, we can

freely select the maximum poloidal flux Ψa. However,

now the physical values of these parameters will not

be independent of each other, so we select an initial

position x1 (its value is related to the aspect ratio of

the configuration) and assume the initial conditions of

f(x) and g(x) as follows:

f(x1) = 0, f ′(x1) = 1.0, (25)

g(x1) = −1. g′(x1) = s0. (26)

For any set of parameters (η, βa, α2, β1, α1), we can

numerically determine the functions f(x) and g(x) in

region x ≥ x1; and suitably selecting the s0 value, we

can find that at some point xs, the above two func-

tions satisfy the following condition

f(xs) + g(xs) = 0. (27)

If we select

ys = π/k, (28)

then we see that conditions (25) and (26) are just those

the diverted configuration needs to satisfy

∂Ψ̄

∂x
= f ′(x) cos ky + g′(x) = 0,

∂Ψ̄

∂y
= −kf(x) sin ky = 0.

0.4 0.6 0.8 1.0 1.2

-0.8

-0.4

0.0

0.4

0.8

g↼x↽

f↼x↽

f
↼x

↽↪
 g

↼x
↽

x

Fig. 1. (colour online) The two base functions required for

constructing a model double-null diverted tokamak con-

figuration. The corresponding parameters are: ηβa = 50,

ηβ1 = 10, ηα2 = −5, ηα1 = −2, s0 = 1.45613, xs =

0.64828, Ψ̄x = −1.97× 10−6.

0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.0

0.2

0.4

ηβ1=10

Ψx=2×10−6
s1=1.45613

0.6

0.8

1.0

y

x

Fig. 2. (colour online) The double-null diverted tokamak

configuration for the same parameters as those in Fig. 1.
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In this paper, we mainly discuss tokamak configura-

tion. For any given set of parameters (ηβa, ηα2, ηβ1,

ηα1, k, x1), we solve Eqs. (23) and (24) under ini-

tial conditions (25) and (26) and adjust the value s0

to satisfy condition (27), then a model double-null di-

verted configuration will be constructed. As an ex-

ample, two base functions are shown in Fig. 1, and

the corresponding diverted configuration is shown in

Fig. 2.

3.1.Configurations compatible with

pure PS current

Now we consider an interesting case where the

edge current is a pure PS current. The parameters in

the above cited configuration are not completely com-

patible with this case (the externally driven current

equals zero at the X-point). So to study this pure PS

current case, we need to further adjust the parameters

ηα1 and s0 simultaneously. The corresponding config-

uration is shown in Fig. 3 with the two parameters as

0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.0

0.2

0.4

0.6

0.8

1.0

y

x

Fig. 3. (colour online) A double-null diverted tokamak

configuration with pure PS edge current. The parameters

are taken as: ηα = −5, ηβ = 50, ηα1 = −4.59, ηβ1 = 10,

s0 = 1.29685, xs = 0.6777, η = 374.3, Ψµ = 1.3408,

Ψx = −1× 10−5.
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P
S
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n
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d
e
n
si

ty
 (

re
l.
)

x

Ψ
 surface

Fig. 4. (colour online) PS current density along the sepa-

ratrix (lower) and Ψ95 surface (upper) for the configuration

shown in Fig. 3.

ηα1 = −4.59, s0 = 1.29685. Comparing Fig. 2 and

Fig. 3, we find that the X-point position of the pure

PS current case is a little more outwardly shifted and

the diamagnetic (the negative value of ηα1) is larger.

The corresponding curves for the PS current density

along the separatrix and the Ψ95 surface are shown in

Fig. 4. We can see that at the position of the X-point

(xs = 0.6777), jPS
ζ = 0.

Now we return to illustrate how to determine the

value of the parameter η = (Bt0R
2
0/Ψa)

2. This can be

found from the expression of the safety factor near the

magnetic axis (the detail can be found in Refs. [3]–[5]).

η = (q0kxm)2f(xm)[f ′′(xm) + g′′(xm)]. (29)

We also show this value for q0 = 1 in the correspond-

ing configuration so that we can directly obtain the

value of Ψa for a given magnetic field and the major

radius:

Ψa =
Bt0R

2
0√

η
. (30)

The present-day H-mode tokamak configuration

usually permits a higher edge pressure gradient and

correspondingly large edge PS current. This kind of

configuration can be obtained by simultaneously in-

creasing the edge pressure gradient parameter β1, and

adjusting the negative value of the diamagnetism pa-

rameter α1, as well as the value of s0. Figure 5 is an

example, with the parameters indicated in its caption.

