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Deterministic implementations of fermionic quantum

SWAP and Fredkin gates for spin qubits

based on charge detection∗
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We propose a scheme to implement fermionic quantum SWAP and Fredkin gates for spin qubits with the aid of

charge detection. The scheme is deterministic without the need of qubit–qubit interaction, and the proposed setups

consist of simple polarizing beam splitters, single-spin rotations, and charge detectors. Compared with linear optics

quantum computation, this charge-measurement-based qubit scheme greatly enhances the success probability for im-

plementing quantum SWAP and Fredkin gates and greatly simplifies the experimental realization of scalable quantum

computers with noninteracting electrons.
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The perspective of a high computational power

generates intense efforts to build quantum comput-

ers. The two-qubit and three-qubit entangling uni-

tary gates, which are the essential building blocks of

a quantum computer and lie at the heart of quantum-

information processing that requires precise control

and manipulation of the states of quantum systems,

have attracted a lot of attention. Linear optics quan-

tum computation (LOQC) has undergone a rapid de-

velopment during the last decade.[1] Many quantum

gates, such as the controlled-NOT (CNOT) gate, the

controlled phase (CP) gate, the SWAP gate, the Fred-

kin gate, and so on, can be implemented between

photons with certain probability (usually, the success

probability is very low) using auxiliary single photons,

passive linear optical interferometers, single photon

detectors, and feedforward.[2−18] Despite the fact that

the success probability of the above gates are only

probabilistic and has some finite probability of fail-

ure, a universal quantum computer can also be built

with linear optics technology.[15] Free-electron quan-

tum computation (FEQC), which can be achieved

by using conduction electrons in a solid state, pro-

vides another essential tool in quantum-information

processing. In comparison with linear-optics-based

quantum computation: (I) it is unnecessary to con-

vert material qubits to radiation by using free elec-

trons acting as the flying qubits; (II) the implemen-

tation of quantum gate operations can be greatly en-

hanced by the charge detection.[19−22] In 2002, Bose

and Home[21] proposed a scheme of arbitrarily high

efficiency for entangling the spins of two independent

uncorrelated identical particles by using beam split-

ters and which way detection, providing a strong mo-

tivation for developing two-particle interferometry for

various systems in tandem with absorptionless which

way detectors. In 2004, Beenakker et al.[22] con-

structed a deterministic CNOT gate between flying

electronic qubits by means of polarizing beam split-

ters, local single-spin rotations, assisted by charge de-

tectors, and they showed that quantum-information

processing with such electrons could be simpler but

more computationally powerful than by using pho-

tons.

The realization of a generic two-qubit gate may

require a sequence of up to three CNOT gates com-

bined with single-qubit rotations. In the case of three-

qubit gates, the situation is even worse. For exam-

ple, the quantum SWAP gate requires three CNOT

gates, or can be decomposed into six Hadamard (H)
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gates and three CP gates, while a Fredkin gate re-

quires seven two-qubit gates, as shown in Fig. 1. It

is thus desirable to seek alternative simpler schemes

for quantum SWAP and Fredkin gates. In this pa-

per, motivated by the work of Beenakker et al.,[22]

we propose a charge-detection-based scheme to imple-

ment fermionic quantum SWAP and Fredkin gates for

spin qubits deterministically. For the implementation

of fermionic quantum SWAP gate, it is direct to let

the spin qubits pass through a series of setups, such

as polarizing beam splitters, single-spin rotations, and

charge detectors, any ancillary single spin qubit or en-

tangled qubit sources are not needed. While for the

Fredkin gate, it needs to use four ancillary single spin

qubits, in the state (| ↑⟩+| ↓⟩)/
√
2, for applying deter-

ministic CNOT gates proposed in Ref. [22] to control

and target qubits. The experimental realization of

the scheme may open up the possibility for quantum

computation in solid-state systems without the need

of qubit–qubit interaction.

V V V 
†

(b)
(a)

Fig. 1. (a) Decomposition of the SWAP gate from CNOT gates. (b) Seven-gate implementation of a Fredkin

gate, where V =
√
σx, is a 2× 2 matrix.

