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We study a general class of holographic superconductor models via the Stiickelberg mechanism in the non-minimal

derivative coupling theory in which the charged scalar field is kinetically coupling to Einstein’s tensor. We explore

the effects of the coupling parameter on the critical temperature, the order of phase transitions and the critical expo-

nents near the second-order phase transition point. Moreover, we compute the electrical conductivity using the probe

approximation and check the ratios wg/Tc for the different coupling parameters.
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1. Introduction

One of the most significant discoveries in string
theory is the AdS/CFT correspondence (anti de Sit-
ter /conformal field theory correspondence)[l_?’] which
relates a weakly coupled gravity theory in (d + 1)-
dimensional AdS spacetime to a strongly coupled con-
formal field theory living on the d-dimensional bound-
ary. It is widely believed now that the AdS/CFT cor-
respondence could provide a new means of studying
the strongly interacting condensed matter systems in
which the perturbative methods are no longer valid.
Thus, this holographic method is expected to give us
some insights into the nature of the pairing mecha-
nism in the high temperature superconductors which
fall outside of the scope of current theories of super-
conductivity. In the pioneering papers,[*~8] it was sug-
gested that the spontaneous U(1) symmetry breaking
occurring in bulk black holes can be used to build
gravitational duals of the transition from a normal
state to a superconducting state in the boundary the-
ory. This dual model consists of a system with a
black hole and a charged scalar field, in which the
black hole admits scalar hair at temperature T smaller
than a critical temperature T.. The appearance of a
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hairy AdS black hole means the formation of scalar
condensation in the boundary conformal field theory
(CFT), which indicates that the expectation value of
charged operators undergoes U(1) symmetry break-
ing and then the phase transition occurs. It was ar-
gued that this phase transition belongs to the second
order one. Due to its potential applications to con-
densed matter physics, holographic superconductors
in various theories of gravity have been investigated
in recent years.®=*2 Recently, Franco et al.*3] inves-
tigated the general models of holographic supercon-
ductors in which the spontaneous breaking of a global
U(1) symmetry occurs via the Stiickelberg mecha-
nism. They found that both the order of the phase
transition and the critical exponents for the second
phase transition can be tuned by the parameters de-
fined in the models. These generalized holographic
superconductor models have also been extended re-
cently to the Gauss-Bonnet gravity!** and Born-
Infeld electrodynamics.[*5]

It is well known that the properties of holographic
superconductors depend on the coupling between the
scalar and the electromagnetic fields. Theoretically,

the general form of the action with more couplings
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can be expressed as

S = / d*av/=g[f (¢, R, Ry R* | Ry po RMP7)

+ K (4, 0,0"9, V29, R 9,400, - - )
+V ) + Y (¢)ZLnl, (1)

where f, K, and Y are arbitrary functions of the cor-
responding variables, %, is the Lagrangian for other
matter fields. Obviously, the nonlinear functions f,
K, and Y provide the most non-minimal couplings
among fields and the background spacetime. These
new couplings modify the usual Klein-Gordon equa-
tion and Einstein—-Maxwell equation so that the equa-
tions of motion for the scalar and electromagnet fields
are no longer generally the second-order differential
equations, which may change the properties of holo-
graphic superconductors in the AdS spacetime. Re-
cently, Aprile et al.[*6] considered a special case of the
action (1) in which the system contains the couplings
among a scalar field, electromagnetic field and the cos-
mological constant, so that the action has a form

S = /d4x\/jg[R — iG(w)F“”FW + %U(z/))

- 5000~ 34,40 | @

They studied the properties of holographic supercon-
ductors and found that some aspects of the quantum
critical behaviour strongly depend on the choice of
couplings G(v), U(¢), and J ().

