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Bound states of spatial optical dark solitons

in nonlocal media∗
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It is shown that multiple dark solitons can form bound states in a series of balance distances in nonlocal bulk

media. Dark solitons can either attract or repel each other depending on their separated distance. The stability of

such bound states are studied numerically. There exist unstable degenerate bound states decaying in different ways and

having different lifetimes.
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1. Introduction

Dark solitons are intensity dips embedded in a

cw background.[1] For dark solitons in nonlinear me-

dia with a local response, the background intensity

and the soliton’s velocity relative to the background

(or equivalently, the darkness) are two characteristic

parameters. Dark soltions always repel each other and

cannot form bound states in nonlinear media with a

local response. Nonlocality can greatly change the in-

teraction patterns, and dark solitons can form bound

states due to their long-range attraction in a nonlocal

nonlinear medium.[2−6] However the stabilities of such

bound states are not clear and the bound states pre-

sented in Refs. [2] and [4] were assumed to be stable.

On the contrary, in this paper we will show that the

bound states presented in Refs. [2] and [4] are both

unstable and will decay into a group of single soli-

tons at a rather long propagation distance. As indi-

cated previously,[7] nonlocal dark solitons have expo-

nentially decaying oscillatory tails, which in turn give

rise to a widely distributed light-induced perturbed re-

fractive index. As a result, in this paper, we will find

that the force between two dark solitons may either be

attractive or repulsive depending on their separated

distance, and nonlocal dark solitons can form bound

states in a series of balance distances. The bound

states presented in Refs. [2] and [4] are just one type

of this family of bound states formed in the shortest

balance distance. For such dark soliton bound states,

other characteristic parameters are needed to describe

their configurations. Moreover, there exist unstable

degenerate bound states moving with the same non-

vanishing velocity and having the same Hamiltonian,

particle numbers, and momentum but decaying in dif-

ferent ways and having different lifetimes.

2. Bound states of dark soltions

in the shortest balance dis-

tance

Nonlocality plays an important role in several

physical systems, including the interacting parti-

cle systems with two-body interaction described by

Hartree–Fock equation,[8] photorefractive media,[9,10]

thermal nonlinear media,[11,12] and nematic liquid

crystals.[13,14] In this paper, we focus on the propa-

gation of a one-dimensional optical beam in a self-

defocusing nonlinear medium with a nonlocal re-

sponse. The evolution of the beam can be described

by the dimensionless nonlocal nonlinear Schrödinger

equation (NNLSE)[2,4,7]

i
∂ψ

∂z
+
1

2

∂2ψ

∂x2
−ψ

∫
R(|x−x′|)|ψ(x′, z)|2dx′ = 0, (1)

where ψ(x, z) is the complex amplitude envelop of the

light beam, I(x, z) = |ψ(x, z)|2 is the light intensity, x

and z are transverse and longitude coordinates respec-

tively, R(x) is the real nonlocal response function and

satisfies the normalization condition
∫
R(x)dx = 1,
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and n(x, z) = −
∫
R(|x − x′|)I(x′, z)dx′ is the per-

turbed refractive index nonlocally depending on the

light beam I(x, z). Note that not stated otherwise all

integrals in this paper will extend over the whole x

axis. Equation (1) is invariant under the scaled trans-

formation

ψ̃(x, z) =
1

α
ψ

(
x

α
,
z

α2

)
and R̃(x) = α−1R(x/α), where α is an arbitrary

positive real number. As a result, it is adequate to

consider dark solitons having a unity background in-

tensity I(±∞, z) = 1. There are three integrals of

motion[15,16] for this model, namely, the (renormal-

ized) particle numbers N , momentum P , and Hamil-

tonian H

N =

∫
(1− |ψ|2)dx, (2)

P =
i

2

∫ (
ψ
∂ψ∗

∂x
− ψ∗ ∂ψ

∂x

)(
1− 1

|ψ|2

)
dx, (3)

H =
1

2

∫ ∣∣∣∂ψ
∂x

∣∣∣2dx+

∫
(1− |ψ|2)dx

+
1

2

∫∫
R(|x− x′|)

×
[
|ψ(x)|2|ψ(x′)|2 − 1

]
dxdx′. (4)

Equation (1) has dark soliton solutions

ψ(x, z) = ϕ(x− vz) ei θ(x−vz), (5)

where v is the velocity of the dark soliton relative to

the cw background, and when x→ ±∞ the real func-

tions ϕ and θ asymptotically behave as ϕ(x) → 1,

θ(x) → ∓θ0 , where θ0 is a real constant. Insertion of

Eq. (5) into Eq. (1) results in

θ′ = v

(
1− 1

ϕ2

)
, (6)

