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polynomial state∗

Tan Guo-Bin(谭国斌), Xu Li-Juan(徐莉娟), and Ma Shan-Jun(马善钧)†

College of Physics & Communication Electronics, Jiangxi Normal University, Nanchang 330022, China

(Received 19 October 2011; revised manuscript received 23 November 2011)

The nonclassicality of the two-variable Hermite polynomial state is investigated. It is found that the two-variable

Hermite polynomial state can be considered as a two-mode photon subtracted squeezed vacuum state. A compact

expression for the Wigner function is also derived analytically by using the Weyl-ordered operator invariance under

similar transformations. Especially, the nonclassicality is discussed in terms of the negativity of the Wigner function.

Then violations of Bell’s inequality for the two-variable Hermite polynomial state are studied.
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1. Introduction

Due to their potential applications, squeezed

states and squeezing operators have been an im-

portant topic in quantum optics. Recently, more

and more researchers have devoted their time to

researching the well-behavior nonclassical properties

of squeezed states,[1−3] especially for the two-mode

squeezed states.[4−11] For example, phase proper-

ties for the two-mode squeezed states have been

widely investigated by use of the Pegg–Barnett phase

formalism.[5−7] Hiroshima also studied the decoher-

ence of two-mode squeezed vacuum states by analyz-

ing the relative entropy of entanglement.[8] The two-

mode squeezed-vacuum state is regarded as a quantum

channel to realize quantum teleportation and quan-

tum dense coding,[9] respectively. In addition, Hu

and Fan[10] found that the two-mode squeezed number

state is considered as a two-mode squeezed vacuum

state excited by the two-variable Hermite polynomial.

Some generalized two-mode squeezed states have also

been constructed, which are great progress in quan-

tum optics.[12−14] Because these states exhibit quite

significant and unusual physical properties, the study

of these states can not only deepen our understanding

of the nature of quantum fields but also help us to

realize these fields experimentally for possible future

applications, such as in weak-signal detection, quan-

tum computing, and quantum coding.

On the other hand, nonclassical states play an

important role in quantum computation and quan-

tum information processing. The nonclassicality of

quantum states can be characterized by some non-

classical properties, such as negativity of the Wigner

function (WF), squeezing in one of the phase quadra-

ture components, and sub-Poissonian photon statis-

tics. Among them, the partial negativity of the WF is

a good indication of the highly nonclassical character

of the state.[15,16] Therefore it is worthwhile obtaining

the WF for any states and to measure their negative

values. In addition, the negativity of the WF is also

used to describe the decoherence of quantum states,

e.g., the excited coherent state in both photon-loss and

thermal channels,[17,18] the single-photon subtracted

squeezed vacuum state in both amplitude decay and

phase damping channels,[19] and so on. In Ref. [20] the

WF of a thermo-invariant coherent state is derived by

using the thermal Wigner operator of the thermo-field

dynamics in the coherent thermal state representation

and the integration within ordered products (IWOP)

technique.[21,22] For other examples of calculating the

WFs, refer to Refs. [23]–[27].
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In this paper, we will investigate the nonclas-

sical properties of the two-variable Hermite polyno-

mial state (THPS) in terms of squeezing properties,

photon-number distribution, WF, and Bell’s inequal-

ity. The rest of this paper is arranged as follows. In

Section 2, the normalization factor of the THPS is cal-

culated, and its comparison with the two-mode sub-

tracted squeezed vacuum state (TPSSV) has also been

done. In Section 3, the nonclassical properties of the

THPS, such as squeezing properties, photon-number

distribution, are calculated analytically and then dis-

cussed in detail. Especially, In Section 4, the explicit

expression of the WF of the THPS is derived by us-

ing the Weyl-ordered operator invariance under sim-

ilar transformations, which is related to two-variable

non-Gaussian–Hermite polynomials, and then its non-

classicality is discussed in terms of the negativity of

the WF, which implies highly nonclassical properties

of the quantum state. In Section 5, violations of the

Bell’s inequality for the THPS are studied. We can

find that the violation of the Bell’s inequality becomes

more observable with a decrease of J , p, and q (see

Eq. (35) below). Conclusions are drawn in the last

section.

