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Generating a four-photon polarization-entangled
cluster state with homodyne measurement

via cross-Kerr nonlinearity*
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‘We propose a protocol to generate a four-photon polarization-entangled cluster state with cross-Kerr nonlinearity

by using the interference of polarized photons. The protocol is based on optical elements, cross-Kerr nonlinearity,

and homodyne measurement, therefore it is feasible with current experimental technology. The success probability of

our protocol is optimal, this property makes our protocol more efficient than others in the applications of quantum

communication.
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1. Introduction

The study of two or multi-particles’ entangle-
ment, whose joint states cannot be written in a prod-
uct form," has been a key ingredient of quantum in-
formation theory and seems to be crucial to achieve
tasks of quantum information processing, such as
quantum cryptography,? quantum dense coding,!®!
and quantum teleportation.[!! As a special entangled
state, the four-particle cluster state,

|cluster) = %(|O)1|0>2|0>3|0>4 +10)1]0)2[1)3[1)4
+ [1)1[1)2]0)3]0)4 — [1)1]1)2[1)3|1)4), (1)

which was first introduced by Briegel et al.,®! can
be regarded as a resource for the so-called one-
way quantum computation scheme,®7 Greenberger -
Horne—Zeilinger (GHZ) state preparation, and is more
immune against decoherence than GHZ states.!8! Be-
cause of the fact that cluster states have been shown
to constitute a universal resource for quantum com-
putation assisted by local measurement only,®! the
cluster states have attracted more attention in the-
oretical research and practical applications.'9~14 In
Ref. [15], Zou et al.
ate a four-photon polarization-entangled cluster state

proposed a scheme to gener-

with a success probability 1/4 in an ideal case. On
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this basis, we propose a modified protocol to gener-
ate a four-photon polarization-entangled cluster state
with a higher success probability by using cross-Kerr
nonlinearity, ancillary coherent states, momentum ho-
modyne measurement, and appropriate unitary oper-
ations. Before introducing the structure of this paper,
let us first become acquainted with the effect of the
cross-Kerr nonlinearity. The Hamiltonian of the cross-
Kerr nonlinearity is!'6—19]

Hy = hixighe, (2)

where n, and n. are the photon number operators
for modes a and c¢, respectively. x is the coupling
strength of the nonlinearity, which is determined by
the property of the nonlinear material. For example,
a coherent beam in the state |a) with a single pulse
in the Fock state |p) = a|0) 4 b|1), we note that |0)
and |1) are not the polarization of the photons, but
the number of the photons, after the interaction with

the cross-Kerr nonlinear medium, evolves as

Ux|p)le) = e 1t/ (a|0) + b[1))] )
= al0)|a) + b[1)|ae’?), (3)
where 6 = xt, and t is the interaction time. It is clear

that the phase shift on the coherent state is directly
proportional to the number of photons in signal mode
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a and that the Fock state is unaffected. So the mea-
surement on the phase of probe beam can distinguish
the photon numbers in signal mode.

The structure of our paper is as follows: In
Section 2, we briefly review Zou and coworker’s
protocol™® and use the similar method to generate
the four-photon polarization-entangled cluster state.
But compared with their protocol, the present proto-
col uses cross-Kerr nonlinearity and homodyne mea-
surement rather than photon detectors in the pro-
tocol in Ref. [15].

outcomes from unbunching ones with different phase
[20—22]

We can distinguish the bunching

shifts by homodyne—heterodyne measurements.
The state corresponding to unbunching outcomes is
the cluster state that we want to generate. In Section
3, we adopt countermeasures to change bunching out-
comes to unbunching ones, in other words, the success
probability could be improved, which is crucial in our
protocol. We can predict whether the protocol is suc-
cessful or not according to the results of the homodyne
measurement. In Section 4, we discuss the influence
of the error and give a conclusion.