ϕ′′

2
+
v2 + 2

2
ϕ− v2

2ϕ3

−ϕ

∫
R(x− x′)ϕ2(x′)dx′ = 0, (7)

which can be numerically solved provided that R(x)

is given. As an important example, we consider the

following nonlocal case in which the light-induced per-

turbed refractive index is governed by[2,4,7]

n− w2 ∂
2n

∂x2
= −|ψ|2, (8)

or, equivalently,

n(x, z) = −
∫
R(|x− x′|)|ψ(x′, z)|2dx′,

where

R(|x|) = 1

2w
exp

(
−|x|
w

)

is the nonlocal response function and w is the charac-

teristic nonlocal response length of the media.

In Fig. 1 we show the intensity profiles of

fundamental dark solitons ψ0 and bound states

ψ1, ψ1,1, ψ1,1,1 and their counterpart numerical sim-

ulations when w = 5, v = 0. The lower in-

dexes i, j, . . . , k of a bound state ψi,j,...,k denote the

distances between two adjacent fundamental dark

soltions coupled in it and are additional characteristic

parameters besides its background intensity and ve-

locity. Number 1 denotes the shortest distance and

number 2 the second shortest distance and so on. No

observable changes in the intensity profile of ψ0 can be

found during its propagation. Numerical simulation

(not shown here) indicates that an initially broadened

beam ψ(x, 0) = ψ0(x/1.5, 0) will converge into a fun-

damental soliton quickly during its propagation. So

the fundamental soliton ψ0 is stable. Bound states

ψ1, ψ1,1, ψ1,1,1 were assumed to be stable previously in

Refs. [2] and [4]. On the contrary, as shown by Fig. 1 in

this paper, they are all unstable and will decay into a

group of fundamental solitons after a rather long prop-

agation distance. Numerical simulations (not shown

here) also indicate that bound states ψ1, ψ1,1, ψ1,1,1

moving with another non-vanishing velocity v are also

unstable. The noise embedded in such bound states

is not suppressed but slowly accumulates nonlinearly

during the propagation and ultimately results in the

decay of these bound states. It is worthwhile noting

that the numerical simulation results in Refs. [2] and

[4] do not contradict with our results since the numer-

ical simulation in Refs. [2] and [4] are performed only

over tens[2] or hundreds[4] of diffraction length, and

in such relative short propagation distances the noise

embedded in bound states does not accumulate large

enough to be observed at all. Actually, to observe in-

stability one must perform simulations over thousands

of diffraction length in this case.

Now let us focus on the criterion of dark soliton

instability suggested in Refs. [17]–[19]. It says that

if dP/dv > 0, viz., the derivative of the momentum

P defined in Eq. (3) with respect to the velocity v is

positive, the dark solitons are instable. As figure 2

indicates, one obtains dP/dv < 0 both for ψ0 and

ψ1. The fundamental dark soliton ψ0 is stable while

the bound state ψ1 is instable. So this criterion of

dark soliton instability may be a sufficient but not

necessary a condition for the dark soliton instability,

namely, we cannot tell if a dark soliton state whether

stable or not when dP/dv < 0.
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Fig. 1. Panels (a), (b), (c), and (d) are intensity profiles of ψ0, ψ1, ψ1,1, ψ1,1,1 and (e), (f), (g), (h) are their

corresponding propagations when w = 5, v = 0.
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Fig. 2. (a) Momentum P (v), (b) Hamiltonian H(v), and (c) particle numbers N(v) for ψ0 (solid line) and ψ1

(dashing line) when w = 5.

3. Bound states of dark soltions

in another balance distance

According to Ref. [7], the nonlocal dark solitons

have exponentially decaying oscillatory tails when

|v| ≤
√
(4w − 1)/4w2 for w > 1/4. Namely, when

|x| → ∞, one has

ϕ(x) ≈ 1− c1 exp(−λ1|x|) cos(λ2|x|+ c2), (9)

where c1 and c2 are two constants depending on the

specific soliton state, and

λ1 =

√
1− 4w2v2 + 4w

√
1− v2

4w2
, (10)

λ2 =

√
−1 + 4w2v2 + 4w

√
1− v2

4w2
(11)

are two parameters depending only on the velocity

v and the characteristic nonlocal response length w.

