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Verification of the spin-weighted spheroidal equation
in the case of s = 1*
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The spin-weighted spheroidal equation in the case of s = 1 is studied. By transforming the independent variables,

we make it take the Schrédinger-like form. This Schrédinger-like equation is very interesting in itself. We investigate it

by using super-symmetric quantum mechanics and obtain the ground eigenvalue and eigenfunction, which are consistent

with the results previously obtained.
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1. Introduction

Spin-weighted spheroidal equations first appeared
in the study of the stable problem of Kerr black holes,
which were obtained by the separate variable method.
There are two Teukolsky equations, a radial one and
an angular one. The latter is called the spin-weighted

spheroidal equation, that is!*?

[ L d (sin9d> + s+ %cos? 0 — 2sB cos b

sinf df de
(m + s cos 6)”
—Te)‘f'E @) =0 (1)

with 6 € (0, 7). It is a singular Sturm-Liuvelle prob-
lem with the boundary condition that © is bounded
at the endpoints of the interval § = 0, 7.

In Eq. (1), 8 = aw, and a is the angular moment
of the unit mass of the Kerr black holes. s, w, and
m correspond to the quantum numbers of the per-
turbation fields, spin, frequency, and magnetic quan-
tum number. s = 0,+1,4+1/2, +2 represent the spins
of scalar and electromagnetic, neutrino, and gravita-
tional field, respectively.!*~®]

Equation (1) will reduce to the spin-weighted
spherical equation when 8 = aw = 0, whose solution
is known. Equation (1) is a spheroidal equation when
s = 0,1 which has been studied recently by using
the perturbation method in super-symmetric quantum
mechanics (SUSYQM).[9~13]
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References [14]-[18] extended it to study Eq. (1)
in the case of s = 1,2,1/2. They transformed Eq. (1)
into the Schrédinger-like form by © = W/sin'/2 6, that
is
(:—;Z + %—l—s—i—BQcoszﬁ—QsBcosO
(m+ scosf)? —1/4
a sin? 6 *
and the perturbation method in SUSYQM was applied
and the result was obtained there.

Elw=0, (2

In this paper, we will transform Eq. (1) by z =
Intan(f/2) and restudy it again. As stated above, the
transformation z = Intan(6/2) make Eq. (1) in the
case of s = 1 become

—C(I;—Z? +V(z,8,1)0 = -m*6, (3)
where V(z,8,1) =V (z,8,5)|s=1 is
Viz,5,1) = —-[(E+1) sech? z + 8% sech? z tanh? 2
+ 2/ tanh z sech? z
— 2m tanh z — tanh? 2]. (4)

Because of the fact that sech z — 0, tanh z — +1
as z — +oo. V(z,8,1) approaches (+2m + 1) as
z — too and —(E + 1) at z = 0.

Just as Fig. 1 shows when Eq. (4) is studied from
the viewpoint of quantum mechanics, it is the bound
state that is really interesting to us and it corresponds
to the solution of eigenvalue problems for Eq. (1).
Therefore the boundary condition becomes @ — 0
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as z — £0o0. Some discussion on the boundary condi-
tions is relevant. In Eq. (1), ©(0) must be zero at the
boundaries # = 0, # = 7w because of the fact that 6 =0
and 6 = 7 are singular points for Eq. (1). Though we
just state that © is finite at § = 0,7, the real mean-
ing is that Olgp—gr = 0. As § = 0,7 correspond to
2 = Fo0 respectively, we should have O, 1., = 0.

Fig. 1. The figure of V(z,6,1) with m = 2, 8 = 0.01,
E =6.

Equation (3) is very interesting as a quantum sys-
tem and requires us to take some efforts to study it.
It will have applications in the area related to nonlin-
ear equations, especially in soliton theory. In this pa-
per, we will apply the perturbation method of super-
symmetry quantum mechanics to investigate Eq. (3)
and give the results concerning its ground eigenvalue
and eigenfunction, we will also confirm the results in
Ref. [15]. As the calculations involved in Refs. [15]
and [16] are very complex, their results need to be con-
firmed. Though their results are identical with those
already existing in Refs. [4]-[6], they still lack com-
plete confirmation due to the fact that Ref. [6] only
gave the first several terms concerning the revelent
On the other hand, references [15] and
[16] gave all the terms concerning the ground eigen-

quantities.

function and ground eigenvalue. These results need to
be checked. Here we supply the comparison.

