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We propose a simple scheme to generate χ-type four-charge entangled states by using SQUID-based charge qubits

capacitively coupled to a transmission line resonator (TLR). The coupling between the superconducting qubit and the

TLR can be effectively controlled by properly adjusting the control parameters of the charge qubit. The experimental

feasibility of our scheme is also shown.
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1. Introduction

Quantum entanglement, one of the fundamental

features of a quantum system, plays a very important

role in quantum information processing. So, much

attention has been paid to the investigation of en-

tangled states in recent years.[1−5] Up to now, vari-

ous schemes for preparing entangled states,[6,7] such

as GHZ states,[1] cluster states,[2] W states,[3] χ-type

states, etc. in different physical systems, such as cav-

ity QED,[8] trapped ions,[9,10] Boson–Einstein conden-

sation (BEC),[10−12] etc.) have been proposed.

The χ-type states[13−22] were first introduced by

Yeo and Chua[13] and one of them takes the form∣∣χ00
⟩
3214

=
1

2
√
2
(|0000⟩ − |0011⟩ − |0101⟩+ |0110⟩

+ |1001⟩+ |1010⟩+ |1100⟩+ |1111⟩)3214.

These states have proved to be maximally entangled

four-qubit states,[23] and they have many interesting

entanglement properties. They are widely used in

quantum information processing. Using these states,

Yeo and Chua[13] constructed a protocol to realize the

teleportation of a two-particle arbitrary state. With

dense coding, Lin et al.[16] and Xiu et al.[20] proposed a

two-party quantum secure direct communication pro-

tocol. Using entanglement swapping, Xiu et al.,[19]

Gao,[22] and Xiu et al.[18] proposed two-party deter-

ministic quantum communication protocols. Further,

Wang et al.[17] and Zhan et al.[21] applied them to im-

plement quantum-information splitting. Therefore, it

is significant to generate χ-type entanglement states.

In fact, the schemes to prepare them in different sys-

tems were widely explored in recent years. For ex-

ample, a scheme to prepare them in ion trap system

was proposed by Wang and Yang,[24] schemes with a

cavity QED system are introduced by the authors in

Refs. [14], [15], [25], and [26], and schemes with linear

optics elements were given by Wang and Zhang,[27]

and Shen et al.[28]

The superconducting qubit is regarded as a

promising candidate in quantum information pro-

cessing because of its excellent scalability, thanks

to well-established microfabrication techniques.[29,30]

By combining superconducting qubits with a super-

conducting transmission line resonator (TLR), Blais

et al.[31] proposed a special architecture which is

called circuit QED. This architecture is considered

as a promising candidate for scalable superconduct-

ing quantum computation because it strongly inhibits

spontaneous emission,[32] allows high-fidelity quan-
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tum nondemolition (QND) measurements of multiple

qubit states,[33] and can couple qubits separated by

centimeter-scale distances.[34−36]

In this paper, enlightened by the proposals men-

tioned above, we propose an effective method to pre-

pare χ-type entangled states in a combined system

of charge qubits, which is based on superconducting

quantum interference device (SQUID), and a TLR.

The rest of the present paper is arranged as follows.

In Section 2, we give the model and the Hamiltonian

of the system. In Section 3, we show how to prepare

the χ-type four-charge entangled states. Finally, we

discuss the experimental feasibility of the scheme in

Section 4.

2. Model and its Hamiltonian

We consider the model sketched in Fig. 1, in

which superconducting charge qubits are coupled to

a TLR. In the charge regime kBT ≪ EJ0 ≪ EC ≪ ∆

(where kB, T , EJ0, EC, and ∆ are the Boltzmann

constant,[30,37] temperature, Josephson coupling en-

ergy, charging energy, and superconducting energy

gap, respectively), there are only two charge states,

n = 0 and n = 1, which are important for the dy-

namics of the system, then the device behaves as a

two-level system.[37] Assume that all the supercon-

ducting quantum interference devices (SQUIDs) have

the same charge energy EC and superconducting gap

energy EJ0, then the Hamiltonian of the system can

be described, in the basis σzi{|g⟩ , |e⟩}i, as

Ĥ = ~wCa
†a+

N∑
i=1

[
2EC(2ngi − 1)σzi +

EJ(Φxi)

2
σxi

]
,

(1)

where wC is the frequency of the TLR,

EC =
e2

2CΣ
, CΣ = 2cJ + cg,

EJ(Φxi) = 2EJ0 cos

(
π
Φxi

Φ0
+ π

)
,

σzi = |g⟩i ⟨g| − |e⟩i ⟨e| , σxi = |g⟩i ⟨e|+ |e⟩i ⟨g| ,

ngi = ndcgi + nacgi + nqug , (2a)

ndcgi =
1

2
, nacg = cgv0i cos(wt)/2e,

nqug = cgv
qu
0 (a† + a)/2e. (2b)