2. The THPS and its comparison

with the TPSSV

2.1.Two-variable Hermite polynomial

state

The concept of sum-frequency squeezing for the

two variables Z1 and Z2 was introduced by Fan et

al.[28]

Z1 =
1

2
(a†1a

†
2 + a1a2), Z2 =

i

2
(a†1a

†
2 − a1a2), (1)

which obey the uncertainty relation ∆Z1∆Z2 ≥
1
4 ⟨N1 + N2 + 1⟩ when Ni = a†iai (i = 1, 2) is the

i-th mode photon number operator. If (∆Zi)
2 <

1
4 ⟨N1+N2+1⟩, then the state is sum-frequency squeez-

ing in the Zi direction. The minimum uncertainty

states that make the uncertainty relation minimum

∆Z1∆Z2 = 1
4 ⟨N1+N2+1⟩ for sum-frequency squeez-

ing are the solutions to the eigenvalue equation:

(Z1 + iλZ2) |Ψ⟩ = β |Ψ⟩ , (2)

where β = 1
2

√
λ2 − 1(M + 1), M is nonnegative in-

teger, and λ ≥ 1. Through concise calculations, the

THPS |Ψ⟩ can be expressed as

|Ψ⟩ = Cp,q(λ)S(ξ)Hp,q(υa
†
1, υa

†
2) |0, 0⟩ , (3)

where S(ξ) = exp(ξa†1a
†
2 − ξ∗a1a2) is the two-mode

squeezing operator and ξ = r e iθ is the squeezing pa-

rameter. The parameters r and θ are defined as

υ2 =


−i

√
1− λ2, 0 < λ < 1, θ =

π

2
, tanh r =

(
1− λ

1 + λ

)1/2

,

−
√
λ2 − 1

λ
, λ ≥ 1, θ = 0, tanh r =

(
λ− 1

1 + λ

)1/2

,

(4)

and Cp,q(λ) is the normalization constant of the state |Ψ⟩. Using the generating function of Hm,n(x, y),

Hm,n(x, y) =
∂m+n

∂tm∂t′n
exp [−tt′ + tx+ t′y]

∣∣∣∣
t=t′=0

, (5)

we can see that the normalization condition can be given by

C−2
p,q (λ) = ⟨0, 0|Hp,q(υa1, υa2)S(ξ)

†S(ξ)Hp,q(υa
†
1, υa

†
2) |0, 0⟩

=
∂(p+q)2

∂tp∂t′q∂τp∂τ ′q

∫
d2z1d

2z2
π2

exp
[
− |z1|2 + tυz1 + τυz∗1

]
× exp[− |z2|2 + t′υz2 + τ ′υz∗2 − ττ ′ − tt′]

∣∣∣
t=t′=τ=τ ′0

=
∂(p+q)2

∂tp∂t′q∂τp∂τ ′q
exp

[
tτυ2 + t′τ ′υ2 − tt′ − ττ ′

]∣∣
t=t′=τ=τ ′=0

, (6)
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where we have used the formula∫
d2z

π
eζ|z|

2+ξz+ηz∗
= −1

ζ
e−ξη/ζ , Re (ζ) < 0. (7)

Thus the normalization factor is obtained

C−2
p,q (λ) =

min(p,q)∑
l=0

(p!q!)
2 |υ|2(p+q−2l)

(l!)
2
(q − l)! (p− l)!

. (8)

2.2.Relation between the THPS and the

TPSSV

The definition of the two-mode subtracted

squeezed vacuum state is given by

|r1,m, n⟩

= am1 a
n
2S2 (ξ1) |0, 0⟩

=

(
eiθ1

)n
sinhm+n/2 r1(

i
√
2
)m+n S2 (r1)

× Hm,n

(
i e iθ1

√
tanh r1a

†
2, i
√
tanh r1a

†
1

)
|0, 0⟩ ,

(9)

where ξ1 = r1 e
iθ1 is the squeezing parameter, and the

normalization constant Nr1,m,n for the state |r1,m, n⟩
is given by

Nr1,m,n = m!n! sinh2n λP (n−m,0)
m (cosh 2r1) . (10)

Compared Eq. (3) with Eq. (9), we can find that

|ψ⟩ =


Cp,q(λ)

(
i
√
2
)p+q

sinh(p+q)/2 r1
S(ir − r1)a

q
1a

p
2S2(r1) |0, 0⟩ , 0 < λ < 1, r1 = arctan

(
i
√
1− λ2

)
, θ1 = 0,

Cp,q(λ)
(
i
√
2
)p+q

sinh(p+q)/2 r1
S(r − r1)a

q
1a

p
2S2(r1) |0, 0⟩ , λ ≥ 1, r1 = arctan

(√
λ2 − 1

λ

)
, θ1 = 0.

