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The two-mode quantum Fresnel operator
and the multiplication rule of 2D
Collins diffraction formula*
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By using the two-mode Fresnel operator we derive a multiplication rule of two-dimensional (2D) Collins diffraction

formula, the inverse of 2D Collins diffraction integration can also be conveniently derived in this way in the context of

quantum optics theory.
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1. Introduction

Usually the optical transformation occurs in the
three-dimensional (3D) space and the input and out-
put optical signals are distributed two-dimensionally.
After an input of two-dimensional (2D) optical sig-
nal denoted by f(z1,z2) undergoing an optical imag-
ing process (or passing an optical imaging instru-

A B
ment) which is characterized by a real matrix ( >

CD
in which the parameters obeying AD — BC = 1,1
the output amplitude of the optical signal becomes
g(z, x4), the whole process can be described by the

Collins diffraction formulal?!

= [ 11

X exp[

27r1B

2B
Xf(.%‘l,.’lﬁg)d.%'ldl‘g, (1)

(Az? — 2z;a) + Dw’z)]

which is very useful in wave propagation in a near-
axis optical lens and imaging of classical optics. If the

optical field g(z/, #5) undergoes another optical imag-

A B’
ing process characteristic of another matrix ( >
c' D
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described by the Collins integration

s

X exp{

\/27T1B’

2B/(A/ /2 _2x :C//+D/ //2)

x g(z}, z5)dx] da, (2)

then can these two successive transformations’ result,
be equivalent to a single integration transformation
related to f(z1,x2) and h(z},z}), i.e., does a multi-
plication rule exist? The answer is affirmative. In the
following we will discuss the question by virtue of the
two-mode Fresnel operator in the context of quantum
optics and will derive a new theorem about the multi-
plication rule of 2D Collins diffraction formula and its
inverse. In Section 2, we give the 2D Collins formula
in entangled representation and its inverse derived by
virtue of the two-mode Fresnel operator, and in Sec-
tion 3 we will give another form of the 2D Collins for-
mula in the two-mode coordinate representation. In
Section 4, we will derive the multiplication rule of the
2D Collins diffraction formula obtained by virtue of
the two-mode Fresnel operator. Finally, we give some

discussions.
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2. 2D Collins diffraction for-
mula in entangled representa-
tion and its inverse derived by
virtue of the two-mode Fresnel

operator

In Refs. [3] and [4] the quantum two-mode Fres-
nel operator is defined in the two-mode coherent state
representation by the following form

1
Fy(r,s) = s/ —2d221d222 |sz1 + 125,127 + sza)
71'
X (21,2, (3)

where
Lo 1. p f i
|21,20) = exp | — 3 |21]° — 3 |z2|” + z10] + z2a | |00)

is the canonical two-mode coherent state,>%! F} is uni-
tary, it transfoms (21, z2) to (sz1 + rz3,rzf + szq2) in
|2 = 1. By using the
7—10]

quantum phase space, \5\2 —|r
integration within an ordered product (TWOP)!
technique to perform the integration (3) we obtain

1 r
Fy(r,s) = - ©xXP (ﬁa{ag)

1

X © exp K* - 1) (alay + agag)} :
s
7,*

X exp <— *alag). (4)
s

Noting the fact that relations about s, r are related
to A, B, C, and D by

s:%[A—f—D—i(B—C)],

-1
D)

we can further obtain

r [A-D+i(B+C)], (5)

F2(AaBaC)
2
A+D+i(B-C)
X exp{—A_D—'_i(B—’_C)aJraT
A+D+i(B-0) 17

2 i i
* <A +D+i(B-C) 1) (a101 + a302)
A—D—i(B+C) }
aiag o

TATDriB-0) (6)

Then using the completeness relation of the two-mode
coherent state

d?zd?%z
//%M’@) (z1,22] = 1, (7)

and the overlap between the entangled representation

|77>[11—14] (
two-mode coherent state |z1, z2) ,

17 =1 +in2 is a complex number) and the

2 2 2
/| 2 e 11

<77 |21722> = €xp ( 9 B

+1n21 — N 20+ 2’12’2>, (8)

we can obtain

Héw(nv 77/) = <’r]‘ FQ(Aa Ba C) |77/>

1

1
- 21BeXp{2B

ot + n'*n>]}, ©)