Assuming that Ωi = 2ECcgv0i/(~e), g =

2ECcgv
qu
0 /(~e), and wi = EJ(Φxi)/~ (we will always

choose the w0 non-negative, this condition can be eas-

ily satisfied by tuning the external flux Φxi), then sub-

stituting Eq. (2) into Eq. (1), the Hamiltonian be-

comes

H = ~wCa
†a+

N∑
i=1

[
1

2
~wiσxi

+ ~Ωi cos(wt)σzi + ~g(a† + a)σzi

]
. (3)

Define a new basis as Szi{|1⟩ , |0⟩}i, where |1⟩i =

(|g⟩+ |e⟩)i/2, |0⟩ = (|g⟩ − |e⟩)i/2, then perform a ba-

sis transformation from σzi to Szi, then equation (3)

will become

H = H0 +HI, (4)

where

H0 = ~wCa
†a+

N∑
i=1

1

2
~wiSzi,

HI =
N∑
i=1

[~Ωi cos(wt)Sxi + ~g(a† + a)Sxi].

Fig. 1. (a) The basic circuit of the charge qubit (each dark part denotes one Josephson junction). Cg is gate capacitance, Vg

is gate voltage, and Φxi is external magnetic flux applied to the SQUID. The circuit can be tuned by adjusting voltage Vg and

external flux Φxi. (b) N charge qubits are placed in a quasi-one-dimensional TLR (the gray parts). Each qubit is placed at an

antinode of the electric field, yielding a strong coupling between the qubit and the resonator mode. The qubits are capacitively

coulped to the TLR.
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In the interaction picture, using rotating-wave ap-

proximation we obtain

Hint = H1 +H2, (5)

H1 = ~
N∑
j=1

Ωj

(
e i∆jtS†

j + e−i∆jtS−
j

)
,

H2 = g
N∑
j=1

(
e−iδjta†S−

j + e iδjtaS†
j

)
,

where ∆j = wj − w, δj = wj − wC, Szj = |0⟩j ⟨0| −
|1⟩j ⟨1| , S

†
j = |1⟩j ⟨0|, and S

−
j = |0⟩j ⟨1|.

3. Preparation of χ-type states

In this section, we will show how to generate χ-

type four-charge entangled states in a combined sys-

tem of SQUID-based charge qubits and the TLR,

which is described by the above Hamiltonian. Our

scheme is realized by the following two steps.

The first step: in Eq. (5) we choose N = 4,

w1 = w2 = w3 = w, Ω1 = Ω2 = Ω3 = Ω, and

w04 ≫ wC, Ω4 = 0 (these conditions can be easily

realized by adjusting flux Φxi and AC voltage v0i).

Then there are only three SQUIDs interacting with

the TLR. The effective Hamiltonian is

H = ~Ω
3∑

j=1

Sxj + g
3∑

j=1

(
e−iδta†S−

j + e iδta−S†
j

)
.

(6)

In the strong driving regime where 2Ω ≫ δ, g and

2δ ≫ g, the evolution operator of the system is[38]

U(t) = e−iH0t e−iHet, (7)

H0 = ~
3∑

j=1

Ω(S†
j + S−

j ),

He = ~λ
[ 3∑

j=1

1

2
(|0⟩ ⟨0|+ |1⟩ ⟨1|)

+
3∑

j=1,j ̸=k

(S†
jS

†
k + S†

jS
−
k +H.c.)

]
,

where λ = g2/2δ, and He is the effective interaction

Hamiltonian of the system.

If we set the initial state to be |ψ⟩1234 =

|mmmm⟩1234, mj ∈ {0, 1}j , m̄j denotes the counter-

part of the binary number mj , after a period of time

t, the state will evolve into

|ψ(t)⟩1234

=
1

16
e

− iλt/2[(4 e−i4λt cos 3Ωt

+ 12 cosΩt) |mmmm⟩1234
− i(4 e−i4λt sin 3Ωt+ 4 sinΩt)

× (|mmm̄m⟩+ |mm̄mm⟩+ |m̄mmm⟩)1234
+ (4 e−i4λt cos 3Ωt− 4 cosΩt)

× (|mm̄m̄m⟩+ |m̄m̄mm⟩+ |m̄mm̄m⟩)1234
− i(4 e−i4λt sin 3Ωt− 12 sinΩt) |m̄m̄m̄m⟩1234 .

(8)

After the operation time t1 under the condition Ωt1 =

2nπ, λt1 = π/4, we obtain

|Ψ⟩1234 =
1

2

(
|mmmm⟩ − |mm̄m̄m⟩ − |m̄mm̄m⟩

− |m̄m̄mm⟩
)
1234

. (9)

The second step: properly adjust the param-

eters of the fourth charge qubit and let w1 = w2 =

w3 = w4 = w, and Ω1 = Ω2 = Ω3 = Ω4 = Ω′. In the

same theory as that in the first step, we can obtain

the evolution operator of the system

U(t)

= e−iH′
0t/~ e−iH′

et/~

= e−i2λ′t

 4∏
j=1

(cosΩ′t− iSx
j sinΩ′t)


×


3∏

j=1

 4∏
k=j+1

(cosλ′t− iSx
j S

x
k sinλ′t)

 .