Another interesting model is that the scalar field
in the action (1) is kinetically coupling with Einstein’s
tensor via the coupling term gaﬂwaw, where b is the
coupling constant with dimensions of lengthsquared.
This new coupling can be regarded as the interaction
between the kinetic term of a scalar field and the back-
ground spacetime. Therefore, this kind of theory is
also called the non-minimal derivative coupling the-
ory. Sushkov found*” that the equation of motion
for the scalar field can be reduced to second-order dif-
ferential equation in this model, which means that the
theory is a “good” dynamical theory from the point
of view of physics. This non-minimal derivative cou-
pling theory has been investigated further in recent
years.[*7=53] In cosmology, the main motivations are to
probe the effects of this new coupling on the properties
of the universe’s evolution. The investigations!*7—5
show that such a coupling provides not only a pos-
sible explanation to the accelerated expansion of our
universe, but also a natural mechanism to solve the

problem of a graceful exit from inflation in the early
universe without any fine-tuned potential. The main
motivations in black hole physics are to see whether
this coupling modifies the dynamical behaviours of the
scalar field and changes the quantum properties of the
black hole. It was shown that the coupling between a
scalar field and Einstein’s tensor changes the stability
of the black hole and enhances the Hawking radiation
of the black hole.[?1—53]

Previous investigations of holographic supercon-
ductors have focused mainly on the interaction be-
tween the matter fields. To the best of our knowledge,
it is still an open question whether the coupling be-
tween a scalar field and Einstein’s tensor changes the
properties of the holographic superconductor in the
AdS black hole spacetime. The main purpose of this
paper is to investigate the features of holographic su-
perconductors in the models in which a charged scalar
field is kinetically coupling to Einstein’s tensor and
probes the effects of such a coupling on physical quan-
tities and on the dynamics of phase transitions.

This paper is organized as follows. In Section 2,
we will study the scalar condensation and the phase
transitions for a general class of the holographic super-
conductor models via the Stiickelberg mechanism as
the charged scalar field is kinetically coupling to Ein-
stein’s tensor. In Section 3, we will probe the effects
of the coupling parameter and other model parame-
ters on the conductivity of the charged condensates.
Finally, we will conclude our main results in the last

section.

2. General holographic supercon-
ductor models in the non-

minimal derivative coupling

theory

We consider the action of the scalar field coupling
to the Einstein’s tensor G*” in the AdS background

4 lﬂ
S—/d x\/—g{R—A— 1 >

MG DD
= (11| NG

where D, = 0, — iA,. As in Ref. [43], re-scaling
the charged scalar field 1; = 1 elP with real ¢ and p,
we can obtain the generalized Stiickelberg Lagrangian
action in the non-minimal derivative coupling theory
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S = /d4x\/—g[R—/1—11—

(9" + bG")Dyu1pdy1p

m?? |[J(@)|(g" + bGH)(Oup — Ap)(Oup — Av)

2

- V(T/}) ) (4)

2

with the gauge symmetry A, — A, + 0,a together
with p — p + «. Here J(¢) is a function of 1, which
is taken as

J(W) =% + ¢y + eadh?, (5)

with the model parameters c,, v, and ¢4.143745) In the
probe limit, the backreactions on the background met-
ric from the matter field is negligible. Here we adopt
such a limit so that we can neglect the influence of
the coupling terms containing the factor bG*" in the
action (4) on the metric for simplicity.

One of the most simple AdS black holes is the
planar Schwarzschild one, which can be described by

a metric
<m2:—fvﬁu2+?%5mﬂ+r%dx2+dy%,(@
r
with
r2 2M
f0) == @)

where L is the radius of AdS and M is the mass of
black hole. The Hawking temperature is

37’H

= )

where ry is the event horizon of the black hole. The
Einstein’s tensor G* in the Schwarzschild AdS black
hole (6) is of a form

v 3 v
GH :ﬁgu . (9)

Substituting Eqgs. (6) and (9) into Eq. (4) and taking

the ansatz

A# = (¢(T)707 0,0), ¢ =1(r),

we find that the equations of motion for the complex

(10)

scalar field ¢ and electrical scalar potential ¢(r) can
be written as
2 ¢* dJ(¥)
" J = / RS s
o (FrE)e st
274
__mL 0, (11)
(L% 4 3b) f

and

3b> J () (12

2
/! /
¢+ -9 —<1+2

2

respectively. Here a prime denotes the derivative with
respect to r and we use the gauge freedom to fix p = 0.
At first sight, it seems that the coupling factor b only
plays a role of modifying the mass of the scalar field
by a factor (L2 + 3b)~!. However, from Eq. (12), we
can find that the coupling factor b also changes the
current j# in the Maxwell equation. Thus, by com-
paring with the mass m of the scalar field, the factor
b will bring us more richer properties for holographic
superconductors in the Schwarzschild AdS black hole.