2
[Aln'[* + D nf®

where the superscript M of &} (n,7n’) is the param-
eter matrix [A, B, C, D], the subscript 2 representing
the transformation of Eq. (9) is two-dimensional. We
can call Eq. (9) as integration kernel of the 2D Collins
formula in the entangled representation, for letting
lg) = F2(A, B,C)|f) and projecting |g) to the entan-
gled representation |7}, then using the completeness

relation of the entangled representation we can have
g') = (" lg) = (| F2(A, B,C) |f)
d*n, ,

[t i

1 d2’l7 i 2 2
— = LA Dln
— eXp{QB[ Inl” + D [n/|

2iB
"+ n*n’)]}f(n)~ (10)

A B

For the inverse of matrix M = (
C D

) 1S matrix

D —-B i )
M= coa) so accordingly the inverse of the

2D Collins formula is

Fn) = (0l £) = (] Fa(4,B,C) " |g)

)

n 1
= | = k3t (.0 )g(n'), (11)
where
1 i 2 2
) = g o { D+ Al

044203-2



Chin. Phys. B Vol. 21, No. 4 (2012) 044203

Ry 77/*77)]}- (12)

So far, we have derived the 2D Collins formula and its
inverse by virtue of the two-mode Fresnel operator in
the context of quantum optics. The reason why we can
call Eq. (10) as the 2D Collins formula is that if letting
m = x1, 72 = x2 and simultaneously n] = z{,n) = 5,
we can obtain

“3/[(77/,77) = Hy(l‘i’xé;xly@)

= Hjl\/[(xlvxll) ®H]1V[(x27x/2)7 (13)
where
w (2, 2")
1 i 2 / /2:|
= exp | — (Ax* — 22’2 + Dx 14
S o |35 )| (1)

is the integration kernel of 1D Collins formula. Com-
pared with Eq. (1), we can see Eq. (13) representing
that the F5(A, B, C) is truly a two-mode Fresnel trans-

formation.

3. 2D Collins formula in the two-
mode coordinate representa-
tion
Further using the overlap between the entangled

representation |n) and the two-mode coordinate rep-
resentation |1, xs)

(n=m+inz |z1,22)

= exp(imn2)d(V2n + z2 — 21)
x exp(—iV2naw1), (15)

we can obtain the matrix element of the two-mode
Fresnel operator in the two-mode coordinate repre-
sentation, which can be called the integration kernel
of the 2D Collins formula in coordinate representation

<x/171./2|F2(A,BaC) |£L’1,l’2>
d2’l’}ld277
= /T<xl1»$/2|77’>

x (1| F2(A, B, C) [n) (n] 1, x2)

1 i 2 / /2:| 1
= exp | —= (AN = 20N + DN\?)| ———
VomiB ¥ {23( N
i 2 ! 12
Dup? —2 A 16
X exp [2(_0)( pe = 2pp + Ap )}, (16)
where
X1 — To , T —ah
A= , A= ,
V2 V2
P T k) (17)

V2 V2

Projecting the input optical signal f(z1,z2) and out-
put optical signal g(«/, 245 ) on the coordinate represen-
tation, i.e., letting f(x1,x2) = (x1, 22| f), g(z], 25) =
(x}, 4] g), then using Eq. (16) we have another 2D
Collins diffraction formula in two-mode coordinate
representation,

o(dhah) = / / daydas (2, 2| F(A, B, C) 21, 29) (a1, 2] f)

1

*° 1
// dxldei}n—'B
—00 \% 1

i
A>\2 — 2 D 2
exp [QB( AN+ DA )}

x exp {2(_10) (Dp? = 2pp’ + AM/Q)] flar,z2). (18)

27mi(—C)

Accordingly, the inverse of the above 2D Collins formula (18) is

e D —B
fara) = [ dxadw;mxm( s A)|xa,x;><xa,x;|g>

X

1
Vil

1
dz! dat
//m Y/ —oniB

exp {i(Au’z — 24+ Duz)} : (19)

exp [ ~_(DN? — 2N\ + AAQ)]

