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This paper mainly investigates the exponential synchronization of an inner time-varying complex network with

coupling delay. Firstly, the synchronization of complex networks is decoupled into the stability of the corresponding

dynamical systems. Based on the Lyapunov function theory, some sufficient conditions to guarantee its stability with

any given convergence rate are derived, thus the synchronization of the networks is achieved. Finally, the results are

illustrated by a simple time-varying network model with a coupling delay. All involved numerical simulations verify the

correctness of the theoretical analysis.
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1. Introduction

Over the past decades, complex dynamical net-
works have attracting more and more attention due
to their ubiquity in the natural world.'=3] In our
daily life, a great number of natural complex networks
such as corporate networks, social networks, neural
networks, WWW, food webs, electrical power grids,
and so on have been widely studied by researchers.
Particularly, one of the most interesting and signifi-
cant phenomena in complex dynamical networks is the
synchronization of all dynamical nodes, it has been
demonstrated that many real-world problems have
close relationships with network synchronization, such
as the lights of fireflies, and the spread of an epidemic
or computer virus. Recently, the synchronization of
networks had been deeply researched by many scien-
tists from various fields, for instance, sociology, biol-
ogy, mathematics, physics, etc.

Early in 2002, Wang, Chen, and Hong have re-
ported some advanced results about small-world net-
works and scale-free networks.[*~6! Lately, researchers
noticed that time delay is inevitable due to the fi-
nite speeds of transmission and spreading, for exam-
ple, time delays in spreading and response, as well as
in traffic congestion. Therefore, in order to simulate
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more realistic networks, time delays cannot be ignored
and should be taken into account. Specific coupled
oscillators networks with delayed coupling have been
studied widely and a great many theoretical results
were achieved in Refs. [7]-[19]. The network models
in most of them have a constant coupling matrix and
a constant inner matrix.

However, many real complex networks are more
Lii et

al. have presented a general time-varying network and
[20]

likely to be time-varying evolving networks.

studied its synchronization in 2004.

Motivated by the above reasons, in this paper, we
introduce an inner time-varying complex dynamical
network model with coupling delay and then further
investigate the synchronization phenomena in such
networks. Based on this network model, we present
some exponential synchronization criteria and some
remarks, which are described in terms of the solution
of Riccati differential equations (RDE) and linear ma-
trix inequalities (LMI). Finally, The results are illus-
trated by an inner time-varying complex dynamical
network model with coupling delay. Numerical simu-
lations verify the correctness of the theoretical analy-

sis.
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2. Preliminaries and model de-

scription

In order to prescribe the problem more clearly, we
introduce some lemmas throughout the paper, which
will be used in the next section.

Lemma 1Y For any vectors z, y € R™ and
positive-definite matrix S € R"™*™, then for every

€ , the following matrix inequality holds:
Q € R™"*™, the following ix i lity hold
2" Q e <y'Sy+a2TQ(STH)TQ .

Lemma 2?2l Assume that the linear control sys-
tem [W(t),U(t)] is globally nullcontrollable. Then for
every symmetric matrices Q(t) > 0, Py > 0, the Ric-
cati differential equation

P@t)+WT@t)P(t) + Pt)W(t)
+PMUMUT () P() +Q(t) =0,

has the solution P(t) >0, P(t) = PT(t).
Lemma 31*2 Let P, Q, S € R™*" be given ma-
trices such that S > 0, S = ST. Then

Q

<0< P+QS QT <o.
QT -S

To simulate more realistic complex networks, Lii
et al.?% presented a time-varying complex dynamical
network model early in 2004, which is described as

oi(t) = flai(t)) + Z cij(t)A)x;(t),
i=1,2,...,N, "

where z;(t) = (z1(t),zi2(t),...,2in(t))T € R™ are
the state variables of node i, the matrix A(t) =
(ai;(t)) € R™™ is the inner connecting matrix of
each node, C(t) = (c¢;;(t))nxn is the coupling con-
figuration matrix representing the coupling strength
and topological structure of the network at time ¢, in
which ¢;;(¢) is defined as follows: if there is a connec-
tion from node ¢ to node j (j # ©), then the coupling
strength ¢;;(t) # 0; otherwise, ¢;;(t) = 0 (j # ), and
the diagonal elements of matrix C(t) are defined by