The schematic diagram for the implementation

of a deterministic quantum SWAP gate is shown in

Fig. 2, where the polarizing beam splitters represented

by the double dashed lines transmit spin up and re-

flect spin down. The σx is the Pauli operator repre-

senting local spin-flip operation, and pj (j = 1, 2, 3, 4)

are charge detectors, which can serve as parity detec-

tors recording electronic bunching (pj = 0) or anti-

bunching (pj = 1) because they can work in a nonde-

structive way and can distinguish occupation number

unity from occupation number 0 or 2, but cannot dis-

tinguish between 0 and 2.[22,23] Here nondestructive

means that the charge detectors are able to determine

the charge of the electrons without disturbing the spin

(spin and charge commute, so a measurement of the

charge leaves the spin qubit unaffected). H1 and H2

are two types of Hadamard gate transformations, with

H1 = (σx + σz)/
√
2 and H2 = (σx − σz)/

√
2, whose

actions are given by

H1

 | ↑⟩ → 1√
2
(| ↑⟩+ | ↓⟩),

| ↓⟩ → 1√
2
(| ↑⟩ − | ↓⟩),

H2

 | ↑⟩ → 1√
2
(| ↓⟩ − | ↑⟩),

| ↓⟩ → 1√
2
(| ↑⟩+ | ↓⟩).

(1)

We consider two noninteracting electrons in Fig. 2 pre-

pared initially in an arbitrary spin input state written

as

|ϕ⟩ = α1| ↑⟩a1in | ↑⟩a2in + α2| ↑⟩a1in | ↓⟩a2in

+α3| ↓⟩a1in
| ↑⟩a2in

+ α4| ↓⟩a1in
| ↓⟩a2in

, (2)

where
4∑

i=1

|αi|2 = 1. After a series of setups shown

in Fig. 2, the spin state of electrons from the output

ports bi (i = 1, 2, 3, 4) is given by

|ϕ⟩′ = 1

2

(
|ϕ⟩1 + |ϕ⟩2 + |ϕ⟩3 + |ϕ⟩4

)
, (3)

with

|ϕ⟩1 = α1| ↑⟩b2 | ↑⟩b3 + α2| ↓⟩b2 | ↑⟩b3
+α3| ↑⟩b2 | ↓⟩b3 + α4| ↓⟩b2 | ↓⟩b3 ,

|ϕ⟩2 = α1| ↓⟩b1 | ↓⟩b4 + α2| ↑⟩b1 | ↓⟩b4
+α3| ↓⟩b1 | ↑⟩b4 + α4| ↑⟩b1 | ↑⟩b4 ,

|ϕ⟩3 = −α1| ↓⟩b1 | ↑⟩b3 − α2| ↑⟩b1 | ↑⟩b3
−α3| ↓⟩b1 | ↓⟩b3 − α4| ↑⟩b1 | ↓⟩b3 ,

|ϕ⟩4 = −α1| ↑⟩b2 | ↓⟩b4 − α2| ↓⟩b2 | ↓⟩b4
−α3| ↑⟩b2 | ↑⟩b4 − α4| ↓⟩b2 | ↑⟩b4 . (4)

Then the charge detectors pj (j = 1, 2, 3, 4) record the

electronic bunching (pj = 0) or antibunching (pj = 1),

and pass the electrons to the output ports bjout. After

that, one can easily see from Eq. (4) that a two-qubit

quantum SWAP gate can be obtained in a determin-

istic fashion, by applying local single-qubit spin rota-

tion operations to the qubits appropriately according
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to the measurement results of the charge detectors.

For example, if we have p2 = p3 = 1 and p1 = p4 = 0,

the state of electrons |ϕ⟩1 is obtained, which shows

that a typical two-qubit SWAP gate from the output

ports b2out and b3out is implemented, and in this case

it does not need to perform any operation on the spin

qubits. For other cases of the measurement results,

please see Table 1 for details.

σx

H1

p1

p2

p3

p4

a1in

a2in

b1out

b2out

b3out

b4out

σx

σx

σx

H1

H2

H2

1′

2′

3′

4′

1

2

3

4

b1

b2

b3

b4

Fig. 2. Schematic diagram of implementing a deterministic SWAP gate for noninteracting electrons. The double dashed

lines denote polarizing beam splitters and the solid horizonal lines denote mirrors.

Table 1. The obtained output states from the spin qubit output ports and the single-qubit local rotation operations

required for achieving the quantum SWAP gate corresponding to different measurement values of charge detectors

p1, p2, p3, and p4, respectively. Here |ϕ⟩i (i = 1, 2, 3, 4) are denoted by Eq. (4), σα
x are Pauli operators on the spin

qubit output from the ports α, and I is the identity operator.