2. Preparation of the four-photon
polarization-entangled cluster

state

In the following we propose our protocol to gen-
erate the four-photon polarization-entangled cluster
state. For the sake of clarity, let us first review
Zou and coworker’s protocol. By employing the
two-photon polarization entangled states [W)gpr =
(|H)1|H)o + |V)1]V)2)/V/?2, and two single-photon
W)s = [H)s, [W)s =

an encoding circuit to realize the transformation

sources: |H)4, they proposed

1
E(\H>1|H>2 + [V 1|V)2)[H)s|H)a

— %(|H>a\H>b|H>c|H>d + [H)alH)p[V)elV)a
+ V)alViolH)e[H)a = V)alV)o[V)elV)a), (4)

with the help of coincidence detection, where H and V
denote horizontal and vertical linear polarizations re-
spectively, and the subscript ¢ (i = 1,2,3,4,a,b,¢,d)
denotes the spatial mode of photons. Their success
probability to obtain a cluster state is 1/4 in an ideal
condition.

We now present a detailed analysis of our proto-
col. The schematic diagram of Section 2 of our proto-

col is shown in Fig. 1, which requires two single-photon

states and one two-photon polarization state as input
resources and consists of two polarization beam split-
ters PBS; (i = 1,2), three half wave plates HWP;
(i =1,2,3), one ancillary coherent state )1, and two
cross-Kerr nonlinearity media. We suppose the EPR
denotes the state [¢) = (|H)1|H)2 + [V)1|V)2)/V2,
these single-photon input states in modes 3 and 4 are
horizontally polarized. So the total input state of the
whole system is

1
ﬁ(|H>1|H>2 + [V 1V)2)|H)3|H)ala):. (5)

After passing the device in Fig. 1, equation (5) trans-

W)o =

forms into
‘lp>1:i[(|H>a|H>b|H>c|H>d+|H>a|H>b|V>c|V>d
+ [V)alV)olH)c|H)a
= V)alV)sV)elV)a) et ),
+ ([H)alH)p|H)e|V)e
+ V)alV)olH)e[V)e)|ae™ )
+ ([H)alV)alH)c|H)q
+ H)alV)alV)elV)a) e ),
+ ([H)alH)p|H)alV)a
— [V)alV)olH)alV)a) e )y
+ ([H)o|V)o|H)c|H)a
— [H)[V)o|V)elV)a)lare®t)y
+ [ H)alV)al H)e|V)clae® )y
+ \H>a|V>a|H>d|V>d|ateel)l
+ [H)o|V)o| H)
— [H)o|V)o| H)

)bl
ol H)alV d| )1]- (6)

In Eq. (6), for convenience, we have quoted some nota-

b

tions and results in Ref. [15], then, we choose momen-
tum quadrature homodyne measurements on mode 5.

For the convenience of analysis, we expand the state

in terms of the eigenstates of the p operator!23]

)= [ ) o1} d. ()
@)y = (p|¥)1
= N(goe'™[@)o + V291 €' [0)1
+ g2€'|0)2 + V293 €™ |p)s + 291 €' 0) 4
+V2g5e ™ |0)s + gs ' )6
+ V297 |@)7 + gs e ™ |p)s), (8)

where

lp)o = = [H)o[V)olH)alV)a, (9a)

o) = %<|H>a\H>b|H>d\V>d
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= [V)alV)slH)alV)a), (9b)
P2 = [H)alV)alH)alV)a, (9¢)

[£)s = (VI H)| ),
— VIV )a), (94)
(0ha = 5 (H)al H)H) L H)a o [Ha V)V )
£ V)alVYlH) ).

|
= V)alV)s[V)elV)a), (9¢)

1
lp)s = E(\HMIVMIH%IHM

+ [H)alV)alV)elV)a), (91)
[p)e = [H)p[V)o| H)e|V)e, (9g)

o) = %(\H>G|H>b|H>C|V>C

+ |V>a‘V>b|H>c|V>ca (9h)
lpys = [H)a|V)alH)e|V)es (91)
and the coefficients are

gn = 71_—1/4e—(p—\/iasinn(9)2/27 (10)

=v2a (p— \}ﬁsinne) cosnb, (11)

N = (g5 + 297 + g5 + 293 + 443 + 293
+ 98 +297 +g3) 12 (12)

withn =0,1,2,...,8.