As has been done before in Refs. [9]-[18], we also
apply the perturbation method in SUSYQM to study
Eq. (3). For details about SUSYQM, readers can refer
to Ref. [19]. The super-potential W is a key concept
in SUSYQM in Refs. [20] and [21], which is connected

with the ground eigenfunction ©¢y and the potential
V(z, B8, 1) respectively by the following equations:

(5)
(6)

In SUSYQM, it is Eq. (6) that needs to be solved to
obtain the super-potential W. The ground function
Oy is then given by Eq. (5).

Similarly, equation (6) is treated by the perturba-

oute = Vews [ - [

W2 W' =V(z,8,s)+m>

tion methods. The super-potential W and the original
eigenvalue F are expanded into the series form of the
parameter

W = i’b)an’

n=0

)
EO = Z EO,n;m/an (7)
n=0

where the first suffix 0 means that it is the ground
state energy, the suffix m refers to the parameter m
in Eq. (2), and the suffix n certainly refers to the ex-
pansion order of the parameter 5.

We can expand both sides of Eq. (6) as series of
the parameter [ as

W2 —W' = (Wg - W)
+ BEWW, — W)
+ B22Wo Wy + Wi — W)
+ B3 (2Wo W + 2W Wy — W)

n—1
+B"Y WiWo g+ -+, (8)
k=1
V(z,8,s) +m?

= —(Eoom + 1) sech? z — 2mtanh z + tanh? z + m?
— B(Eo,1.m sech? z 4 2 tanh z sech? 2)
— B%(Eo9.m sech? z 4 sech? z tanh? 2)

—B"Eo n,m sech®z + - . (9)

Comparing the coeflicient of 8 of Eq. (8) with
Eq. (9), we can easily obtain

W, — W = (Eo.0:m + 1) sech? 2 — 2mtanh z — tanh® 2 — m? = fo(2), (10)
W, — 2WoW; = Eq 1. sech® z + 2tanh zsech® z = f(2), (11)

Wy — 2WoWa = Ep 9. sech® z + sech? ztanh® z + Wi = fo(2),
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n—1
Wv/z = 2WoW,, = EO,n;m SeCh2 z+ Z WiWn k= fn(z)’ (n = 3) (13)
k=1
|
So we can conclude Wy and Ej o, for Eq. (10) as By making use of the relation between Q(m, z)

and Q(m + 1, z) in Appendix A, we can obtain A;(z)
Wo=mtanhz—1,  Eoo;m = m? +m — 2. (14) with unknown Eg 1., as

From Eq. (13), it is easy to deduce Ai(2)
(2EO,1;m + 4)Q(m7 Z) - (4 + EO,l;m)Q(m + ]-v Z)

W, (2) = cosh®™ ze 22 4,,(2)

Eo1;m + 2 —2m —2m—2
= A, (2)(2 cosh? » B cosh zZ+ T cosh z
—2cosh zsinh z — 1) cosh®™ z,  (15) _ [2E0,1;172%(m++11) +4]Q(m,z)
m
44+ Ey1.m . —om—
where B N L
2m +1
An(z) = /fn(z) cosh™®" ze?*dz ~ (Eoam 2 cosh=2™ » & cosh—2m—2 5
m m+1
B /fn(z) cosh ™" 2 _ [QEo,l;m(m +1)+ 4] Q(m, 2)
B 2m +1 ’
x [2 cosh? z 4 2 cosh z sinh z — 1]d z. (16) (arsi ;n—f— -
+ (a1 sinh z cos zZ+ as
Defining the following quantities(?? +ag cosh™ z) cosh™2" z, (19)
Q(m,2) where
= /secth zdz = /cosh_gmzdz ay = _%7 (20)
m
m—1
_ sinhz 7 —2m42k+1 _ 2+ FEoim 21
= — ;0 I(m, k) cosh 2, (17) az 1 m (21)
I(m, k) a3 = ——, (22)
9 m + ].
_ 2km(m—1)(m_2)(m—k) @ —a :(m+1)E071;m+2 (23)
(2m —1)(2m —3)(2m —5) - - (2m — 2k — 1) te m@m+1)
m(2m —2)(2m —4) --- (2m — 2k) (m+1)Ep1.m + 2
= 18 2a3 = — 2 . 24
Gm—1)@m—3)@m =5 @mn—2-1 ® T 2as (m+1)(2m+1) (24)
will make the following calculations simple. According to Eq. (15), W; can be written as
|
2F . 1 4 inh m—1 ~
Wi = 0.1m(m +1) + (2cosh? z — 2 cosh zsinh z — 1) e Z I(m, k) cosh®**1 2
2m+1 m =

