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The nonclassicality of the two-variable Hermite polynomial state is investigated. It is found that the two-variable

Hermite polynomial state can be considered as a two-mode photon subtracted squeezed vacuum state. A compact

expression for the Wigner function is also derived analytically by using the Weyl-ordered operator invariance under

similar transformations. Especially, the nonclassicality is discussed in terms of the negativity of the Wigner function.

Then violations of Bell’s inequality for the two-variable Hermite polynomial state are studied.
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1. Introduction

Due to their potential applications, squeezed
states and squeezing operators have been an im-
portant topic in quantum optics. Recently, more
and more researchers have devoted their time to
researching the well-behavior nonclassical properties
of squeezed states,[!=3] especially for the two-mode

4-1] For example, phase proper-

squeezed states.|
ties for the two-mode squeezed states have been
widely investigated by use of the Pegg—Barnett phase
formalism.[>~7 Hiroshima also studied the decoher-
ence of two-mode squeezed vacuum states by analyz-
ing the relative entropy of entanglement.!8! The two-
mode squeezed-vacuum state is regarded as a quantum
channel to realize quantum teleportation and quan-
In addition, Hu

and Fan'% found that the two-mode squeezed number

tum dense coding,”! respectively.

state is considered as a two-mode squeezed vacuum
state excited by the two-variable Hermite polynomial.
Some generalized two-mode squeezed states have also
been constructed, which are great progress in quan-

tum optics.[12—14]

Because these states exhibit quite
significant and unusual physical properties, the study
of these states can not only deepen our understanding

of the nature of quantum fields but also help us to
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realize these fields experimentally for possible future
applications, such as in weak-signal detection, quan-
tum computing, and quantum coding.

On the other hand, nonclassical states play an
important role in quantum computation and quan-
tum information processing. The nonclassicality of
quantum states can be characterized by some non-
classical properties, such as negativity of the Wigner
function (WF), squeezing in one of the phase quadra-
ture components, and sub-Poissonian photon statis-
tics. Among them, the partial negativity of the WF is
a good indication of the highly nonclassical character
of the state.!'516] Therefore it is worthwhile obtaining
the WF for any states and to measure their negative
values. In addition, the negativity of the WF is also
used to describe the decoherence of quantum states,
e.g., the excited coherent state in both photon-loss and
thermal channels,['7'8] the single-photon subtracted
squeezed vacuum state in both amplitude decay and
phase damping channels,!™ and so on. In Ref. [20] the
WF of a thermo-invariant coherent state is derived by
using the thermal Wigner operator of the thermo-field
dynamics in the coherent thermal state representation
and the integration within ordered products (IWOP)
technique.?"22] For other examples of calculating the
WFs, refer to Refs. [23]-[27].
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In this paper, we will investigate the nonclas-
sical properties of the two-variable Hermite polyno-
mial state (THPS) in terms of squeezing properties,
photon-number distribution, WF, and Bell’s inequal-
ity. The rest of this paper is arranged as follows. In
Section 2, the normalization factor of the THPS is cal-
culated, and its comparison with the two-mode sub-
tracted squeezed vacuum state (TPSSV) has also been
done. In Section 3, the nonclassical properties of the
THPS, such as squeezing properties, photon-number
distribution, are calculated analytically and then dis-
cussed in detail. Especially, In Section 4, the explicit
expression of the WF of the THPS is derived by us-
ing the Weyl-ordered operator invariance under sim-
ilar transformations, which is related to two-variable
non-Gaussian—Hermite polynomials, and then its non-
classicality is discussed in terms of the negativity of
the WF, which implies highly nonclassical properties
of the quantum state. In Section 5, violations of the
Bell’s inequality for the THPS are studied. We can
find that the violation of the Bell’s inequality becomes
more observable with a decrease of J, p, and ¢ (see
Eq. (35) below). Conclusions are drawn in the last

section.

1/2
1_
0<)\<1,9:g, tanhrz( A) ,

)\_1 1/2
YT a>1,60=0, tanhr—(m) ,

2. The THPS and its comparison
with the TPSSV

2.1. Two-variable Hermite polynomial
state

The concept of sum-frequency squeezing for the

two variables Z; and Z; was introduced by Fan et
al.[28]

1 i
7, = 5( J{ag +aiaz), Zx= i(aia; —aag), (1)

which obey the uncertainty relation AZAZ; >
LN + No + 1) when N; = ala; (i = 1,2) is the
If (AZ;)? <
3 (N1+N3+1), then the state is sum-frequency squeez-

i-th mode photon number operator.