|y 2
HWP, |3
HWP,
Ef 1
U pgs,
P 4
HWP;
R|2
PBS2

LO—d

Fig. 1. The schematic diagram of Section 2. EPR denotes
the entangled two-photon state %(|H)1|H>2 +|V)1]V)2).
PBS1 and PBS» denote polarization beam splitters, which
transmit the horizontal polarization and reflect the verti-
cal one. HWP1, HWPs5, and HWP3 denote the half-wave
plates, which implement transformation |H) — (|H) +
V) /V2, |VY — (|H) — |V))/V/2; |a)1 is the ancillary co-
The 61 (3601) indicates that the coherent
beam will pick up a phase shift ; (361) when there is

herent state.

a photon in mode a (c), the dotted lines denote classical
feedforward, LO denotes phase shift operation.

As a function of the homodyne measurement re-

sult p, go, V291, -
observe that g, are Gaussian curves with the peaks

., gg were plotted in Fig. 2. We

located at v/2asin(nf). The distances between neigh-
boring peaks are 2d,, = v/2a{sin(nf) — sin[(n — 1)0]},
which are referred to as the distinguishabilities of the
measurement.[?4 Since the distinguishabilities are ap-
proximately in proportion to af when 6§ < 1, we can
use a strong coherent state probe light to ensure good
distinguishability which makes the overlaps between
these curves very small. Suppose the distinguishabil-
ity of the measurement keeps the same, as long as
the probe beam has a sufficient amplitude «, we can
work with much smaller phase shifts; this property
makes the protocol much easier to implement in prac-
tice. According to the measurement result p, sim-
ple local rotations using phase shifters can be per-
formed via a feed-forward process to remove the rel-
ative phase 7,,. After the measurement, suppose the
result is 400v/2sin 0.04 — 1, the corresponding fidelity

is

Fly,y (400v/25i0 0.04 — 61) = [(pa|¥),|?

1
~— ; (13)
14+ 3 e—4da(da—51)

which will be 0.9999 when §; ~ 0.734d;. Besides, if
the result is 4004/2sin 0.04 + &5 the corresponding fi-
delity is

B,y (400V2 510 0.04 + 02) = |{a|T),|?

1
~ , (14)

14+ % e—4ds(ds—62)

when &9 = 0.733d5, this fidelity will be 0.9999, then,
on condition that the fidelity is more than 0.9999, the
probability to achieve the four-photon polarization-

entangled cluster state |¢)4 is

4004/2 sin 0.04+65
ri= | (bl Trignar (1)1 () [p)dp
400/2 sin 0.04—48,

~ é[erf(&) +erf(52)), (15)

where erf(x) is the error function, §; =~ 0.734dy,
02 ~ 0.733d5.
surement increases, the probability of obtaining the

As the distinguishability of the mea-

cluster state |p)4 will approach 1/4.
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gﬂ

Fig. 2. (colour online) Curves of the homodyne measurement result p with a = 400 and 6; = 0.01.

Similar analysis can be made when the measure-
ment result p is near the centers of the other eight side
peaks in Fig. 2; the probability of obtaining |¢)o, |¢)2,
|©)6, |¢©)s will approach 1/16 and the probability of
obtaining @)1, |©)s, |¢)s, |¢)7 will approach 1/8 when
the measurement distinguishability increases. Except
|©)a, the other states were thought to have failed in
Ref. [15] but we can utilize some setups to translate
these states into a four-photon polarization-entangled

cluster state under a certain probability; we will ex-

[H)e,[V)er|a)s = 5 [(|H>f1|H>

and

[H)e[V)er [ H) e [V)es [a)ala)s

SUUEY Y 1, Y g g,

plain it in Section 3 in detail.