Values of charge detection Output states Operations

p1 p2 p3 p4

0 1 1 0 |ϕ⟩1 Ib2 ⊗ Ib3

1 0 0 1 |ϕ⟩2 σb1
x ⊗ σb4

x

1 0 1 0 |ϕ⟩3 σb1
x ⊗ Ib3

0 1 0 1 |ϕ⟩4 Ib2 ⊗ σb4
x

In the following we show how to construct a de-

terministic fermionic quantum Fredkin gate, as shown

in Fig. 3. For three noninteracting electrons prepared

initially in an arbitrary spin input state written as

|ψ⟩ = β1| ↑⟩cin | ↑⟩t1in | ↑⟩t2in + β2| ↑⟩cin | ↑⟩t1in | ↓⟩t2in
+β3| ↑⟩cin | ↓⟩t1in | ↑⟩t2in
+β4| ↑⟩cin | ↓⟩t1in | ↓⟩t2in + β5| ↓⟩cin | ↑⟩t1in | ↑⟩t2in
+β6| ↓⟩cin | ↑⟩t1in | ↓⟩t2in
+β7| ↓⟩cin | ↓⟩t1in | ↑⟩t2in
+β8| ↓⟩cin | ↓⟩t1in | ↓⟩t2in , (5)

where
8∑

k=1

|βk|2 = 1, after a series of setups shown in

Fig. 3, we can obtain the spin state of electrons from

the output ports c, 1, 2, 3, and 4 as

|ψ⟩′ = 1

2

(
|ψ⟩1 + |ψ⟩2 + |ψ⟩3 + |ψ⟩4

)
, (6)

with

|ψ⟩1 = β1| ↑⟩c| ↑⟩2| ↑⟩3 + β2| ↑⟩c| ↑⟩2| ↓⟩3
+β3| ↑⟩c| ↓⟩2| ↑⟩3 + β4| ↑⟩c| ↓⟩2| ↓⟩3
+β5| ↓⟩c| ↑⟩2| ↑⟩3β6| ↓⟩c| ↓⟩2| ↑⟩3
+β7| ↓⟩c| ↑⟩2| ↓⟩3 + β8| ↓⟩c| ↓⟩2| ↓⟩3,

|ψ⟩2 = β1| ↑⟩c| ↓⟩1| ↓⟩4 + β2| ↑⟩c| ↓⟩1| ↑⟩4
+β3| ↑⟩c| ↑⟩1| ↓⟩4 + β4| ↑⟩c| ↑⟩1| ↑⟩4
+β5| ↓⟩c| ↓⟩1| ↓⟩4 + β6| ↓⟩c| ↑⟩1| ↓⟩4
+β7| ↓⟩c| ↓⟩1| ↑⟩4 + β8| ↓⟩c| ↑⟩1| ↑⟩4,

|ψ⟩3 = β1| ↑⟩c| ↓⟩1| ↑⟩3 + β2| ↑⟩c| ↓⟩1| ↓⟩3
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+β3| ↑⟩c| ↑⟩1| ↑⟩3 + β4| ↑⟩c| ↑⟩1| ↓⟩3
−β5| ↓⟩c| ↓⟩1| ↑⟩3 − β6| ↓⟩c| ↑⟩1| ↑⟩3
−β7| ↓⟩c| ↓⟩1| ↓⟩3 − β8| ↓⟩c| ↑⟩1| ↓⟩3,

|ψ⟩4 = β1| ↑⟩c| ↑⟩2| ↓⟩4 + β2| ↑⟩c| ↑⟩2| ↑⟩4
+β3| ↑⟩c| ↓⟩2| ↓⟩4 + β4| ↑⟩c| ↓⟩2| ↑⟩4
−β5| ↓⟩c| ↑⟩2| ↓⟩4 − β6| ↓⟩c| ↓⟩2| ↓⟩4
−β7| ↓⟩c| ↑⟩2| ↑⟩4 − β8| ↓⟩c| ↓⟩2| ↑⟩4, (7)

where the subscript c means “control out”. Simi-

lar to the implementation of quantum SWAP gate, a

quantum Fredkin gate can be deterministically imple-

mented after the charge detection and the appropri-

ate single-qubit local rotation operations on the spin

qubits from the output ports “control out” and “target

2out-3out”, or “target 1out-3out”, or “target 1out-4out”,

or “target 2out-4out”, as shown in Table 2.

p1

p2

p3

p4

control in

target 1in

target 2in control out

cout

CNOT1

CNOT2

CNOT3

CNOT4

target 1out

target 2out
target 3out

target 4out

H1

H1

H2

H2

1′

2′

3′

4′

1

2

3

4

t1′in

t2′in

t3′in

t4′in

cout

cout

Fig.3. Schematic diagram of a deterministic Fredkin gate. Here CNOTk (k = 1, 2, 3, 4) denotes controlled-NOT gate,

which was previously proposed in Fig. 3 of Ref. [22].