(11)

Next we may use the TPSSV to discuss the THPS

and its properties. From Eqs. (10) and (11) we can

easily calculate the average photon number in the

THPS (denoting τ = cosh 2r1, u = ξ − ξ1),

⟨a†1a1⟩ =

(
Cp,q(λ)

(
i
√
2
)p+q

sinh(p+q)/2 r1

)2

[H cosh2 u

+F sinh 2u+G sinh2 u] + sinh2 u, (12)

and

⟨a†2a2⟩ =

(
Cp,q(λ)

(
i
√
2
)p+q

sinh(p+q)/2 r1

)2

[G cosh2 u

+F sinh 2u+H sinh2 u] + sinh2 u. (13)

In a similar way we have

⟨a†1a
†
2a1a2⟩ =

(
Cp,q(λ)

(
i
√
2
)p+q

sinh(p+q)/2 2r1

)2

×
[
(B + C)

sinh 4u

2
+A

sinh2 2u

2

+

(
sinh2 2u

2
+ 2 sinh2 u sinh 2u

)
F

+ (E +D)
sinh2 2u

4

+

(
sinh2 2u

2
+ sinh4 u+ cosh4 u

)
I

+

(
3 sinh2 2u

4
+ sinh4 u

)
(H +G)

]

+ sinh4 u+
1

4
sinh2 2u, (14)

where we have set

A = q! (p+ 2)! sinh2p+2 r1 cosh
2 r1P

(p−q,2)
q (τ) ,

B = q! (p+ 2)! sinh2p+3 r1 cosh r1P
(p−q+1,1)
q (τ) ,

C = (q + 1)! (p+ 1)! sinh2p+1 r1 cosh r1P
(p−q−1,1)
q+1 (τ) ,

D = q! (p+ 2)! sinh2p+4 r1P
(p−q+2,0)
q (τ) ,

E = (q + 2)!p! sinh2p r1P
(p−q−2,0)
q+2 (τ) ,

F = q! (p+ 1)! sinh2p+1 r1 cosh r1P
(p−q,1)
q (τ) ,

G = q! (p+ 1)! sinh2p+2 r1P
(p−q+1,0)
q (τ) ,

H = (q + 1)!p! sinh2p r1P
(p−q−1,0)
q+1 (τ) ,

I = (q + 1)! (p+ 1)! sinh2p+2 r1P
(p−q,0)
q+1 (τ) . (15)

Thus the cross-correlation function g
(2)
12 can be ob-

tained by

g
(2)
12 (λ) =

⟨a†1a
†
2a1a2⟩

⟨a†1a1⟩⟨a
†
2a2⟩

. (16)

Actually, the cross correlation between the two

modes reflects the correlation between photons in two

different modes, which plays a key role in rendering

many two-mode radiations nonclassically. In Fig. 1,

we plot the graph of g
(2)
12 (λ) as the function of λ for

some different (m,n) values. It is shown that g
(2)
12 (λ)

is always larger than the unit, thus there exist corre-

lations between the two modes.
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Fig. 1. (colour online) Cross-correlation function between

the two modes a1 and a2 as a function of λ for different

parameters (p, q). The numbers 1, 2, 3, 4, 5, 6 in panel (a)

denote that (q, p) are equal to (1, 2), (3, 4), (2,4), (6,8),

(3,6), and (7,10), respectively.

3. Nonclassicality of the two-
variable Hermite polynomials
state

3.1. Squeezing properties

For a two-mode system, the optical quadrature

phase amplitudes can be expressed as follows:

Q =
Q1 +Q2√

2
, P =

P1 + P2√
2

, [Q,P ] = i, (17)

where Qj = (aj + a†j)/
√
2, Pj = (aj − a†j)/(

√
2i)