3. Improvement of the success

probability

Before starting in this section, we first introduce
the setup described in Fig. 3. By employing some op-
tical elements and weak cross-Kerr nonlinearity, the
device in Fig. 3 could implement the following trans-
formation

| >f1|v>f2)|a63i02>2 + |H>f2|V>f2|ae4ie2>2 - ‘V>f1|H>f1>|ae2i92>2]a (16)

H)p [H) 1, |V) 51V g

YAV H) p [ H) 1, + (V) £ V) £ [V) 11V £ | €192 5] e®92)4

-V
+ (H) 5, [H) g, — VYA IV ) H) £,V £, o €192 o o 412 4
— (H) [ HY g, — V) VY ) V) g H gy | e®i02) 5 e2102) 5
+ (IH) g [H) g, = V) 1, [V) 2 HH) | V) ol et ) g e®%) 5
— (H) sl H) o = V) 5V £)IV) 52 [ H) g |ee®%2)a]a %) 5
+ [H) 5, V) gl H) 1, V) gl et)alae®i2)s — [H) 1, [V) 1, [V) | H) gyl e %) g e®%2) 5
— V) [H) 1, [H) |V gl e® %Yo e®2)g + (V) 1, [H) 1, [V) g, | H) gy | e 12)5|ace192)5). (17)

The use of the setups in Fig. 3 is to change bunch-
ing ones into unbunching outcomes at a certain prob-

ability, that is to say, with the help of these setups,

we could improve our protocol’s success probability.
Next, we list two specific examples to show how to

deal with |@)o, |©)1,---|¢)s (except |p)4) for improv-
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ing the success probability.

BIPYP]

(5]
A, ] | IPKP|
l“f}“ HWP Is
= e 0— fi
PBSy v
II\_-\{P &
: ; : —————— L0~ [f2
£2 Lo- f;
- r 3
PBSs, 35
\< ¥ HWPg \U ¥
\ HWP; \
- e~ LO~ f4

Fig. 3. The schematic plot of Section 3, PBS; (i =
3,4,5,6) denote polarization beam splitters, HWP; (i =
4,5,6,7) denote the half-wave plates, |a)2 and |a)3 are
the ancillary coherent states respectively, the dotted lines
denote classical feedforward, and LO denotes phase shift
operation.

Example 1: After the operations in Section 2,
if the output state is |¢)7, we let the spacial mode ¢
pass through mode e; of the device in Fig. 3, and the
1

(|H> ‘H>b|H>€l |V>e1 + ‘V>Q|V>b|H>€1 |V>e1)

will evolve into

state

lp)o = [([H)al H)o|H) 1, [H) 1,

2f
— [H)o H)o[V) 1, |V) 5 + [V)al Vo H) f, | H)
— V)alV)IV) 1 V) ) e®))s
— (|H)alH)p + V)a V)V, [H

+ (H)alH)o + [V)alV)0) [ H) g,

) il e®i0)

V) faloe

2
4i€2>2]

)

(18)

according to Eq. (16); Then we choose P-quadrature
homodyne measurement on mode f5, and the analysis
of P-quadrature homodyne measurement is similar to
that in Section 2, however, in this section we only con-
sider the homodyne measurement in an ideal case (the
error would be taken into account in Section 4). After
the measurement, we have two kinds of results: (i) If
the phase shift on coherent |a)3 is 36,, then equation
(18) evolves into

([H)alH)o|H) | H) g,
— [H)aH)o[V) 1|V ) 1
+ V)al VYol H) g | H) 1,
= V)alV)eIV) 1V £2),

N[ =

l©)10 =

~ ~—

bl
b (19)
which is similar to the cluster state in Eq. (1), but with
a phase difference. We could utilize o, operation on

spatial modes b and f; separately to achieve the clus-
ter state that we want to generate. (ii) If the phase
shift on the coherent state |a)g is 205 (463), the cor-
responding state is (|H)q|H)p + |V)al|V)6)|V) 5, | H) 1,
(HYalH)s + [V)alVI5) H) V)7, and we let the
spatial mode fi (f2) pass through the device in Fig. 3
again to transform the bunching state into an un-
bunching one with a probability 1/2, and then, with
the help of o, operation, we can obtain the cluster
state. Nevertheless, up to now, if we still achieve
the bunching outcomes, the bunching state will be
injected into the device in Fig. 3 again to gain the
unbunching state. In a word, if we obtain an unbunch-
ing state, the protocol is successful; if we achieve the
bunching state, we will let the state pass through the
device again until we gain the unbunching state. In
this case, after the operation in this section, the suc-
cess probability is P, = [1 — (1/2)"]/8 in an ideal
,+00) is the iter-
ation number of the bunching state. We use the same

condition, where n (n =0,1,2,3,...

technique to deal with |©)1, |¢)s3, and |@)s.