+ (a1 sinh z cosh ™ z + as + ag cosh™2 2)(2 cosh? z — 2 cosh z sinh z — 1)

. m—1
2Ep 1:m 1) +4 h -
= 270L (m+1)+4]sinhz g I(m, k) cosh®* 1 z| (2 cosh? z — 2 cosh zsinh z — 1)
2m +1 m.o =

+2(ay — ag)sinh z cosh z — 2(a; — ag) cosh? z — (a1 + 2a3) sinh zcosh™* z
—asgcosh™2 2z 4 2a; — as + 2a;3

2E071;m(m + 1) + 4

m—1
— |:SH;n z E I(m’ kj) C()Sh2k+1 Z:| (2 C()S]l2 z — 2cosh zsinh z — 1) + 0.1; (m )

2m+1 P 2m+1
sinh z cosh z B cosh? z B sinh z cosh™! 2 B cosh—2 2 + (m+1)Ep1.m + 2 . (25)
m m 2(m+1) m+1 m(m+ 1)(2m + 1)
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The quantity Eo 1, is obtained by the condition of
finite ©y at Fo0

N exp [—/Wdz]
Nexp[/Wodz/iﬂ"Wndz}
oy}

N cosh™™ ze” exp [— B/Wl dz}

6y =

through calculations. This process gives the same re-
sult as that is obtained above. However, the process
can be further simplified as to require the coefficient
of Q(m, z) in A;(z) to be zero, which will make com-
putation be more easy. In the following, we will adopt
this method to obtain W5, W3, W4, and even the W,

n =15,6.... The results for n < 4 are given below

m3 +7Tm?+11m+3

X 2. 26 Eyom = — , 29
exp o(5%) (26) 0.2; (m+132m+3) (29)
It is easy to see that the first two terms in Eq. (25) will Wy(2) = ag1 sinh zcosh™ 2 + by ; cosh™2 2, (30)
result in the divergence in ©y at z — too. Therefore, m? +2m (31)
a1 = — ,
the common coefficients Ep 1., (m + 1) + 2 should be >t (m+1)2(2m + 3)
zero to make @ be finite at the infinities. So we have b m2 + 2m (32)
5 S (m+1)P2m+3)
EO,l;m = _m’ (27) EO gy = — 2m2(m + 2) (33)
2 ST (m+1)P(2m + 3)
Wi(z) = — cosh™“ z. (28) 3
m+1 Ws(z) = a3 1 sinh zcosh™ z
Some comments are needed for the following + by cosh™2 2 + bs.2 cosh™ 2, (34)
proof. We see that the coefficients of the first two de m (35)
terms have common factor (m + 1)Eq 1., + 2. This o (m+1)4(2m +3)’
fact makes is easy for us to first set the coefficient of baq = m 36
- y 51 L1 @em+3) (36)
main divergence, the first term, to be zero, then the m
secondary divergence, the second term will be zero bs2 = " 2(m+1)3(2m +3)’ (37)
|
2m?2(m + 2)(m® + 18m* + 78m3 + 112m? + 24m — 36)
EO,4;m - — 7 3 ’ (38)
(m+1)7(2m + 3)3(2m + 5)
Wa4(z) = aq,1 sinh z cosh ™3 +aq2sinh z cosh™® +b41 cosh ™2 +b4o cosh™, (39)
m(m® + 18m?* + 78m?3 + 112m? + 24m — 36)
a4,1 = 6 3 5 (40)
(m+1)5(2m + 3)3(2m + 5)
m(m +3)(m? +m —1
arg = — I ) (1)
(m+1)*(2m + 3)2(2m + 5)
m(m® + 18m* + 78m3 + 112m? + 24m — 36)
b471 - 7 3 9 (42)
(m+1)7(2m + 3)3(2m + 5)
3m(m +3)(m? +m —1)
by =— = 3 . (43)
(m+1)>(2m + 3)2(2m + 5)
\
2. General expression of W, (z) [25]
+ Z by cosh™2% 2, (44)
According to Wy, Wy, Wy, W3, and Wy, we can k=1
3 ni .
calculate all the other terms W,,, n > 5 as before. where the meaning of [5] is as follows:
However, we will not adopt this way. Instead, we sum- (2] =n/2 for even n (45)
. . ’ ’ 45
marize the general formula of super-potential W,,(z) (2] = (n — 1)/2, for odd n.
as
If we suppose the coefficients to be taken as
(3] anr=01if k 0
nk =01k <lork>I[%]
W,(z) = sinh z ap  cosh™2F=1 2 ' > (46)
(=) Zn’k bo =0 if k < 1or k> [2],