N
cilt)=— Y cj(t), i=12,...N.
j=L#i
Recently, many researchers have studied the syn-
chronization of coupling delay networks with a con-
stant coupling configuration matrix and a constant in-
ner link matrix,["%11:15] the model is often described

as:

N

2i(t) = flai(t) + Y eijAz;(t — 1),

=1

the matrix C = (c¢;j)nxn Is a symmetric nonnega-
tive diffusively coupled matrix, its eigenvalues are real
numbers satisfying 0 = Ay > Ao > --- > Ay, 7 > 0 is
the constant time delay.

In fact, on the one hand, time delay exists every-
where and the stability and convergence properties of
dynamical systems are strongly affected by time de-
lays, which are often encountered in many industrial
and natural processes due to measurement and com-
putational delays, transmission, and transport lags.
At the same time, on the other hand, some real-world
complex dynamical networks are more likely to be
time-varying evolving networks. Therefore, in this pa-
per, we introduce a time-varying complex dynamical
network with coupling delay, which can be modeled as

N
5i(0) = f@i®) + Y ep AWt —7), (1)

in which f: R™ — R" is a continuously differentiable
function; the matrix C, A(t), and 7 are defined as
given above.

In the following section, we will investigate the ex-
ponential synchronization problem with a given con-
The networks with
time-varying coupling matrix C(¢) and multiple de-

vergence rate in such networks.

lays will be discussed in the future.

3. Exponential synchronization

of the present network model

3.1. The
problem of model (1)

equivalent synchronization

Definition 1 The delayed dynamical network
(1) is said to achieve (asymptotic) synchronization if

21(t) = x2(t) = =zn(t) = s(t) as t — oo,

where s(t) is a solution of an isolate node, satisfying
$(t) = f(s(t))-

Let e;(t) = 2;(t) — s(t) (i = 1,2,...,N). Notice
that g: ci; = 0, one can yield the variation equations
as foljllezvs:
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= flzi(t)) +ZCU Ja;(t =)
720” )s(t — 1)
= Df +ch t)ej(t — 1),
i:1,2,...,N. (2)

Because of the symmetric character of matrix C,
there exists a generalized eigenvectors matrix @ =
(1, P2, ...,PN) such that it can be diagonalized, that
is

7ICT® = A = diag{)\1, \a, . ..
Let E(t) = [e1(t),...,
nonsingular linear transformation E(t)

) )‘N}
en(t)] € RN introducing a
=V(t)P~t, we
rewrite the above equation as

E(t) = Df(s(t))E(t) + AW E(t — 1),
therefore

= B(t)® = Df(s(t))V(t) + AWV (Lt —7)A. (3)

If Ay =0,
tion states of the variables, as shown in Definition

40

it is corresponding to the synchroniza-

1. Therefore, from Eq. (3), we only need the follow-
ing (N — 1) n-dimensional linear time-varying delayed
differential equations

op(t) = Df(s(t))vk(t) + AeA(H)vr(t — 7),
k=2,...,N (4)

to be stable at zero. Thus, the complicated synchro-
nization problem of the network (1) is translated into
the stabilization problem of (N — 1) independent n-
dimensional delayed linear systems. Briefly speaking,

if the following delayed differential systems

o(t) = Df(s(t)v(t) + A A(t)o(t — 1),
k=2,...,N, (5)

are local exponential stable about their zero solutions,
then the continuous complex dynamical network (1) is
local exponential synchronous. Here D f(s(t)) € R"*"™
is the Jacobian of f(-) at s(t).