We note that 1/λ1 characterizes the size of the tail

and 2π/λ2 is its oscillatory spatial period. As a result

of this oscillatory feature, the intensity of the soliton

solution will have a series of maxima and minima. For

example, as shown in Fig. 3, when w = 5, v = 0.4, the

intensity of fundamental soliton ψ0 has minima and

maxima interdigitally located at x0 = 0, x1 = 4.57,

x2 = 10.29, x3 = 15.61, x4 = 21.10, x5 = 26.52,

x6 = 31.97, x7 = 37.41, x8 = 42.85. Such a decaying

oscillatory tail will in turn give rise to an oscillatory

light-induced perturbed refractive index. As a conse-

quence the force between two fundamental dark soli-

tons may either be attractive or repulsive depending

on their separated distance. For example, as figure 4

shows, the force is initially attractive when d = 7

and d = 24, or initially repulsive when d = 12 and

d = 26. If the distance increases, the force continually

changes from repulsive to attractive, and one will ex-

pect that there is a balance distance where the force

vanishes, and two fundamental dark solitons, initially
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Fig. 3. The intensity profile of ψ0(x) and its series of min-

imums and maximums (black dots) for w = 5, v = 0.4.
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separated in a distance slightly different from it, will

be pulled back to this balance distance. On the other

hand, if the distance increases, the force continually

changes from attractive to repulsive, and there is also

a balance distance. However, in the latter case two

dark solitons initially separated at a distance slightly

different from such a balance distance will be pulled

away from this balance distance.
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Fig. 4. Interactions of two fundamental dark solitons initially separated in distances (a) d = 7, (b) d = 12, (c)

d = 24, (d) d = 26, when w = 5, v = 0.

These interaction patterns imply that there exist

other bound states formed in different balance dis-

tances. In fact, by numerically solving Eqs. (6) and

(7) we find other soliton bound states ψi (i = 1, 2, . . . ,

8) which are shown in Fig. 5. The bound states pre-

viously presented in Refs. [2] and [4] belong to ψ1 and

are just one type of this family of soliton states. Soli-

ton states ψi can be approximately viewed as bound

states of two fundamental dark solitons ψ0 non-local-

nonlinearly coupled in a series of balance distances

di = 4.88, 10.48, 15.97, 21.33, 26.82, 32.24, 37.69,

43.13, where di are the distances between the two

deepest intensity dips in ψi. Then the difference of

such balance distances are ∆di ≡ di+1 − di = 5.6,

5.49, 5.36, 5.49, 5.42, 5.45, 5.44. And from Eq. (11)

we have π/λ2 = 5.44 for w = 5, v = 0.4. Obviously

one obtains di ≈ xi and ∆di ≈ π/λ2. Numerical sim-

ulations shown in Fig. 5 indicate that ψ2, ψ4, ψ6, ψ8

are all instable, and ψ1 is weakly instable. No observ-

able changes in the intensity profiles of ψ3, ψ5, ψ7 can

be found during a propagation distance of z = 5000.

However the stabilities of ψ3, ψ5, ψ7 are still unclear.
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Fig. 5. Panels (a), (b), (c), (d), (e), (f), (g), and (h) are intensity profiles of bound states ψ1, ψ2, ψ3, ψ4, ψ5,

ψ6, ψ7, ψ8 respectively, and (i), (j), (k), (l), (m), (n), (o), (p) are their corresponding propagations when w = 5,

v = 0.4.
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4. Degenerate bound states of

dark solitons

Since two fundamental dark solitons can form

bound states ψi in a series of balance distances di,

we can use three or more fundamental dark solitons

separated in different balance distances to construct

bound states like ψ1,2,1 or ψ3,3, and so on. In par-

ticular, when i ̸= j and v ̸= 0, ψi,j and ψj,i are two

degenerate bound states having the same momentum

P , Hamiltonian H, and particle numbers N . Inter-

estingly, as shown in Fig. 6, some of such degener-

ate states, like ψ1,2 and ψ2,1, are instable and will

decay in different ways and will have different life-

times. Nonetheless, some degenerate states, like ψ3,5

and ψ5,3, may be stable, and their stability is still an

open problem.
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Fig. 6. Panels (a), (b), (c), and (d) are intensity profiles of ψ1,2, ψ2,1, ψ3,5, ψ5,3 and (e), (f), (g), (h) are their

corresponding propagations when w = 5, v = 0.3.

5. Conclusion

In nonlocal bulk media, multiple dark solitons can

form bound states in a series of balance distances. The

force between two dark solitons may either be attrac-

tive or repulsive depending on the separated distance

between them. Some such bound states are unstable

and will decay into a group of fundamental solitons,

while others may be stable. There exist degenerate

bound states moving with the same velocity and have

the same Hamiltonian, particle numbers, and momen-

tum but decaying in different ways and having differ-

ent lifetimes.
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