k=1
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then equation (44) can be concisely written as
(%5
Wn(z) = Z (ap 1, tanh z + b, ) cosh™ 2% 2. (47)
k=1
This general formula needs proof to guarantee its
correctness. We will use induction method to gain our
goal. First, it is easy to see that equation (44) is true
in the case of n = 1. We will suppose its correctness
up to n — 1, and will prove its validness at n. For
W, of course, we will directly calculate W,, by mak-
ing use of Egs. (15) and (16). Obviously, the terms
W—r and Wy, in 22;11 Wi, W, _y, satisfy the require-
ment that £ < n and n — k < n, so, by the use of

Eq. (44), they can be written as

(3]

W(z) = sinh 2z Ak i cosh™271,

i=1
(544
+ > bicosh™™z, (48)
i—1
[ngk] -
Wy_k(2) = sinh 2 Z G, jcosh 1
j=1
[ﬂ;gil] |
S s
j=1
From Egs. (13)-(16), we need to calculate

Z;ll Wi Wy, to obtain W,

Z WiWn_k

no! (5] (7]
= Z { Sinh2 ZZ Z Ak iOn—k,j COSh—Q(iJ,-j)_Q .
k=1 = O
[ [

+Z Z bk,ibn—k,jcosh_Q(”j)z}
i=1 =1

ne1 [4) (24 N
+ Z sinhz{ Z ak,ibn—k,j cosh 2091
k=1 i=1 j=1

(3141

Enlsen

+ Z Z bk,iGn—k,j cosh™ 2(+5) -1 } (50)
i=1 =

Assuming p = i+ 7, and with some simplification,

equation (50) becomes

3
|
—

WiWhn_k

o

2

—_ =

[B]+1p

3
w3

[(akp—j@n—k,j — Qhkp—1—jAn—k,;

x>

H
bS]

)
<
Il

—

+bkp—jbn—k.,) cosh™2” »
+ sinh z(ak,p—;bn—k,;

+bk,p_jan_k7j)cosh72p71 z], (51)

where equation (46) has been used.
Then the series formula of the product Wi W,, _x

is simplified as

n—1 [Z]+1
Z WiWh_p = Z (Cnp cosh™ 2P
k=1 p=2

+dppsinh zcosh 271 2), (52)

where ¢, and d,, are constant coeflicients,

n—1p—2

Cnp = E ,E :(ak,p*jan*k-j

k=1 j=1

— Qk,p—1—jan—k,j + Okp—jbn—kj),  (53)
n—1p—2

dnp = D> (kp—ibnkj + Vkp—jan_r;)- (54)

k=1 j=1

Due to Eq. (46
obtained as follows:

), the bounds of ¢, and d, can be

p=0,ifp<2o0rp>[5]+ (55)
d”p—O 1fp<20rp>[”+]

Referring to A, (z) with Eq. (52), equation 16)
can be written as

[3]+1

An(z) = / Eo nim cosh ™2z + Z Cnp cosh™2 2 + Z dnp sinh 2 cosh—2P~1 »

p=2

p=2

x cosh™™ z[(2cosh? z — 1) + 2sinh z cosh z]d 2

[%]+1

Eonym Y Cnp T+ dn —9m—2p+2 2m—2
= _—0 h— =™ 5 — E wp - TP h—2m—2pt h—2m—2p ,
m cos z CcoS z+ g 2m + 2p coS

p=2
4_2Ebﬂum(20nvz)_

m+p—1
Ebﬂunﬂg(nl*_lvz)
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[5]+1 [
+ Z 2enp+dnp)Qm+p—1,2) —

p=2

1
(Cn,p + an,p)Q(m + D, Z)

]

+

N3

(56)