In order to solve the nonlinear equations (11) and
(12) numerically, we need to seek the boundary con-
ditions for ¢ and 1 near the black hole horizon r ~ ryg
and at the asymptotic AdS boundary r — oco. The
regularity condition at the horizon gives the bound-
ary conditions ¢(rg) = 0 and

3(L2 + Sb)TH
m2L4

Y= Y.
At the asymptotic AdS boundary r — oo, the scalar

field ¢ and the electric potential ¢ can be approxi-

mated as
oy
I el 13
v rA- +7">‘+’ (13)
and
p
—u-? 14
¢=n-", (14)
with
3 9 m2L4
S A I e 1
Ar =g PR T (15)

In the dual field theory, the constants p and p are in-
terpreted as the chemical potential and charge density,
respectively. The coefficients ¢ and 14 correspond
to the vacuum expectation values of the condensate
operators O4 respectively. Since both of the falloffs
are normalizable for 1, one can impose the bound-
ary condition that either ¢_ or 1, vanishes, which
ensures that the theory is stable in the asymptotic
AdS region.l® The choices of the boundary condi-
tion _ = 0 or ¥4 = 0 will not affect qualitatively
Thus, we here set v = 0, L = 1,
and m?L? = —2 for convenience.

our results.
In doing so, we
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can investigate the properties of the scalar conden-
sate (O4) = v for fixed charge density by solving
the equations of motion (11) and (12) numerically.
Let us now to study how the phase transition de-
pends on the coupling parameter b and the model co-
efficients ¢, v, and ¢4 in J(¢). In Fig. 1, we present
the influence of the parameters b and ¢4 on the phase
transition for fixed ¢y = 0. We find that the coupling
parameter b and the model parameters ¢4 have obvi-
ous different effects on the critical temperature. In the
case ¢4 < 1, we find that only second-order phase tran-
sition occurs in the formation of scalar hair and the
critical temperature does not depend on the coefficient
c4. These properties of holographic superconductors
are similar to those in the case that the scalar field
is not coupling with Einstein’s tensor. However, with
the increase of the coupling parameter b, the critical
temperature decreases, which means that due to the
coupling between the scalar field and Einstein’s ten-
sor, the formation of the scalar condensate is hard to
achieve. It can be explained by the fact that the ki-
netic coupling form increases the kinetic energy of the

0.8 r r r r
—b=0
=12 __p=o01
----- b=0.2 ]
-------- b=0.3
L R T~ = b=0.5
<
-
\Q/ ‘I
008 009 010 011 012
T
=0
=0.1
————— =0.2 ]
-------- =0.3
L T T~ =0.5
<
=¥ N
S) )
!
]
]
I
I
I
1
|
L . | L L

O : L
0.08 0.09 0.10 0.11 0.12
T

scalar field, which makes the scalar field more diffi-
cult to condense. For the ¢4 > 1, it was argued that
for the case b = 0 the behaviour of the scalar con-
densate means that the phase transition changes from
the second order to the first order. Here we choose
¢y =1.2,1.4,1.6, and 2.0, and probe the effect of b on
the transition point due to phase transition from the
second order to the first order. Figure 1 shows that the
bigger the value of b, the more difficult it is for tran-
sition to occur. The critical value of b, separating the
second-order and first-order phase transitions is listed
in Table 1 for selected ¢4 within the interval [1.2, 2.0].
Comparing with the discussions in Ref. [44], one can
find that the influence of b on the phase transition
is different from that of the Gauss-Bonnet coupling

parameter «.