Definition 2 The time-varying delayed system
(5) is said to achieve exponential a-stable if

lv(t, o)l < Me™,

where M,« are positive constants and ¢(t) €
C([=7, 0], R") with 6] = supyc (. [6(8)], which is
the initial condition of v(t) in time interval [—7,0]. In
other words, v(t) = ¢(t),t € [—7,0].

3.2. The exponential a-stable of time-
varying delayed systems (5)

In what follows, it will be shown that if there is a
symmetric matrix P(¢) > 0 satisfying

P(t)+ BT (t)P(t)
+ P(t)B(t) + P(t)My(t)M;F (t)P(t) + 21 = 0,
k=2,...,N, (6)
then the time-invariant delayed systems in Eq. (5) are
local exponential a-stable.

For the linear time-varying delayed systems (5),
we denote

B(t) = Df(s(t)) + o,
M (t) = e " NA(t), k=2,...,N,

at

and take y(t) = e*v(t) as the change of the variable,
then equation (5) are transformed into the following
systems

§(t) = By + Mu(tyy(t =), k=2,...,N. (7)
Choose the time-varying Lyapunov-like function

V(y(t)) :yT(t)P(t)y(t)+/t_ ly(s)]* ds,

its derivative along Eq. (7) is

V(y(1) = ( )P()y(t) +y T (6) P(t)y(t)
yt (&) P@YE) + Iy — llyt —)?
= ()[ (1) + BT () P(t) + P(O)B(1)]y(t)
+2yT (= )M (P (1)y(t)
+ly @I = Nyt =), (8)

according to the condition (6), we have P(t) +
BY(t)P(t)+ P(t)B(t) = —P(t) Mg (t) MF (t)P(t) — 21,
taking it into the above equation, one has

V(y(t)) = y" (6)[—P(t) My (t) M} () P(t) — 21]y(t)
+2y" (¢ — 1) M () P(t)y(t)
+yOI = [yt = )|
= —lly@|* + 24" (¢ — )M ()P(t)y(t)
—y" () P(t) My (t) My () P(t)y(t)
—yt(t =1yt — 7))
By virtue of Lemma 1, set S = I, Q = P(t)My(t), one

can easily obtain that the second part of the above
equation is not lager than 0, so we have

V() <~y 9)
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Integrating both sides of inequality (9) from 0 to ¢,
then

V(y(t) — V(y(0) < — / ly(s)|2ds,

that is to say,

/O ly(s)1*ds < V(5(0)) = V(y(1)) < V(y(0))
0

— 4T (0)PT(0)y(0) + / ly(s)[2ds,

—T

notice that

0 0 0
[ w@lrds = [ jemus)Pas < ol

-7 —T —T

— lol(===7),
/0 ly(s)[2ds < 5™ (0)PT(0)y(0)

1— @7
el ) -

Let t — 400, we also have f0+oo ly(s)|?Pds < G <
~+00, which implies that y(t) € Ls([0,+00), R™) and

e*®ds

SO

along with y(t) = e*wv(t), we have ||v(t)|| < M e~
which means the time-varying delayed systems in
Eq. (5) are exponentially a-stable.

Remark 1
E(t)® = V(t) in the proof process, the v(t) is exponen-
tially a-stable implies that the e;(t) (i = 2,..., N) are

exponentially a-stable. As a result, the state variables

From the linear transformation

x;(t) (i = 2,...,N) are exponentially synchronous
with the orbit s(t).

Remark 2 In the above proof, we cannot ap-
ply the conventional standard stability Lyapunov the-
orem, since the solution P(¢) is not uniformly positive-
definite, and hence the function V(y(t)) is not uni-
formly bounded so that it is not the Lyapunov func-
tion.