3
/|
N

With the help of the formulae in Appendix A, equation (56) can be rewritten as

sh—2m

~7 h
An(2) = by x Q(m, 2) — Eopim {CO& S 2

m +2m+1c

osh—2m~1 z}

2m—2p

+ Z [2 +2pCOSh z—
[7l]+1

- Z (cnp + 2dnp
p=2

Cnp + np cosh™2m=2p+2
m+p—1

[ sinh z

p
3 -+ st 541
+p

Jj=1
[§1+1

+ Z 2(Cnp + dnp) [
p=2

sinh z

p—
e I -1 —1- h2m 2]+1
m+p—1z (m+p—1,p J) cos

(57)

where

n,]+1

Onm+ Z

2mI(m+p,p—1)
m-+p '

2(m+1)
2m +1

2mI(m+p—1,p—2)
m+p—1

hi = (Cn.p + dnp)

[31+1

- Z (Cnp+2dy p)
p=2

We analyse A,,(z) in the same way as that we did on A;(z). We first assume that the coefficient h; becomes

(58)

zero, so Ey n.m can be obtained

(31+
m(2 1)

EOn'm: m+ |:
315 m+1

p=2

n

_2m(2m+1) il
m+1 2

In the following, the main purpose is to calcu-
late W,, by making use of Eq. (59).

tion (57) is much more complicated in form than that

Because equa-

in Eq. (25), the formula for the similar form of W, as
that of Wy in Eq. (25) are much longer. This is what
we will do in the following.

From Egs. (57) and (59), A, (z) can be written as

An(z) = Rp(2) + sinh 2T, (2), (60)
where R, (z) and T, (z) are

E n,m —2m
Ry(z) = — =20 cosh ™2™
m

+Z [2 +2 cosh™2m=2

Cnp+d om—
_ np n,p co h 2m 2p+QZ
m+p—1

n 2d71/
Z ,,+ ’pf( +p,p—1)]

Cnp"'dnp
e L P T -1 2 59
et et - 1y - 2)] (59)
|
[(3]+1
= Z R, jcosh 2™ % 5 (61)
§=0
with R, ; as
FEo -
Rn 0= - O,'inn7m7
Cn2+dno
R — e | e
n,l m+ 1 )
dp i —2¢n.i41 — 2dy i1 .
Rn L= d n,j+ n,j+ > 9 62
g om + 2 (J = 2), (62)
and
To(z)
0,n;m —2m—1
Pt Rk A h
om +1 :
(3]
- dn.p) = .
S Z [wl(erp—l,p—l—y)
Jj=1p=j+1 m+p
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x cogh2m—2i+1 z}

[31+1[5]+1

Cnp +2dp p
— P TP [ (m + —
E E { ——— (m +p,p—j)

x cosh 2"~ 2t1 z}
(5141 4
= Z Ty, ; cosh™ M2t 5, (63)
j=1
In order to obtain Eqs. (63), the orders of sum for the

last two terms have been exchanged in Eq. (55). From
Eq. (63), it is easy to see that
[51+1
E nin 2 n d7l
Ty = —pomm o §° { (enp + dnp)

’ 2m +1 o m+p—1

Xf(m+p—1,p—2)]

[5]+1

2, , -
-y [M[(m+p7p_1)}’ (64)
- m+p
p=1
(3141
(cnp + dnp) 7 .
T, = SDnp T Tnpl T —1p—1-
N _Z[mﬂ) (m+p—1p J)
p=j+1
’IL+1
Cnp + 2dn p }
_ ) 7] +’
Z[ mtp (m+p.p—j)
(G =2). (65)

Due to Eq. (55), we can conclude the upper and
lower limits,

Ry =0,if j <0orj>[2]+1, (66)
3

T,; =0, ifj<lorj>[2]+L
According to Eq. (15), we can obtain

Wi (2)

= [R,,(2) + sinh 2T}, (2)] cosh®™ z(cosh z — sinh z)2
= (2R, cosh® z — R,, — 2T}, cosh® 2

+ 2T, cosh z) cosh®™ z

+ sinh 2(27T;, cosh® z — 2R,, cosh z — T},) cosh®™ 2
= X,, +sinhzY,, (67)

where

X, = (-2T, cosh® z + 277, cosh 2
+2R,, cosh? z — R,,) cosh®™ z,
Y,, = (2T, cosh® z — T}, — 2R,, cosh z) cosh®™ 2.
(68)

From Eq. (61) and (63), it is easy to see that X, is
the sum of the kind of cosh™% z. Whereas Y,, is the
sum of the kind of cosh™* ™! z. They really show that
W, = X,, +sinh zY,, will have the similar form as that
needs to be proof. Hence, we only need to proof that
the upper and lower limits in X,,,Y,, are the same as
that in Eq. (47).