(j = 1, 2) are coordinate and momentum operator, re-

spectively. Their variances are (∆Q)2 = ⟨Q2⟩ − ⟨Q⟩2

and (∆P )2 = ⟨P 2⟩ − ⟨P ⟩2. The phase amplifications

satisfy the uncertainty relation of quantum mechanics

∆Q∆P ≥ 1/2. By using Eqs. (10) and (11), it is easy

to see that ⟨a1⟩ = ⟨a†1⟩ = ⟨a2⟩ = ⟨a†2⟩ = 0, ⟨a21⟩ =

⟨a†21 ⟩ = ⟨a22⟩ = ⟨a†22 ⟩ = 0, and ⟨a1a†2⟩ = ⟨a†1a2⟩ = 0,

which leads to ⟨Q⟩ = 0 and ⟨P ⟩ = 0. Moreover, using

Eq. (10) one can see

⟨a1a2⟩ =
⟨
a†1a

†
2

⟩
=

(
Cp,q(λ)

(
i
√
2
)p+q

sinh(p+q)/2 2r1

)2

×
[
F cosh 2u+

sinh 2u

2
(G+H)

]
+

sinh 2u

2
. (18)

From Eqs. (12), (13), and (18), it then follows that

(∆Q)
2
=

e2u

2

[(
Cp,q(λ)

(
i
√
2
)p+q

sinh(p+q)/2 r1

)2

× (2F +G+H) + 1

]
, (19)

and

(∆P )
2
=

e−2u

2

[(
Cp,q(λ)

(
i
√
2
)p+q

sinh(p+q)/2 r1

)2

× (−2F +G+H) + 1

]
. (20)
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Fig. 2. (colour online) The fluctuations of (∆P )2 with

other parameters p, q values; in panel (a), the numbers 1,

2, 3, and 4 denote p = q = 0, 1, 6, 24; in panels (b) and (c),

the numbers 1 and 2 denote p = 0 and p = 1, respectively,

and q = 1, 5, 12 from down to up.
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Next, let us analyze some special cases. When

p = q = 0, corresponding to the two-mode squeezed

state, equations (19) and (20) become, respectively,

(∆Q)
2
∣∣∣
p=0,q=0

=
1

2
e2(r1+u),

(∆P )
2
∣∣∣
p=0,q=0

=
1

2
e−2(r1+u), ∆Q∆P =

1

2
, (21)

which is just the standard squeezing case. One can

see that the state |Ψ⟩ is squeezed at the “p-direction”.

In order to see clearly the fluctuations of (∆P )2 with

other parameters p, q values, the figures are plotted in

Fig. 2.

From Fig. 2(a) one can see that the fluctuations

of (∆P )2 are always less than 1/2, when p = q, say,

the state |Ψ⟩ is always squeezed at the “p-direction”;

For 0 < λ < 1 and the given p values, there exists the

squeezing effect only when the squeezing parameter

is less than a certain threshold value which increases

with the increase of q (see Fig. 2(b)); However, for

λ ≥ 1, there exists the squeezing effect only when the

squeezing parameter exceeds a certain threshold value

which increases with the increase of q (see Fig. 2(c)).

For details about the single-mode photon-subtracted

case, one can refer to Ref. [29].

3.2.Photon-number distribution of the

THPS

Next we discuss the photon-number distribu-

tion (PND) of the THPS. Noticing a†m |n⟩ =√
(m+ n)!/n! |n+m⟩ and using the non-normalized

coherent state |α⟩ = exp[αa†] |0⟩ ,[28,29] we have

|n⟩ = 1√
n!

dn

dαn
|α⟩
∣∣∣∣
α=0

.

Considering this result, it is easy to see that

⟨n1, n2 |Ψ⟩ = (−1)
n2+p+1

(
i
√
2
)p+q

(n2 + p)! (tanh r1)
n1+q

sech(ξ − r1) sech r1
√
n1!n2! sinh

(p+q)/2 r1 (tanh(ξ − r1) tanh r1 + 1)
(n2+p+1)

δn1+q,n2+p, (22)

where we have used the formula∫
d2z1
π

exp
{
− |z1|2 + τz1

}
f (z∗1) = f (τ) , (23)∫

d2z2
π

zkz∗n exp[−ς |z|2] = δn,k (−1)
k+1

(ς)
−(k+1)

k!. (24)

Finally it is easy to have the PND of |Ψ⟩

P (n1,n2) =
C2

p,q(λ)2
p+q

n1!n2!

∣∣∣∣∣ (n2 + p)! (tanh r1)
n1+q

sech(ξ − r1) sech r1

sinh(p+q)/2 r1 [tanh(ξ − r1) tanh r1 + 1]
(n2+p+1)

δn1+q,n2+p

∣∣∣∣∣
2

. (25)

From Eq. (25), for the photon number distribu-

tion (see Fig. 3) one can see that there exists a con-

strained condition, n1 + q = n2 + p. In particular,

when p = q = 0, equation (25) becomes

P (n1,n2) =

 sech2 ξ tanh2n2 ξ, n1 = n2,

0, n1 ̸= n2,
(26)

which is just the PND of two-mode squeezed vacuum

states.