ing in the Z; direction. The minimum uncertainty
states that make the uncertainty relation minimum
AZIANZy = i(Nl + N3+ 1) for sum-frequency squeez-

ing are the solutions to the eigenvalue equation:
(Z1+1AZo) W) = B|¥), (2)

where 8 = %\//\2 —1(M + 1), M is nonnegative in-
teger, and A > 1. Through concise calculations, the
THPS |&) can be expressed as

|#) = Cpg(N)S(€) Hyg(val,vab) 0,0),  (3)

where S(¢) = exp(€alal — €*ajas) is the two-mode
squeezing operator and & = re'? is the squeezing pa-
rameter. The parameters r and 6 are defined as

1+ A

and Cp, 4()) is the normalization constant of the state |¥). Using the generating function of H,, ,,(z,y),

am+n

Hpn(2,y) = o exp [—tt' 4tz + t'y]

otmot'n

: (5)

t=t'=0

we can see that the normalization condition can be given by

C2(\) = (0,0] Hy,q(var, vaz)S(€)'S(€) Hyq(val, val) |0,0)

p.q

o(rta)® / d2z,d2%z

exp {f |21 |® + tvzg + Tvz’f]

otrPot'10TPOT'd
x exp|—|22|? + vz + T'vzs — 17 — tt]
t=t'=7=7'0
= a(p—-i-q)2 ex [tTU2 + 2 — ! — TT/] | (6)
ot oo MR-
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where we have used the formula

2
/BQCIZV-FEH-UZ* _ L e
C b)

- Re (¢) < 0. (7)

Thus the normalization factor is obtained

min(p,q) 2, 2 —21
(plgh)” [o a2V

1) (g-D(p-1)

(8)

2.2. Relation between the THPS and the
TPSSV

The

squeezed vacuum state is given by

definition of the two-mode subtracted

|r1,m,n)

Cra(N) (iv2)"™

sinh®+9)/2 o]

CpaV) (1v2)"

sinh(P9)/2 e

) =

Next we may use the TPSSV to discuss the THPS
and its properties. From Egs. (10) and (11) we can
easily calculate the average photon number in the
THPS (denoting 7 = cosh 2r1, u = £ — &),

.\ pray 2
(alay) = (Cp’q()\) (iv2) ) [H cosh® u

sinh(PT9)/2 4

+ F'sinh 2u + G'sinh® u] + sinh® u, (12)

and

.\ ptay 2
<a£a2) = (Op’q(/\) (iv2) > [G cosh? u

sinhP+9/2
4 F sinh 2u + H sinh® u] + sinh® u. (13)
In a similar way we have

(alafaras) = (C”’W <iﬂ>p+q>2

sinhP+9)/2 95

" |:(B+C) sin}214u JrAsinh; 2u

inh? 2
<sm v + 2sinh? usinh 2u> F

sinh? 2u

+ (E+ D)
(sinh2 2u

2
3sinh? 2u
4

+ sinh* u + cosh* u) I

+ sinh* u) (H + G)}

S(ir — r1)aiabSa(rq) |0,0),

S(r —ri)aja3Ss(r1)[0,0), A >1,r = arctan <

= af"ay 52 (£1) |0,0)
ei01)" sinh™+"/2
_ (™) R 6 )
(iv2)
x Hyyp (iei@1 \/tanhrla;, i\/tanhrlaJ{) |0,0),

(9)

where &, = r; €%t is the squeezing parameter, and the
normalization constant Ny, ,, , for the state |ri,m, n)
is given by

Nyymom = mIn!sinh®™ AP0 (cosh 2r1) . (10)

Compared Eq. (3) with Eq. (9), we can find that

0 < A< 1,r = arctan (i\/l f)\Q) ,01 =0,

JE=T (11)
_> .01 =0.

A

|
1
+ sinh u + 7 sinh® 2u,
where we have set
A =q! (p+2)!sinh® 2 7y cosh® ry PP~22) (1),
B = ¢! (p +2)!sinh? "3 1| cosh T’lpq(l’*qul,l) (),
C = (g +1)!(p+ 1)!sinh®* r; coshr PET77H) (1)
D = q! (p+ 2)!sinh®** p PP=0120) ()
=(¢g+2)p! sinh?? rqu(f_;q—an) (1),
g! (p + 1)!sinh®** vy coshry PP=9Y (1),
g (p+1) sinh2Pt2 T1Pq(p_q+1’0) (),
= (q+ 1)lp!sinh® r P91 (1),

E
F
G
H

. —q,0
I=(q+ ! (p+1) sinh?P+2 rqu(f_lq ) (7). (15)
Thus the cross-correlation function gg) can be ob-
tained by
9(2)()\) = M (16)
F (aa)(ajaen)