X,,Y, could be rewritten as

This will be done in the following.

[Z]+1
X'n, = Z (2Rn,j+1 — 2Tn1]+2
j=-1
+2T, j11 — Ry j)cosh™ z
[2]+1 '
= Z Xnj cosh™% z, (69)
j=—1
(3] |
Yo = Z (2T j2 — Tnjv1 — 2R j41) cosh™%91,
j=-1
(3] _
= Z Y, jcosh 271 2 (70)
j=-1
where

KXnj = 2R j41 — 2Ty jy2 + 210 j41 — Ry j
_ [i (2m+ 2] = Dl(m + p)ewy +duyllm+p—1p—j=1) | du; o)
et (m+j)m+p—-1)2m+2p—1)(m+j+1) 2m + 2
Yo = 2T jt2 — Tnjtr — 2Rn
_ [32”31 (2m +2j = D(m + p)esy + duglI(m +p—1Lp—j 1) )
VS (m+p—1)C2m+2p—1)(m+j+1)
It is easy to calculate and obtain
Xn-1=Xn0=0, Y,_1=Y,0=0. (73)

Then equation (67) can be rewritten as
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(3]
Wy (z) = sinhz Z Y,, jcosh 271 »
j=1
[3]+1
+ Z X,, jcosh™ z
j=1
(5]
= sinh 2z Z O cosh™2F~1
k=1
(3141
+ Z by cosh™2F 2, (74)
k=1
where apr = Yok, bnip = Xp k. We can find that
equation (74) is the same as that of Eq. (44), the gen-
eral expression W, (z) in Eq. (74) satisfies our assump-
tion in Eq. (44). This ends our induction proof.

3. Conclusion

According to Eq. (5), ©g(z) can be obtained as

follows:
Op(z) = Nexp /Wdz}
= Nexp —/Wodz—/ZB”Wndz]
n=1
= Nexp | — /(mtanhz —1)dz

— / i B"Wndz}
n=1
Ne® cosh™™ zexp { i 8"
n=1
[x%

(5]

z— ankaz)]}

(75)

where we have used Eq. (17) in the above equation.
The ground eigenvalue is

EO;m = m2 +m—2+ Z /BnEO,n;ma (76)
n=1

where Eg 5. is determined by Eq. (59). The ground
eigenfunction is obtained as in Eq. (75). These results
will be very important for their application in future.
In the following, we will compare our result with
that in Ref. [15]. In order to compare Eq. (75) with
the result previously obtained in Ref. [15], we trans-
form all the functions of independent variable z back
to those of independent variable § by z = Intan(6/2),
sinf@ = cosh™' z, tanhz = —cos#, sinhz = —cot b,

and exp(z) = (1 — cos ) /sin .

At first we rewrite Q(m, z) as a function of 6 as

. k—1
z) = sinh 2 I(k,i cosh™2k+2i+1
=0
k—1 4
= —cosf Y I(k,i)sin®29, (77)
i=0

©(z) can be rewritten as

Oo(z) = N(1 —cosf)sin™ 10

3]

X exp { Z B" {Z a;]’: sin?* 0
n=1 k=1

"5 k—1

+cosf > Y by sl(k,i)sin® 9} }.(78)

k=1 i=0
Notice that our quantities a, j are opposite to

those in Ref. [15], as they could be shown in compari-
son in Egs. (28)—(37), (72) with that in Egs. (23)—(25),

(47) in Ref. [15]. From Ref. [15], P(2m — 1,0) is
P(2m —1,6)
= /sir12m_1 0de
__cost - . 2m—2k—2
=5 [ZI(Qm—l,k:)sm 01, (79)
k=0
where
2m(2m +2)--- (2m — 2k)
I2m —1,k) =
@m =Lk = G = @m =3 @m 2= 1)
= 2(m, k). (80)

Except for a small error due to a slip of the pen (in
Eq. (58) the correct super index of sinf is m — 1/2,
and 6y = ¥y /sin'/2 ) in Ref. [15], our result equation
(78) is the same as that in Ref. [15]. We have verified
the correctness result in Ref. [15] of the spin-weighted
spheroidal equation in the case of s = 1.