Remark 3 If B(t) = B, Mp(t) = My (k =
2,...,N) are constant matrices, then the linear time-
varying delayed systems (5) are exponentially a-stable
if there is a symmetric constant matrix P > 0 such
that

hence the solution of Eq. (7) is bounded, that is, there BYP 4+ PB+ PMM!P +2I = 0. (10)
exists an M > 0 such that
ly@®)| <M, V¥V t>0, In fact, if we rewrite Eq. (8) as follows:
|
V(y(t) =y (0)[P@) + BT (O)P(t) + P(O)B(t) + Iy(t) + 2y* (¢t — 7) My (t) P(t)y (1)
—y =Tyt —7)
P(t)+ BT(t)P(t) + P()B(t) + 1  P(t)My(t
g [PO+BTOPO+POBO T POMOY -
ME#)P(t) —1I
where
t
o) = v
y(t —7)
from condition (11), there is a sufficient small £ > 0, such that
V(y(t) < —ellz2@)* < —elly@®)?, ¥ t>0,

which just has the same form as Eq. (9). Similar to the proof mentioned before, we derive that the time-varying

delayed systems in Eq. (5) are local exponentially a-stable if there is a symmetric matrix P(t) > 0 satisfying

P(t) 4+ BT (t)P(t) + P(t)B(t) + I
M, (t)P(t)

Remark 4 If B(t) = B, My(t) = My (k =

2 ,N) are constant matrices, there exists a sym-

goee

P(t) M (t
(DM (?) 0, k=2,...,N. (12)
-1
metric constant matrix P > 0 such that
BTP+PB+I1 PM,
( ’“) <0, (13)
M,;FP -1
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then the time-varying delay systems in Eq. (5) are ex-
ponentially a-stable.

4. A simulation example

In this section, as an application of the above-
derived theoretical criteria, the exponential synchro-
nization problem of the time-varying delayed network
(1) is illustrated by a simple example.

Let time delay 7 = 0.5, the convergence rate

|
0.5e(=t=0:5) /9 56t — 1

0.5e¢ 05

At) =

then My (t) = —2e%5A(t) (k = 2,...
check that the positive-definite matrix

(37)

satisfies Eq. (6). Figure 1 shows the exponential syn-

,N), we can

P(t) =

chronization process of network (1) in this case.

(a)
=)
—
o
=
I
3
i5 20
(b) |
C\]
v—4
)l
$
15 20
Fig. 1. (colour online) Synchronization of the first and

second state variables in network (1).

For the LMI (11), by virtue of Lemma 3, which is

a = 1, we consider the continuous network model
with 10 nodes, where the isolate node is described by
the simple two-dimensional dynamical system, which
is similar to those in Refs. [7], [9], and [11], each
(—4x;1, —324)T, then B(t) =
diag{—3,—2}. Suppose the network is globally con-

node is (i‘il,.i?ig)T =

nected, the outer coupling matrix C = (¢;), and
cii = —1.8, ¢;; = 0.2 (i # j), then its eigenvalues are 0
and —2. The time-varying inner coupling matrix A(t)

is

—0.5e(~170-%)
0.5e705

2.5et —

equivalent to the following inequality

P(t) + BT (t)P(t) + P(t)B(t)
M,

FPOMLOMI@)PE) +1<0.  (14)

So when equation (6) holds, it means that

P(t)+ BY(t)P(t) + P(t)B(t)
+Pt)M, () ML) P(t) +1 = —1,

thus condition (14) holds necessarily. Then the state
variables in network (1) are synchronous certainly.

5. Conclusions

This paper mainly investigated the synchroniza-
tion of a general inner time-varying complex network
with coupling delay. Firstly, we decoupled the syn-
chronization of a complex network into the stability of
the corresponding delayed dynamical systems, based
on the time-varying Lyapunov-like function method,
we gave two sufficient conditions to guarantee their
a-stability with any given convergence rate, thus real-
izing the exponential synchronization of the presented
network. Finally, the results are illustrated by a sim-
ple time-varying network model with coupling delay.
All involved numerical simulations verify the correct-
ness of the theoretical analysis.
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