Table 1. The critical value of b. which can separate
the first- and second-order behaviour for different J(¢) =

»? + carpt.

cq 1.2 1.4 1.6 2.0
be 0.1 0.2 0.3 0.5
0.8 T T T T
—b=0
cy=1.4 ———b=0.1
————— b=0.2
-------- b=0.3
----- b=0.5

(04

0 Lt . .
0.08 0.09 10 0.11 0.12
T
0.8 T
_ —b=0
C4—2.0 e b=0.1
----- b=0.2 ]
-------- b=0.3
----- b=05

/

(O4) 1

N /
——

0.08 0.09 0.10 0.11 0.12
T

Fig. 1. (colour online) The condensate (O1)Y/*+ as a function of temperature at fixed value cy = 0 for different b
and c4. It shows that the different values of these parameters not only change the formation of the scalar hair, but
also affect the separation between the first- and second-order phase transitions. The five lines in each panel from left
to right correspond to decreasing b, i.e, 0.5, 0.3, 0.2, 0.1, and 0.
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Fig. 2. (colour online) The condensate (O4)Y/*+ as a
function of temperature at fixed values ¢ for different val-
ues of b and ~. It shows that the type of phase transition
depends on the coupling parameter b, model parameters
¢y and 7. The three lines in each panel from left to right

T

0
0.094 0.095 0.096 0.097 0.098 0.099

correspond to decreasing 7, i.e, 4, 3.5, and 3.

We also consider the case ¢, # 0 for the model

J() = ¢? + 7 + cqyp?. From Fig. 2, we find
that the critical temperature increases with the coef-
ficient ¢, and decreases with the power v for a fixed
coupling parameter b, which is consistent with that
obtained in the case b = 0. For the fixed model pa-
rameters ¢, and vy, we find that the presence of b
leads to the critical temperatures for two types of
phase transitions being much lower, and the transi-
tion point from the second order to the first order
more difficult. Moreover, we check the critical be-
haviours of the condensate (O4) near the second-
order phase transition point with different values

of b and v at fixed ¢y = —1 and ¢4 = 0.5. From
0-200F =3 ¢, =—1,¢,=0.5 =
0.100F 72
///t'
0.050} A ]
. o //'
+ e
O 0.020f o 1
= &
S 0.010f o 1
Ad v
L S b=0 |
0.005 j o
O b=0.2
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0.001}> -~ :
-
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O 0050t 7 1
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Fig. 3. (colour online) The condensate (O ) versus 1-T'/T¢
in logarithmic scale with different values of b and ~, which
shows that the slope is independent of b but sensitive to ~.
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Fig. 3, we find that the critical exponent 8 can be
approximated as

1
=

Obviously, the critical exponent 3 is determined only

(16)

by the model parameters in J(¢) and is independent of
the coupling parameter b. Combining with the results
obtained in Refs. [43], [44], and [46], we find that the
dependence of the critical exponent 3 near the second-
order phase transition point only on the model param-
eter v could be a universal property in such a kind of

general models for holographic superconductors.

3. The electrical conductivity

In this section we will investigate the electrical
conductivity when the scalar field is coupling to Ein-
stein’s tensor and see what is the effect of the coupling
parameter b and the model parameters (c., v, and ¢4)
on electrical conductivity in the planar Schwarzschild
AdS black hole spacetime.

Following the standard procedure in Refs. [4]-[8],
we suppose that the perturbation of the vector poten-
tial is of translational symmetry and time dependence

as 6A, = A, (r)e %! In the probe approximation,

20 prrr—rrrr ey 20

the effect of the perturbation of metric can be ignored.
Thus, the equation of motion for A, can be written
as

f w? J(¥)

A+ AL+ | — — (1+3b)——=

7t T

(17)
As b tends to zero, the above equation can reduce to
that in the case that the scalar field is not coupling
with Einstein’s tensor. Since there exists only the in-
going wave at the black hole horizon, the boundary
condition on A, near r ~ ry is Ay = f~iw/3m In
the asymptotic AdS region, one can find easily that
A, behaves as

AW

A, = AD 4 (18)

According to the AdS/CFT, we can express the con-

ductivity as

(o) _ () AP
o(w) = B = oA = _IUJTECO). (19)

Solving the equation of motion (17) numerically, we
can obtain the conductivity for the general forms of
function J (1) = ¥? 4+ c,97 +cqrp*. Here we set ¢y =0

and m2L? = —2 for clarity.