Appendix A
From Ref. [22], we have

Q(m,z) = /secth zdz = /costhmzdz

inh 2 e
= 2e Z m, k) cosh ™2™ 2L 5 (A1)
k=0
where
I(m, k)
_ 2Pm(m —1)(m —2)---(m — k)
2m—1)2m —3)2m —5)---(2m — 2k — 1)
B m(2m —2)(2m —4) - (2m — 2k)
C2m-1)(2m —-3)(2m —5)---(2m -2k — 1)

(A2)
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In the following, we will give the relation between sinhz "It 7 L
Q(m +n, z) and Q(m, 2). e ]; (m+n,k)
First -
7 x cosh™2(mHm)+2h+L (A5)
Q(m +n, z) _ , ,
1 By making use of j = n — k in Q1(m + n,z), one
_ sinh z Z f(m +n k) SeChQ’rrL+2n—2k—1 p obtains
)
S Qulm +n,2)
:Ql(m+n72) + Qg(m—FTL,Z), (A3) SinhZ n—1
_ T 2m+2n—2k—1
where = m+nZI(m+n,k)sech z
k=0
Qi(m +n,z) ~ n
sinh z - ) ;
L, nol e Zl(m+n,n—l—j)sech2m+23+lz. (A6)
smn z - _ m n 4
= Z I(m + n, k) cosh™2(mTm+2k+1 ;= (A y) j=1
k=0 Similarly, by making use of j =n —k in Q2(m +n, 2)
Q20m +n, z) and the relation
|
Tom+n,j+n) = (m4+n)2m+2n—2)2m+2n —4)--- (2m — 2j)
’ 2m+2n—1)2m+2n—-3)2m+2n—-5)---(2m —2j — 1)
_ (m+n)2m+2n—2)---2m+2)m...(2m — 2j)
Cm+2n—1)2m+2n—-3)---2m+1)2m—1)...(2m —2j — 1)
=2I(m+n,n—1)I(m,7), (A7)
one has | [5] Casals M and Ottewill A 2005 Phys. Rev. D 71 064025
i E Is M 2 Phys. . D 73
Qa(m +n, 2) (6] 0B2e:1r(t)113 , Cardoso V and Casals 006 Phys. Rev. D T
m+n—1 : ;
sinh 2 _ om42n—2k—1 [7] Flammer C 1956 Spheroidal Wave Functions (Stanford:
= Z I(m +n, k) sech z Stanford University Press) Chaps. 1-3
m4n
k_ln [8] Li L W, Kang X K and Leong M S 2002 Spheroidal Wave
sinh z - . 2m42j—1 Functions in Electromagnetic Theory (New York: John
- m4+n Z [(m +n,n+ j) sech z Wiley and Sons, Inc.) Chap. 1
J=0 [9] Tian G H and Zhong S Q 2009 arXiv: 0906.4685, V2
m —
=2 I(m+n,n—1)Q(m,z). (A8) [10] Tian G H 2010 Chin. Phys. Lett. 27 030308
SmAn [11] Tian G H and Zhong S Q 2010 Chin. Phys. Lett. 27 030405
Applying the above formula, we have [12] Tian G H and Zhong S Q 2010 Sci. Chin. G 54 393 Doi:
Q(m, 2) = sinh z cosh—2m+1 10.1007/s11433-011-4251-y
’ o2m — 1 [13] Tang W L and Tian G H 2011 Chin. Phys. B 20 010304
2m —2 14] T L and Ti H 2011 Chin. Phys. B 20 050301
Qm —1,2), (A9) [14] Tang W L and Tian G in ys
2m —1 [15] Sun Y, Tian G H and Dong K 2011 Chin. Phys. B 20
sinh z —om—1 061101
Q(m +1,2) = om + 1 cosh # [16] Dong K, Tian G H and Sun Y 2011 Chin. Phys. B 20
2m 071101
+ o2m + 1Q(m’ 2)- (A10) [17] Dong K, Tian G H and Sun Y 2010 “Study of the Spin-
. ighted Spheroidal Wave Equation in the C fs=1/2”
In the calculation of W,,, Q1(m + n, z) makes @y be Zf)li‘veloﬁ ;;?; al Wave Equation in the Case of s=1/
convergent, whereas Q(m + 1, 2) does not. [18] LiK and Tian G H 2011 Sci. Chin. G 41 729 (in Chinese)
[19] Cooper F, Khare A and Sukhatme U 1995 Phys. Rep. 251
268
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