Example 2: If the output state is |p)s in Sec-
tion 2, we let the spatial mode a and spatial modes
¢ pass through the spatial modes e; and e; of the
device in Fig. 3, and the evolution of the state
[H) ey [V)e, |H>62‘V>eg‘a>2|a>3 is shown as in Eq. (17);
then we choose P-quadrature measurement on the
spatial modes f5 and fs, and there are three kinds
of results: i) If the phase shift on coherent |a)s and
|a)s, both equal to 362, then equation (17) evolves
into

([H) g, [H) £, | H) g5 | H) 1,
= H) 1 [H) 2 |V) 11V 14

V)| H) g5 | H) g,
+ M AV V)V,

l)11 =

(20)

with the help of unitary operation, we can translate
Eq. (20) to the cluster state. ii) If the phase shifts
on coherent |a)y and |a)s equal 303 and 46 (302 and
204; 465 and 30s; 205 and 362) respectively, the corre-
sponding state is (|[H) g, [H) g, = V) 1, [V) £ ) 1H) £, |V) 14
((|H>f1 |H>f2 - |V>f1 |V>f2)|v>f3 |H>f3; (|H>f3 |H>f4 -
V)V ) H) £ IV s (H) gl H) g — V)£V 1)
V) |H)p,), the way to deal with these states is sim-
ilar to Example 1. iii) If the phase shifts on coherent
|a)e and |a)s equal 465 and 4605 (465 and 2605; 2605
and 46s; 205 and 265) respectively, the corresponding
state is ‘H>f2 ‘V>.f2 |H>f4 |V>f4 (|H>f2 |V>f2 ‘V>f3 |H>f3;
H) (V)R V)l g V)R ) V) Rl H)g,). We
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will repeat the earlier work in Example 2, and these
states would be injected into the setup in Fig. 3 again
to gain the unbunching states. After these operations,
the success probability of Example 2 is

1 1 1 g —ontlt 41
Pp=— (14— — —
716 < T 2n—1> 4n+2
in an ideal condition, where n (n =0,1,2,3,...,+00)

is the iteration number of the bunching state. The
technique to deal with |¢)o, |¢)2, and |¢)s is the same
as with |¢)s.

4. Discussion and conclusion

So far, we have enumerated different countermea-
sures to handle every outcome state in Section 2 in
order to achieve the cluster state. The success proba-
bility of our protocol depends mainly on the precision
of the homodyne measurement. We suppose the accu-
rate rate of the homodyne measurement is 7 in each
iteration operation. The total success probability of
our protocol is

1 1= (n/4)"]

Ptotalzin"_ 2_77 -

3l — (n/4)"]
16 — 47

L (21)

From Fig. 4, we can see that the overall success prob-
ability P;ota increases when increasing the iteration
number n and the accurate rate of the homodyne mea-
surement 7. Analysis of the accurate rate in the mo-
mentum quadrature homodyne measurement is pre-
sented in Ref. [25], the author verified that as long
as af) ~ 7 the overlap error is smaller than 1073; in
other words, the accuracy of the homodyne measure-
ment 7 is more than 0.999 on condition that af ~ .
Recently, with the help of electromagnetically induced
transparency (EIT), the nonlinearities might be largely
improved, say 6 ~ 10~2,[26=30] therefore, a probe co-
herent state |o) with an amplitude o = 300 will im-
plement our protocol well in practice. With regard to
the practical implementation of our protocol, another
important factor is that the decoherence effects during
the entanglement generation process in nonlinear me-

[31] We can gain further information

dia must be low.
from Fig. 4, when iteration number n > 4, the success
probability increases slowly but more and more oper-
ations are needed, thus, iterating too many times is

not good for our protocol.

Fig. 4. (colour online) The total success probability Piotal
versus n and 7.