Table 2. The obtained output states from the spin qubit output ports and the single-qubit local rotation operations

required for achieving the quantum Fredkin gate corresponding to different measurement values of charge detectors

p1, p2, p3, and p4, respectively. Here |ψ⟩j (j = 1, 2, 3, 4) are denoted by Eq. (6), and σβ
z are Pauli operators on the

spin qubit output from the ports β.

Results of charge detection Output states Operations

p1 p2 p3 p4

0 1 1 0 |ψ⟩1 Ic ⊗ I2 ⊗ I3

1 0 0 1 |ψ⟩2 Ic ⊗ σ1
x ⊗ σ4

x

1 0 1 0 |ψ⟩3 σc
z ⊗ σ1

x ⊗ I3

0 1 0 1 |ψ⟩4 σc
z ⊗ I2 ⊗ σ4

x

We now briefly analyze and discuss the charac-

teristics of our scheme. Firstly, to achieve our scheme

experimentally, the polarizing beam splitters and the

charge detectors required in our scheme are two ele-

mentary ingredients, and they have both been real-

ized experimentally by means of the point contacts

in a two-dimensional electron gas.[24−27] The charge

detectors in our scheme can be realized by using a

point contact made of a quantum dot with a reso-

nant conductance. In this case the charge detectors

can distinguish occupation number unity from occu-

pation number 0 or 2 according to whether it is res-

onant or off resonant. Secondly, we may encode the

qubits into the spin degrees of freedom of, for exam-

ple, the conduction electrons in a quantum dot (QD)

system. Such conduction electrons have recently been

proposed in Ref. [28] to convert spin parity into charge

information by resonant tunneling between two QDs

when the spins are antiparallel. Thirdly, the CNOT

gate, which was previously proposed by Beenakker et
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al.,[22] used in our scheme is nearly deterministic if the

charge detector counts the number of electrons in a

mode, and fully deterministic if it only measures the

parity of that number. Furthermore, similar setups

have also been used to entangle two particles of any

type with arbitrarily high efficiency, to test quantum

statistics through entanglement-induced spin correla-

tions, and to probe complementarity in two-particle

interference.[21] Both the fidelities and success prob-

abilities of the SWAP and Fredkin gates could reach

unity under ideal conditions. In a real experiment,

however, some impractical factors will affect the ex-

perimental performance, which call for further study.

The earlier experiments, such as Refs. [29] and [30]

suggested that it would be possible to test our results

in the near future.

In conclusion, we have proposed a scheme to im-

plement quantum SWAP and Fredkin gates based on

polarizing beam splitters and local single-spin rota-

tions in combination with the charge detectors. Our

scheme is deterministic without the need for qubit–

qubit interaction. Comparing with linear optics imple-

mentation of quantum SWAP and Fredkin gates, our

scheme is computationally more powerful. Further-

more, the construction of quantum SWAP and Fred-

kin gates provides a potential way for quantum com-

putation and quantum information processing with

fermions.

References

[1] Kok P, Munro W J, Nemoto K, Ralph T C, Dowling J P

and Milburn G J 2007 Rev. Mod. Phys. 79 135

[2] O’Brien J L, Pryde G J, White A G, Ralph T C and

Branning D 2003 Nature 426 264

[3] Pittman T B, Jacobs B C and Franson J D 2004 Phys.

Rev. A 64 062311

[4] Pittman T B, Jacobs B C and Franson J D 2004 Phys.

Rev. A 69 042306

[5] Pittman T B, Jacobs B C and Franson J D 2002 Phys.

Rev. A 66 052305

[6] Ralph T C, Langford N K, Bell T B and White A G 2002

Phys. Rev. A 65 062324

[7] Hofmann H F and Takeuchi S 2002 Phys. Rev. A 66

024308

[8] Pittman T B, Fitch M J, Jacobs B C and Franson J D

2003 Phys. Rev. A 68 032316

[9] Huang Y F, Ren X F, Zhang Y S, Duan L M and Guo G

C 2004 Phys. Rev. Lett. 93 240501

[10] Fiorentino M, Kim T and Wong F N C 2005 Phys. Rev.

A 72 012318

[11] Zou X B, Li K and Guo G C 2006 Phys. Rev. A 74 044305

[12] Zou X B, Zhang S L, Li K and Guo G C 2007 Phys. Rev.

A 75 034302
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