Actually, the cross correlation between the two
modes reflects the correlation between photons in two
different modes, which plays a key role in rendering
many two-mode radiations nonclassically. In Fig. 1,
we plot the graph of gg)()\) as the function of X\ for
some different (m,n) values. It is shown that gg)(/\)
is always larger than the unit, thus there exist corre-

lations between the two modes.
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Fig. 1. (colour online) Cross-correlation function between
the two modes a1 and as as a function of A for different
parameters (p,q). The numbers 1,2,3,4,5,6 in panel (a)
denote that (q,p) are equal to (1,2), (3,4), (2,4), (6,8),
(3,6), and (7,10), respectively.

3. Nonclassicality of the two-
variable Hermite polynomials
state

3.1. Squeezing properties

For a two-mode system, the optical quadrature
phase amplitudes can be expressed as follows:
Q:Q1+Q2 _ P+ P
v2 V2
where Q; = (a; + a})/v2, P; = (a; — a})/(v/2i)
(j = 1,2) are coordinate and momentum operator, re-
spectively. Their variances are (AQ)? = (Q?) — (Q)?
and (AP)? = (P?) — (P)2. The phase amplifications
satisfy the uncertainty relation of quantum mechanics
AQAP > 1/2. By using Egs. (10) and (11), it is easy
to see that (a1) = <ai> = (ag) = <a£> =0, (a}) =
(al*) = (a3) = (a}?) = 0, and (a1a}) = (alaz) = 0,
which leads to (@) = 0 and (P) = 0. Moreover, using
Eq. (10) one can see

(ara) = (ala}) = (Cp,m) (iv2)"* )2

sinh(PT9)/2 2r;

@ Pl =i, (17)

X [F cosh 2u + sinh 2u (G+ H)]
sinh 2u' (18)
2
From Egs. (12), (13), and (18), it then follows that
Ao 24 [ Cpa(N) (i\/i)mq 2
(AQ)" = 9 sinh(®+9)/2 r
><(2F+G+H)+1], (19)
and
apy = [ (Cral) (iv2)""\?
9 sinh(P+9)/2 -
><(—2F+G+H)+1]. (20)
0.5
(a)
0.4
= 0.3} 1
P 4
~ 0.2
2
0.1
0 0.5 1.0 15 2.0

Fig. 2. (colour online) The fluctuations of (AP)? with
other parameters p, ¢ values; in panel (a), the numbers 1,
2, 3, and 4 denote p = ¢ = 0, 1, 6, 24; in panels (b) and (c),
the numbers 1 and 2 denote p = 0 and p = 1, respectively,
and ¢ = 1,5,12 from down to up.
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Next, let us analyze some special cases. When
p = q = 0, corresponding to the two-mode squeezed

state, equations (19) and (20) become, respectively,

(BQP| =g,
p=0,q=0
2 _ L ot _1
(@Py| | =ge . AQAP =3, (21)

which is just the standard squeezing case. One can
see that the state |¥) is squeezed at the “p-direction”.
In order to see clearly the fluctuations of (AP)? with
other parameters p, g values, the figures are plotted in
Fig. 2.

From Fig. 2(a) one can see that the fluctuations
of (AP)? are always less than 1/2, when p = ¢, say,
the state @) is always squeezed at the “p-direction”;
For 0 < A < 1 and the given p values, there exists the
squeezing effect only when the squeezing parameter

is less than a certain threshold value which increases

(iﬂ)pﬂ (ng + p)! (tanhr)™ " sech(& — r1) sech ry

with the increase of ¢ (see Fig. 2(b)); However, for
A > 1, there exists the squeezing effect only when the
squeezing parameter exceeds a certain threshold value
which increases with the increase of ¢ (see Fig. 2(c)).
For details about the single-mode photon-subtracted

case, one can refer to Ref. [29].

3.2. Photon-number distribution of the
THPS

Next we discuss the photon-number distribu-
tion (PND) of the THPS. Noticing af™|n) =
vV (m+n)!/nl|n+m) and using the non-normalized
coherent state |a) = explaa’]|0) 2529 we have

1 d»
= Jridan

Considering this result, it is easy to see that

n) )

a=0

ni,ng W) = (—1)"2 1P T a0, 2> 22
< =1 Vgl sinh®+t9/2 | (tanh(€ — ry) tanhry + 1)"2 7P e 22)
where we have used the formula
d?z %
[ S expl=lal 4 ks 6D = 1 (1), (23
d®22 4 un 21 _ k1 (= (k+1)
272" expl—¢< |27 = Onk (1) (<) k! (24)
Finally it is easy to have the PND of |¥)
2
C2 ,(N)2PT | (ng + p)! (tanh 7)™ T sech(€ — 7)) sech 7y
P(nna) = =y | — o (natpt1) OPatanate (25)
ning! sinh?™ /< ry [tanh( — ry) tanhry + 1]