In summary, we have presented an effective pro-
tocol to generate a four-photon polarization-entangled
cluster state by using linear optical elements and
cross-Kerr nonlinearity. In contrast to the previous
scheme,®2=34] our protocol has a higher success prob-
ability, and we can predict that our protocol is suc-
cessful or not from the momentum homodyne mea-
surements without destroying the output states. Fur-
thermore, our protocol provides an alternative method
to improve success probability for the protocols which
require that the outcome states are unbunching ones.
The protocol uses only the basic tools in quantum op-
tical laboratories and can be implemented using the
current techniques.

References

[1] Einstein A, Podolsky B and Rosen N 1935 Phys. Rev. 47
it
(2] Ekert A K 1991 Phys. Rev. Lett. 67 661
(3] Bennett C H and Wiesner S J 1992 Phys. Rev. Lett. 69
2881
[4] Bennett C H, Brassard G, Crepeau C, Jozsa R, Peres A
and Wootters W K 1993 Phy. Rev. Lett. 70 1895
(5] Briegel H J and Raussendorf R 2001 Phys. Rev. Lett. 86
910
(6] Nielsen M A 2004 Phys. Rev. Lett. 93 040503
[7] Raussendorf R and Briegel H J 2001 Phys. Rev. Lett. 86
5188
[8] Diir and Briegel H J 2004 Phys. Rev. Lett. 92 180403
[9] Raussendorf R and Briegel H J 2001 Phys. Rev. Lett. 86
5188
[10] Zhou D L, Zeng B, Xu Z and Sun C P 2003 Phys. Rev. A
68 062303
[11] Raussendorf R, Browne D E and Briegel H J 2003 Phys.
Rev. A 68 022312
[12] Nielsen M A 2004 Phys. Rev. Lett. 93, 040503
[13] Nielsen M A and Dawson C M 2005 Phys. Rev. A 71
042323
[14] Chen J L, Xue K and Ge M L 2007 Phys. Rev. A 76
042324
[15] Zou X B and Mathis W 2005 Phys. Rev. A 71 032308
[16] Imoto N, Haus H A and Yamamoto Y 1985 Phys. Rev. A
32 2287
[17] Nemoto K and Munro W J 2004 Phys. Rev. Lett. 93
250502

044205-6



Chin. Phys. B Vol. 21, No. 4 (2012) 044205

Munro W J, Nemoto K, Beausoleil R G and Spiller T P
2005 Phys. Rev. A 71 033819

Guo Q, Bai J, Cheng L 'Y, Shao X Q, Wang H F and
Zhang S 2011 Phys. Rev. A 83 054303

Xia Y, Song J, Lu P M and Song H S 2011 J. Phys. B:
At. Mol. Opt. Phys. 44 025503

Hinkley E D and Freed C 1963 Phys. Rev. Lett. 23 277
Jiang L A and Luu J X 2008 Appl. Opt. 47 1486

Zhao C R and Ye L 2011 Opt. Commun. 284 541

Ladd T D, Van L P and Nemoto K 2006 New J. Phys. 8
184

Louis S G R, Nemoto K, Munro W J and Spiller T P 2007
New J. Phys. 9 193

Schmidt H and Imamoglu A 1996 Opt. Lett. 21 1936

27]

(28]
29]

(30]
(31]
(32]

(33]

(34]

044205-7

Lukin M D and Imamoglu A 2000 Phys. Rev. Lett. 84
1419

Lukin M D and Imamoglu A 2001 Nature 413 273
Munro W J, Nemoto K, Beausoleil R G and Spiller T P
2005 Phys. Rev. A 71 033819

Jin G S, Lin Y and Wu B 2007 Phys. Rev. A 75 054302
Jeong H 2005 Phys. Rev. A 72 034305

Zhao C R and Ye L 2011 Sci. China. (Phys. Mech. As-
tron.) 54 479

Du QH, Ye MY, Chen Z H, Li X H and Lin X M 2008
Commun. Theor. Phys. 50 623

Lai B H, Du G, Yu Y F, Zhang Z M and Liu S H 2010
Acta Phys. Sin. 59 1017 (in Chinese)