(10)

When the operation time t2 satisfies Ω′t2 = nπ and

λ′t2 = π/4, the evolution operator reduces into

U(t2) =
1√
2

1 + i
4∏

j=1

Sx
j

 . (11)

Thus, an arbitrary state |mmmm⟩1234 will be evolved

as follows:

|mmmm⟩1234 = |mmmm⟩1234 + i |m̄m̄m̄m̄⟩1234 .
(12)

According to the above equation, state |ψ⟩1234 in

Eq. (9) will become

|χmmmm⟩′1234

=
1

2
√
2
[|mmmm⟩+ i |m̄m̄m̄m̄⟩ − |mm̄m̄m⟩

− i |m̄mmm̄⟩ − |m̄mm̄m⟩ − i |mm̄mm̄⟩
− |m̄m̄mm⟩ − i |mmm̄m̄⟩]1234. (13)

Obviously, it is one of the χ-type four-charge states.

Let m1, m2, m3, m4 = 0, 1, then equation (13) will

describe 16 χ-type four-charge entangled states.
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For example, if the initial state is |0000⟩3214, we
will obtain∣∣χ00

⟩′
3214

=
1

2
√
2
[|0000⟩ − i |0011⟩ − i |0101⟩

− |0110⟩ − i |1001⟩ − |1010⟩
− |1100⟩+ i |1111⟩]3214.

It is obvious that
∣∣χ00

⟩′
3214

= l.u.
∣∣χ00

⟩
3214

, where

“ l.u.” indicates that the equality holds up to a lo-

cal unitary on one or more of the qubits.[39] Thus, we

obtain the χ-type four-charge entangled states in the

circuit QED.

Now we show how to deterministically distinguish

from among the above 16 basis states {|χmmmm⟩′1234,
m1, m2, m3, m4 = 0, 1}. Firstly, we operate the sys-

tem, which is initially in the state |χmmmm⟩′1234, with
the same scheme described in the above second step.

After a period of evolution time t′1 = π/4λ′, we then

let the system evolve in the same process as that de-

scribed in the first step above. Then, after another

period of evolution time t′2 = π/4λ, the total evolu-

tion of the system can be described as

|χmmmm⟩′1234 → i |m̄m̄m̄m̄⟩1234 ,

which means that each of the 16 basis states

{|χmmmm⟩′1234, m1, m2, m3, m4 = 0, 1} can be trans-

formed into a corresponding product state of particles

1, 2, 3, 4. So the experimental identification of these

states can be achieved by the individual detection of

the related qubits, which can be easily implemented

by using a single electron transistor (SET).

4. Discussion and conclusion

We now give a brief discussion about the experi-

ment. In the experiment, charging energy EC, Joseph-

son coupling energy EJ, and Rabi frequency Ω can

reach the values EC/h ∼ 2π × 32 GHz, EJ/h ∼
2π × 5 GHz, and Ω ∼ 2π × 300 MHz,[40,41] respec-

tively. The coupling constant g = 2π × 22 MHz is

also attainable.[42] So we can set Ω = 2π × 176 MHz,

g = 2π × 22 MHz, σ = 4g, and operation time

t1 = π/4λ ≈ 50 ns, then set Ω′ = 2π × 275 MHz,

σ′ = 2g, and operation time t2 = π/4λ′ ≈ 25 ns. As is

known, energy relaxation time, dephasing time, and

κ−1 for resonator with Q = 105 are 7.3 µs, 500 ns,

and 794 ns,[43,44] respectively. Therefore, it is obvious

that the total operation time ttotal = t1 + t2 = 75 ns

≪ 500 ns.

We can also calculate the possibility of the fourth

charge qubit excited by the TLR during the first step.

Let w4 = EJ4/~ = 2π × 10 GHz, w = 2π × 4.9 GHz,

g = 2π × 22 MHz, and wc = 2π × 5 GHz, then the

possibility will be[45]

P ≈ 2

4 + (∆4/g)2
≈ 3.9× 10−5,

which is obviously very small (where ∆4 = w4 − wc).

So, during the first step, only three charge qubits

evolve and the fourth charge qubit is always in its

initial state, and our scheme is feasible.

In conclusion, we proposed an effective method to

prepare χ-type four-charge entangled states in a com-

bined system of SQUIDs and a TLR. In the scheme,

the interaction between a SQUID and a TLR is me-

diated by exchanging virtual rather than real photons

because of the large detuning between them. So, our

proposal is insensitive to the initial state of the TLR,

and then no preparation for the initial state of the

TLR is needed. We also showed that the scheme is

feasible in experiment.
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