From Eq. (25), for the photon number distribu-
tion (see Fig. 3) one can see that there exists a con-
strained condition, n; + ¢ = ne + p. In particular,

when p = ¢ = 0, equation (25) becomes

sech2£tanh2"2 £, mni=no,

P(nl,ng) =
0, nq 7£ na,

(26)
which is just the PND of two-mode squeezed vacuum
states.

In Fig. 3 we plot the distribution P (n1 n2) in the

Fock space (ni,ng) for some given p = ¢ values and

squeezing parameter A\. From Fig. 3 it is found that
the PND is strained by ny + ¢ = ny + p. It results
from the paired presence of photons in a two-mode
squeezed state. By subtracting photons, we can move
the peak from zero photons to nonzero photons [see
Figs. 3(a) and 3(c)]. The position of the peak depends
on how many photons are annihilated and how many
of the states are squeezed initially. In addition, for
example, the PND mainly shifts to the bigger number
states and becomes more “flat” and “wide” with the

increase of the parameter A [see Figs. 3(b) and 3(c)].
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Fig. 3. (colour online) Photon number distribution P(n1 n2) in the Fock space (n1,n2) for some given p = ¢ values,
(a)ip=g=0,A=12;(b): p=¢g=1,A=11;(c): p=¢g=1,A=12;and (d): p=2,¢=4, A =1.2.

4. Wigner function of the THPS

The WFB0—32] {5 a powerful tool which is used
to investigate the nonclassicality of optical fields. Its
partial negativity implies the highly nonclassical prop-
erties of quantum states. In this section, the analyt-
ical expression of the WF for the THPS is derived.

For this purpose, we recall the Weyl-ordered form of

a single-mode Wigner operator:[33—35]
A(a,a)zigé(a—a)é(a —al) 1, (27)
where v = (21 +ip1) /V2 and the symbol : | de-

notes Weyl ordering. The merit of Weyl ordering lies
in the Weyl ordered operator invariance under similar

transformations proved in Ref. [33], which means

S:()ist=:8()s1, (28)

as if the “fence”

though it.

squeezing transformation relations, we have

did not exist. So S can pass

Following this invariance and the above

ST(€) A1 (a) A2 (8) S(6)
1, -
zzsé(afal)cs(a fa];)
x §(B~a2)6(a" —al):
= A1 (a) A2 (B) (29)

where @ = a cosh é—3* sinh €, § = Bcoshé—a* sinh ¢,
and 8 = (wg+ip2)/v2. Thus using Eq. (3) and

the coherent state representation of the single-mode
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Wigner operator, 8]

d? N
A (a) = e2|a‘2/% |21) (—21] e~ (a7 —azy)
0
(30)
where .
|z1) = exp [—5 \Z1|2 + zlai} |0)

is the Glauber coherent state,!394% we can finally ob-
tain the explicit expression of the WF for the THPS:

2 0 1m2
W (a 8) = L2t QS o—2iaf 2l
= MR (p— D) (g — k)1?
X |Hy_14-k(B, A), (31)

where we have set

A = 28v%, B =2av*.

Obviously the WF W(«, ) in Eq. (31) is a real
function and is non-Gaussian in phase space due to
the presence of H,_; ;—1(B,A). In particular, when
p = ¢q =0, equation (31) reduces to

e
"::4%‘
- S

e
LD e
S SH Iy

1 _ ~12
W (0,8) = — e~2o0 =203

corresponding to the WF of the two-mode squeezed
vacuum state. In Figs. 4 and 5, the phase space
Wigner distributions are depicted for several differ-
ent parameter values p, ¢, and A. As evidence of the
nonclassicality of the state, squeezing in one of the
In addi-

tion, there are some negative regions of the WF in the

quadrature variables is clear in the plots.

phase space which is another indicator of the nonclas-
sicality of the state. Figure 4 shows that the negative
region becomes greater and visible as the increase of
photon number subtracted p(q) and parameter values
A, which may imply that the nonclassicality of the
state can be enhanced due to the augment of photon-
subtraction number. In addition, the squeezing effect
in one of the quadrature variables is clear in the plots
(see Figs. 4(a) and 4(b)), which is further evidence of
the nonclassicality of this state. In Fig. 5, for the case
of p=0and ¢ =1, it is easily seen that at the center
of the phase space (a = f = 0), the WF is always

negative in phase space.