In Fig. 3 we plot the distribution P (n1,n2) in the

Fock space (n1,n2) for some given p = q values and

squeezing parameter λ. From Fig. 3 it is found that

the PND is strained by n1 + q = n2 + p. It results

from the paired presence of photons in a two-mode

squeezed state. By subtracting photons, we can move

the peak from zero photons to nonzero photons [see

Figs. 3(a) and 3(c)]. The position of the peak depends

on how many photons are annihilated and how many

of the states are squeezed initially. In addition, for

example, the PND mainly shifts to the bigger number

states and becomes more “flat” and “wide” with the

increase of the parameter λ [see Figs. 3(b) and 3(c)].
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Fig. 3. (colour online) Photon number distribution P (n1,n2) in the Fock space (n1,n2) for some given p = q values,

(a): p = q = 0, λ = 1.2; (b): p = q = 1, λ = 1.1; (c): p = q = 1, λ = 1.2; and (d): p = 2, q = 4, λ = 1.2.

4. Wigner function of the THPS

The WF[30−32] is a powerful tool which is used

to investigate the nonclassicality of optical fields. Its

partial negativity implies the highly nonclassical prop-

erties of quantum states. In this section, the analyt-

ical expression of the WF for the THPS is derived.

For this purpose, we recall the Weyl-ordered form of

a single-mode Wigner operator:[33−35]

△ (α, α∗) =
1

2
:
: δ (α− a) δ

(
α∗ − a†

)
:
: , (27)

where α = (x1 + ip1) /
√
2 and the symbol :

:
:
: de-

notes Weyl ordering. The merit of Weyl ordering lies

in the Weyl ordered operator invariance under similar

transformations proved in Ref. [33], which means

S :
: ( ) :: S

−1 = :
: S ( )S−1 :

: , (28)

as if the “fence” :
:

:
: did not exist. So S can pass

though it. Following this invariance and the above

squeezing transformation relations, we have

S†(ξ)∆1 (α)∆2 (β)S(ξ)

=
1

4
:
: δ (ᾱ− a1) δ

(
ᾱ∗ − a†1

)
× δ

(
β̄ − a2

)
δ
(
ᾱ∗ − a†2

)
:
:

= ∆1 (ᾱ)∆2

(
β̄
)
, (29)

where ᾱ = α cosh ξ−β∗ sinh ξ, β̄ = β cosh ξ−α∗ sinh ξ,

and β = (x2 + ip2) /
√
2. Thus using Eq. (3) and

the coherent state representation of the single-mode
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Wigner operator,[38]

∆1 (α) = e2|α|
2

∫
d2z1
π2

|z1⟩ ⟨−z1| e−2(z1α
∗−αz∗

1 ),

(30)

where

|z1⟩ = exp

[
−1

2
|z1|2 + z1a

†
1

]
|0⟩

is the Glauber coherent state,[39,40] we can finally ob-

tain the explicit expression of the WF for the THPS:

W (α, β) =
Cp,q(λ)

2

π2
e−2|ᾱ|2−2|β̄|2

×
p∑

l=0

q∑
k=0

(−1)
(l+k) |υ|2(l+k)

[p!q!]
2

l!k! [(p− l)! (q − k)!]
2

× |Hp−l,q−k(B,A)|2 , (31)

where we have set

A = 2β̄υ∗, B = 2ᾱυ∗.