In Fig. 6 we show the extended magnetic surfaces in

the region very near the X-point. We can see that due

to the current density at the X-point equal to zero, we

have ΨRR(X) = −ΨZZ(X), i.e., λ = 1, and two lines

across the X-point are perpendicular to each other.

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.0

0.2

0.4

0.6

0.8

1.0

y

x

Fig. 5. (colour online) A configuration with larger edge

PS current. The denser curves in the region near the X-

point are calculated by the approximate equation (13).

The parameters are taken as: ηα2 = −5, ηβa = 50,

ηα1 = −9.76, ηβ1 = 20, k = 4, s0 = 1.1149, xs = 0.6987,

η = 366.8, Ψx = 1.39 × 10−5, Ψa = 1.362, Ψxx(X) =

−7.1225, Ψyy(X) = −7.1239.
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0.66 0.68 0.70 0.72 0.74

0.73

0.75

0.77

0.79

0.81

0.83

y

x

Fig. 6. (colour online) Extended magnetic surfaces near

the X-point for the configuration shown in Fig. 5. Two

lines across the X-point are orthogonal to each other

(λ = 1).

3.2.Diverted equilibrium configurations

with nonzero edge current

Now we consider the general case of nonzero

Ohmic current, which is of importance for peeling-

ballooning mode analysis.[21−23] The procedures are

similar to the case of pure PS current. By selecting

the parameter set to give nonzero edge current, i.e., let

ηα1+ηβ1x
2
s ̸= 0, we can obtain the corresponding con-

figurations. Figures 7 and 8 are examples, and for each

of them the corresponding parameters and equilibrium

quantities are shown in each caption. Figure 9 shows

the extended magnetic surfaces near the X-point for

the configuration shown in Fig. 8. It is shown that

due to the nonzero edge current, Ψxx(X) ̸= −Ψyy(X)

or λ ̸= 1, this leads to non-orthogonality of the two

crossed lines at the X-point.

0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.0

0.2

0.4

0.6

0.8

1.0

y

x

Fig. 7. (colour online) The configuration with nonzero

edge current. In the region near the X-point, dense

magnetic surfaces are obtained from approximate equa-

tion (13). The parameters are taken as: ηα2 = −5,

ηβa = 50, k = 4, ηα1 = 0, ηβ1 = 10, s0 = 1.56773,

xs = 0.629, η = 286.34, Ψx = 1.22 × 10−6, Ψa = 1.2126,

Ψxx(X) = −7.008, Ψyy(X) = 5.032.

0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.0

0.2

0.4

0.6

0.8

1.0

y

x

Fig. 8. (colour online) The configuration with a larger

nonzero edge current. The denser curves in the region near

the X-point are also from Eq. (13). The parameters are

taken as: ηα2 = −5, ηβa = 50, ηα1 = 5, ηβ1 = 10, k = 4,

s0 = 1.8127, xs = 0.5912, η = 225.63, Ψx = −6.4× 10−7,

Ψa = 1.0684, Ψxx(X) = −8.2386, Ψyy(X) = 3.9912.

0.56 0.58 0.60 0.62 0.64

0.73

0.75

0.77

0.79

0.81

0.83

y

x

Fig. 9. (colour online) Approximate magnetic surfaces

in the near X-point region for the configuration shown in

Fig. 8. Two lines across the X-point are not orthogonal

to each other (λ = 2.06).

4. Conclusions

Exact diverted tokamak equilibria with nonzero

edge current are constructed by extending our pre-

vious semi-analytic method for equilibria with zero

edge current. Double-null equilibria with up–down

symmetry are considered, and the main differences in

solving the procedure between cases with and without

edge current are indicated. Configurations obtained

in this way make it possible to calculate the X-point

region very accurately so that we can consider sev-

eral interesting physics processes around the separa-

trix, especially around the X-point region, such as the

peeling-ballooning criterion,[21−23] and the collision-

dominated transport of a diverted plasma,[18] etc.
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[17] Pfirsch D and SchlüterA 1962 Max-Planck-Institute Re-

port MPI/PA/7/62

[18] Hazeltine R D and Hinton F L 1973 Phys. Fluids 16 1883

[19] Catto P J and Simakov A N 2005 Phys. Plasmas 12

012501

[20] Hahm T S and Diamond P H 1987 Phys. Fluid 30 133

[21] Lortz D1975 Nucl. Fusion 15 49

[22] Wilson H R, Connor J W, Field A R and Fielding S J

1999 Phys. Plasmas 6 1925

[23] Connor J W, Hastie R J, Wilson H R and Miller R L 1998

Phys. Plasmas 5 2687

045203-7