(b)

N

W

Fig. 4. Wigner function W(a, 8) in phase space (0,0, P1, P2) for several different parameter values p,q and A, (a):
p=q=0,A=12;(b):p=¢=2,A=12;(c): p=1,¢g=2,A=12;and (d): p=1,g=2, A =2.
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Fig. 5. Wigner function W («, 8) in different phase spaces for p =0, ¢ = 1 with A = 0.5 (first row) and A = 2 (second row).

5. Violations of Bell’s inequality
for the THPS

We now turn our attention to the nonlocal prop-
erties of the THPS in terms of Bell’s inequality. For
a two-mode continuous variable system, using corre-
lations between parity measurements, the Bell’s in-

equality is given as follows:
(Bl = | (i, 8)) + (11’ B) )
+ (7170, 8)) + (110, 9)) | <2, (32)
where B is the Bell function and the superscripts a

and b denote the modes and IT b (q, B) is the displaced

parity operator (wigner operator)[gg] defined asl4
I (o, B) = w2 A, (@) A (B), (33)

where o = (q1 +ip1) /V2, B = (g2 + ip2) /V2. The
expectation value of this displaced parity operator is
just proportional to the two-mode Wigner function,

I(a,B) = tr[plI®(a, B)] = ©*W (e, B),  (34)

which shows that the connection between this dis-
placed parity operator and the Wigner function pro-
vides an equivalent definition.4?

The Bell function is measured for any of four com-
binations of a = 0, VJe'¥?, 3 = 0, vV Je'?, where

J(= |a)* = |B]?) is a positive constant characteriz-
ing the magnitude of the displacement. From these

quantities we construct the combination!*?]

B = n? [W (0,0) + W (ﬁew,o) W (0,\/jei9)
W (ﬁew,ﬁe”)] (35)

Then we can test Bell’s inequality —2 < B < 2 by
means of the two-mode WF measurement. In Figs. 6
and 7, we can say that the THPS is quantum me-
chanically nonlocal as |B| > 2, and the nonlocality is
stronger with the increase of |B|. We see that the de-
gree of nonlocality depends on the coherent amplitude
J, the squeezed parameters A, p,q, and the phases
0, .
spanned by parameters J, A and p,q.
clearly that the result of EQ. (35) violates the upper
bound imposed by local theories. With the decrease of

In Fig. 6, we plot the Bell function in space

One can see

J, the violation of Bell’s inequality becomes more ob-
servable for smaller p,q. Especially, when p = ¢ =0
Eq. (35) corresponds to the Bell’s inequality of the
usual squeezed vacuum state. In Fig. 7, we plot the
Bell function B as a function of the phases 6, ¢ with
fixed J = 0.01 and several different A,p,q. One can
clearly see from Fig. 7 that B is always greater than

zero and for a smaller A\ and p, q.

044210-8



Chin. Phys. B Vol. 21, No. 4 (2012) 044210

*‘.\u =
R
R RERR
SRR
«&\\\\\‘\‘\\ St

)

o

DS
\‘ AR

R “‘:
O
S

T
T,
MR

Fig. 6. Plot of the Bell function in the space spanned by parameters J and A with ¢ =0, § = 7, and (a) p = ¢ =0,
(P)p=qg=1,(c)p=0,g=1,(d)p=1¢g=2.

Fig. 7. Plot of the Bell function in the space spanned by parameters 6 and ¢ with (a) A = 1.5, J = 0.01, p = ¢ = 1;
b)A=15,J=001,p=q=2;(c) A=2,J=00l,p=g=1;and (d) A=2,J=0.01,p=¢q¢g=2.

6. Conclusion investigated the quantum nonlocality of this state in

" ¢ . . h ) I
In conclusion, we have introduced the two- erms of squeezing properties, photon-number distri
variable Hermite polynomial state which can be con- ~ Pution, and the Bell’s inequality. Especially, the non-

sidered as a generalized two-mode squeezed state and  classicality of the THPS is discussed in terms of the
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negativity of the WF after deriving the explicit ex-
pression of the WF, and the result shows that the
nonclassicality of the state is stronger as the increase
of the photon number subtracted p(q) and parameter
values A\. Then violations of the Bell’s inequality for
the THPS are also studied. It is shown that in a cer-
tain smaller regime of A, it is found that the violation
of the Bell’s inequality becomes more observable with
the decrease of J, which indicates that the nonlocality
of the THPS can be stronger than that of the TPSSV

due to the presence of J.
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