So far, we have derived the 2D Collins formula and its inverse in two forms (one in entangled state representation,

another in the coordinate representation) by virtue of the two-mode Fresnel operator in the context of quantum

optics.
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4. Multiplication rule of the
Collins diffraction formula ob-
tained by virtue of the two-

mode Fresnel operator

Using Eq. (3) and the overlap of coherent state
we can obtain

Fy(r' s Fy(r, s)

, [ d%21d?zhd%2d% 2,
= 55 1

/ VES % !
|sz] + 1z, rz* + s25)

™

X (24, 25| 821 +1r2d,r2y + s22) (21, 29|

1 s'rHr'st o
—exp| ———ala
s'*s* 1l P §'*§* 4l 172
: exp - 1) (alay + alas)| :
: g/* g* +7’/*T 1 2 :

PP 4 rl*g

X exp [— " TCLMQ] 5 (20)

by letting s” = s's + r'r*,r"” = s'r + r's*, equation
(20) becomes

By(r', s Fy(r, s)
- e (Soalal)
: exp [(s’l’* — 1) (a{al + agag)] : exp ( — ::2)
ey

X exp [(aial +abas +1) ln(s”*)_l}
,r//*
X exp (— s”*)' (21)

Note that it just happens

or

(o) = (o) (50

c¢'p") \c¢ p/)\cDb
(AA+RCAB+BD) 3)

C'A+D'CC'B+DD)’

A//D// _ B/Ic// — 1, (24)

hence we have

By(r', s") Fa(r, )
1
- S/Edzzl d%zy |s" 21 + 1" 25,720 + 8" 22) (21, 2|

= FQ(AllaB//aC//)7 (25)

so two successive Fresnel transformations are

still a Fresnel transformation, and still we have

A// B//

det ( > = 1. Then from Egs. (10) and (18) we
C// D//

can obtain the multiplication rule of two 2D Collins

formulas in two forms. One is in the entangled repre-

sentation

1
"mo_
") =SB+ BD)

d?n i
X / —exXPS T
T 2(A’B + B'D)
< [(A’A+B'C)[nf* + (C'B+D'D) n"|”
— (™ 40" }f (1); (26)

and another is in the two-mode coordinate represen-
tation

h(xY, z5)

0 1
= daxidz
//_oo L 2mi(AB + B'D)
i
P { 2(A'B + B'D)

[(A'A+ B'C)A2

—2\\" + (C'B + D’D))\”2]}

1
* i (C'A+ DO))

C'B + D'D)u?

<o s

—2up + (A'A—|—B'C')//'2]}f($1,l‘2)a (27)

where
17 1
1‘1 - 332 12 331 - J:Q
A= , A= ,
V2 V2
1 "
T+ T2 ,,_x1+x2

_ o= 28
Iz 7 f 7 (28)
Equations (26) and (27) are new theorems about the
multiplication rule of the 2D Collins formula. The
inverse transformations of Egs. (26) and (27) are

1
Fn) = —92i(A'B + B'D)
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2,11 .
x/ 0 exp -

71' —2(A’B + B'D)
x [(A'A+ B'C)[n"|* + (C'B + D'D) [n|?

— (" 4+ n""n)] }h(n")
(29)
and

[z, 22)

> 1
= dz?dz}
//_oo 1 /~2ri(AB + B'D)

1
/B D/D 12
Xem{—mmB+RDﬂC + DDA
2NN+ (A A+ B’C))\Q]}

1
X
V2ri(C’A+ D'O)

1 / / "2 o 1
XeXP{Q(C’A+D/C)(AA+BC)M 2u” 1

+(C'B + D’D);f}h(z’l’, zh), (30)
as
(AA+RCA%+B@)*
C'A+D'C C'B+D'D

( C'B+D'D

_ %AB+RD» 1)
(C'A+D'C) '

A'A+ B'C

In summary, we have derived two forms of new
theorems about the multiplication rule of the 2D
Collins formula obtained by virtue of the two-mode
Fresnel operator in quantum optics theory. The ob-
tained multiplication rule of the 2D Collins formula
will bring some convenience to the study of the 2D
Collins diffraction.
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