20

S e o FT T =i
K 10 ¢ % 10‘—_./\__
~ ~

]l b 1 b
(]
= OI R S— A
cy=0.1,y=3 c,=0.2,v=3
—10 I 8 12 —105 1 8 12
w/Te w/T,
20 : - - - T T T 20 20

cy=0.1,y=4

c,=0.2,v=4

0o 4 8 12 R

s 12 0 i 8 12
w/ T, w/T,

Fig. 4. (colour online) The real part of the conductivity at fixed values of b for different models with J() = 1% +cy)7.
The solid, dashed, and dotted—dashed lines correspond to the cases with b = 0, 0.1, and 0.2, respectively.
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In Figs. 4 and 5, we plot the frequency-dependent
conductivity for operator (O, ) for different values of
b, cy, and . Fixing the coupling parameter b, the
gap frequency w, increases with c, for fixed v, and
with « for fixed c,. These behaviours of the gap fre-
quency wg are also observed in the case b = 0. For
fixed model parameters c, and 7, we find that the
gap frequency w, becomes bigger for the larger b. It
implies that the presence of the coupling parameter b

enhances the strength of the strong coupling in holo-
graphic superconductors. Our results show that not
only the form of the model function J(3), but also
the coupling between the scalar field and Einstein’s
tensor of the background affect the so-called univer-
sal relation wy /T, ~ 8. Moreover, one can see that
as the coupling constant b increases, spectral weights
are transferred from the high frequency to the low fre-
quency part, which is similar to that in Mott physics.

& & &
S~ ~ ~
b b b
g g g
— — —
~10f . _ 1 —10 . —10}
0 4 g 12
& & =
~— ~ ~
(<) [¢) b
g g g
— — —
\3\,."
—10 = 1 —10 —10f ¢;=0.2,y=4%
0 4 8 12 0 4 s 12 0 T4 TR T2

Fig. 5. (colour online) The imaginary part of the conductivity for fixed value of b for different models with J(¢)) =
P2 + cy97. The solid, dashed, and dotted—dashed lines correspond to the cases with b = 0, 0.1, and 0.2, respectively.

We now make a comparison between the holo-
graphic superconductors in the non-minimal deriva-
tive coupling theory and in the Gauss—Bonnet gravity
with Born-Infeld electrodynamics.[*3] The dependence
of the critical temperature 7T, and the ratio wg /Te on
the non-minimal derivative coupling parameter b is
similar to that of T, and wg /T¢ on the Born-Infeld cou-
pling parameter in the Gauss—Bonnet gravity. How-
ever, we also find that the non-minimal derivative
coupling parameter and the Born-Infeld coupling pa-
rameter have obviously different effects on the separa-
tion point between the first- and second-order phase
transitions. The separation point of the phase tran-
sition occurs much more difficulty with the increase
of the non-minimal derivative coupling parameter b,
but more easily with the increase of the Born—Infeld
coupling parameter. The mathematical reason is that
the Born—Infeld coupling parameter appears only in
the equation of motion for the electrical scalar poten-

tial ¢(r), while the non-minimal derivative coupling
parameter emerges both in the equation of motion for
the electrical scalar potential ¢(r) and in that for the
scalar field ¥(r).

4. Conclusion

In this paper we have studied a general class
of the holographic superconductor models via the
Stiickelberg mechanism in the non-minimal derivative
coupling theory in which the charged scalar field is ki-
netically coupling with Einstein’s tensor. In the probe
limit, we found that the coupling parameter b de-
creases the critical temperature and makes the scalar
condensate more difficult to form. Our results also
show that both the coupling parameter and the pa-
rameters that define J(¢) can separate the first- and
second-order phase transitions. With the increase of
b, the transition from the second order to the first
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order is also difficult to initialize in this generalized
system. This means that the influences of b on the
phase transition are different from that of the Gauss—
Bonnet coupling parameter . For the second-order
phase transition, we observed that the deviation of
the critical exponents from that of the mean-field re-
sult is independent of the coupling parameter b and is
determined only by the model parameters in the J ().

We also calculated the electric conductivity nu-
merically and found that the gap frequency w, de-
pends not only on the form of the model function
J(), but also on the coupling between the scalar field
and Einstein’s tensor of the background. With the in-
crease of the coupling parameter b, the ratio of the
gap frequency in conductivity w, to the critical tem-
perature T, increases, which implies that the coupling
between the scalar field and Einstein’s tensor enhances
the strength of the strong coupling in holographic su-
perconductors.
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