Obviously the WF W (α, β) in Eq. (31) is a real

function and is non-Gaussian in phase space due to

the presence of Hp−l,q−k(B,A). In particular, when

p = q = 0, equation (31) reduces to

W (α, β) =
1

π2
e−2|ᾱ|2−2|β̄|2

corresponding to the WF of the two-mode squeezed

vacuum state. In Figs. 4 and 5, the phase space

Wigner distributions are depicted for several differ-

ent parameter values p, q, and λ. As evidence of the

nonclassicality of the state, squeezing in one of the

quadrature variables is clear in the plots. In addi-

tion, there are some negative regions of the WF in the

phase space which is another indicator of the nonclas-

sicality of the state. Figure 4 shows that the negative

region becomes greater and visible as the increase of

photon number subtracted p(q) and parameter values

λ, which may imply that the nonclassicality of the

state can be enhanced due to the augment of photon-

subtraction number. In addition, the squeezing effect

in one of the quadrature variables is clear in the plots

(see Figs. 4(a) and 4(b)), which is further evidence of

the nonclassicality of this state. In Fig. 5, for the case

of p = 0 and q = 1, it is easily seen that at the center

of the phase space (α = β = 0), the WF is always

negative in phase space.
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Fig. 4. Wigner function W (α, β) in phase space (0, 0, P1, P2) for several different parameter values p, q and λ, (a):

p = q = 0, λ = 1.2; (b): p = q = 2, λ = 1.2; (c): p = 1, q = 2, λ = 1.2; and (d): p = 1, q = 2, λ = 2.
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5. Violations of Bell’s inequality

for the THPS

We now turn our attention to the nonlocal prop-

erties of the THPS in terms of Bell’s inequality. For

a two-mode continuous variable system, using corre-

lations between parity measurements, the Bell’s in-

equality is given as follows:

|B| =
∣∣∣ ⟨Π̂ab(α′, β′)

⟩
+
⟨
Π̂ab(α′, β)

⟩
+
⟨
Π̂ab(α, β′)

⟩
+
⟨
Π̂ab(α, β)

⟩ ∣∣∣ ≤ 2, (32)

where B is the Bell function and the superscripts a

and b denote the modes and Π̂ab(α, β) is the displaced

parity operator (wigner operator)[39] defined as[44]

Π̂ab(α, β) = π2∆a (α)∆b (β) , (33)

where α = (q1 + ip1) /
√
2, β = (q2 + ip2) /

√
2. The

expectation value of this displaced parity operator is

just proportional to the two-mode Wigner function,

i.e.,

Π(α, β) = tr[ρΠ̂ab(α, β)] = π2W (α, β), (34)

which shows that the connection between this dis-

placed parity operator and the Wigner function pro-

vides an equivalent definition.[42]

The Bell function is measured for any of four com-

binations of α = 0,
√
J e iφ, β = 0,

√
J e iθ, where

J(= |α|2 = |β|2) is a positive constant characteriz-

ing the magnitude of the displacement. From these

quantities we construct the combination[43]

B = π2
[
W (0, 0) +W

(√
J e iφ, 0

)
+W

(
0,
√
J e iθ

)
−W

(√
J e iφ,

√
Jeiθ

) ]
. (35)

Then we can test Bell’s inequality −2 ≤ B ≤ 2 by

means of the two-mode WF measurement. In Figs. 6

and 7, we can say that the THPS is quantum me-

chanically nonlocal as |B| > 2, and the nonlocality is

stronger with the increase of |B|. We see that the de-

gree of nonlocality depends on the coherent amplitude

J , the squeezed parameters λ, p, q, and the phases

θ, φ. In Fig. 6, we plot the Bell function in space

spanned by parameters J, λ and p, q. One can see

clearly that the result of EQ. (35) violates the upper

bound imposed by local theories. With the decrease of

J , the violation of Bell’s inequality becomes more ob-

servable for smaller p, q. Especially, when p = q = 0

Eq. (35) corresponds to the Bell’s inequality of the

usual squeezed vacuum state. In Fig. 7, we plot the

Bell function B as a function of the phases θ, φ with

fixed J = 0.01 and several different λ, p, q. One can

clearly see from Fig. 7 that B is always greater than

zero and for a smaller λ and p, q.
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6. Conclusion

In conclusion, we have introduced the two-

variable Hermite polynomial state which can be con-

sidered as a generalized two-mode squeezed state and

investigated the quantum nonlocality of this state in

terms of squeezing properties, photon-number distri-

bution, and the Bell’s inequality. Especially, the non-

classicality of the THPS is discussed in terms of the
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negativity of the WF after deriving the explicit ex-

pression of the WF, and the result shows that the

nonclassicality of the state is stronger as the increase

of the photon number subtracted p(q) and parameter

values λ. Then violations of the Bell’s inequality for

the THPS are also studied. It is shown that in a cer-

tain smaller regime of λ, it is found that the violation

of the Bell’s inequality becomes more observable with

the decrease of J , which indicates that the nonlocality

of the THPS can be stronger than that of the TPSSV

due to the presence of J .
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