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Quantum state swap for two trapped Rydberg atoms*
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The quantum swap gate is one of the most useful gates for quantum computation. Two-qubit entanglement and
a controlled-NOT quantum gate in a neutral Rydberg atom system have been achieved in recent experiments. It is
therefore very interesting to propose a scheme here for swapping a quantum state between two trapped neutral atoms
via the Rydberg blockade mechanism. The atoms interact with a sequence of laser pulses without individual addressing.
The errors of the swap gate due to imprecision of pulse length, finite Rydberg interaction, and atomic spontaneous

emission are discussed.

Keywords: neutral atom, swap gate, Rydberg blockade

PACS: 03.67.-a, 32.80.Ee, 42.50.Dv

Quantum information processing based on a neu-
tral Rydberg atom system has attracted much inter-
est recently.l'~71 Rapid progress has been made in
recent entanglement experiments with neutral atoms
via the Rydberg blockade mechanism.®~! Entangle-
ment of the hyperfine ground states of two atoms can
be realized in ways that the atoms are individually
controlled™ and the atoms are addressed by common
laser beams.!'!! The experimental approaches were
discussed in those pioneering theoretical works on fast
quantum gates.['271%] In addition, implementation of
a mesoscopic Rydberg gate based on electromagnet-
ically induced transparency'® and preparation of a
Greenberger—-Horne—Zeilinger state using asymmetric
Rydberg interaction in an optical latticel!” were also
investigated recently. The methods can be general-
ized for implementing quantum phase gates'8~2% and
performing quantum simulations in many-body con-
densed matter physics.[21:22]

Any logic operations within a quantum computer
can be expressed as a sequence of one- and two-qubit
universal sets of quantum gates.23] A two-qubit quan-

tum swap gate described by
[0)1]0)2 — [0)1|0)2,
[D1[1)2 = [1)1]1)2,
10)1[1)2 — [1)1]0)2,
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1D1[0)2 — [0)1]1)2, (1)

is a universal quantum gate and is useful for quantum
state transfer, i.e.,

(@|0)1 + B|1)1) ® [k)2 — [k)1 @ (a]0)2 + B[1)2), (2)

where kK = 0 or 1. It is known that a two-qubit
swap operation usually requires no less than three
CNOT gates, which can be then decomposed into
six Hadamard gates and three C-phase (7) gates.?4
However, in this paper, we show that a quantum
swap gate between two neutral atoms can be directly
implemented without decomposing into several uni-
versal gates via the Rydberg blockade mechanism.
The atoms are exposed to a sequence of laser pulses
without individual addressing. The effect of impre-
cise laser pulses, imperfect Rydberg interaction, and
atomic spontaneous emission on the gate fidelity are
discussed.

Consider two atoms 1 and 2 held in two separate
dipole traps, e.g., far-off resonance traps or optical
tweezers.3~11] The atoms are assumed to be trapped
in the vibrational ground state of the trapping poten-
tial. The relevant single-atom energy level is shown
in Fig. 1. The atomic ground states |0) and |1) are
encoded as logic zero and one, respectively. A smooth
laser pulse couples |0) and |1) to the Rydberg state
|p) with Rabi frequency (2,,. The Rydberg excitations
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|0) <> |s) and |1) <> |s) are stimulated by two laser
pulses with Rabi frequencies {2 (phase ¢4 ) and 2_
(phase ¢_), respectively. Double excitation of Ryd-
berg state |s) is blockaded due to the fact that the
strong Rydberg interaction between |s) state leads to
a large energy gap U = hA,;. Besides, strong Ryd-
berg interaction between states |s) and |p) described
by

H= 3 hAyls)s|®p)pl (i #5)

ij=1,2

inhibits them being simultaneously populated, while
the interaction between states |p) only gives rise to a
small energy shift A,,. In general, the Rydberg in-
teraction strength fulfills the condition (Ass, Agp) >
App.

Atomic level structure.

Fig. 1. Ass, Asp, and Ayp
are energy shifts induced by interaction between differ-
ent Rydberg levels. The interaction strength fulfill Agg,
Asp > App. The ground states |0) and |1) are resonantly
coupled to Rydberg state |s) with Rabi frequencies £24 and
£2_, respectively. The transitions |0) < |p) and |1) <> |p)
are driven by a smooth Raman laser pulse with Rabi fre-
quency 2.

The realization of quantum state swapping be-
tween the two Rydberg atoms consists of three steps,
where a sequence of laser pulses are applied, as shown
schematically in Fig. 2.

Step 1 The first laser pulse is resonantly cou-
pled to the transition |0) <> |s). The interac-
tion Hamiltonian for the excitation process is H; =
24 e'9+|0)x(s| + h.c. Only single excitation is allowed
due to the strong Rydberg interaction between [s)
states. Thus, with ¢ = 0, the time evolution for the
four basis states {]0)1]0)2,|0)1|1)2,]1)1]0)2, |1)1]1)2}
are given by

01002 - cos (522 ) 01 oz

— isin (%;) 0 >1S>2\J/r§|8>1|0>2,

Oz = cos (45 ) 0p 2

0.t
_ isin( ;1)|3>11>2,

I1)110)5 — cos (Q;“)|1>1|o>2

_ isin(95t1)|1>18>2,
D1[l)2 — [1)1[1)e. (3)

Likewise, the second laser pulse coupling to the tran-
sition |1) <> |s) can be described by the Hamiltonian

= _ei?|1)x(s| + h.c. (¢p_ = 0), which deter-
mines the time evolution

10)1]s)2 + |5)1]0)2
V2
Q2_t5\ (|0)1]s)2 + [s)1]0)2)
—)COS( 2 > ﬁ
(Q_t2 (10)1|1)2 + [1)1]0)2)
2 V2 ’

— isin

0)111)2 — cos (”;t2)|o>1|1>2

0_t
_1sm< 22>|0

11)1]0)s —>cos< t2>|1 10)s

)
(i
)

_to
‘1>1|1>2 — COS( )ll 1| >

\/>

o (9—752) (Ihls)2 + Is)1]1)2)
— 1S1n
V2 V2

Note that the |1) < |s) transition is blockaded if
there is one population in the Rydberg state |s). By

=

. (4)

choosing the interaction time appropriately so that
024t1/2 = (2_t9/2 ~ 67, the basis states after the two
laser pulses become

10)1]0)2 — @50, [0)1]1)2 — [0)11)2,
[1)110)2 — [1)1]0)2, [1)1]1)2 = Ps1, (5)

where @g, = (|k)1|s)2 + [s)1]k)2)/V2, k = 0,1. The
error for the transformation is less than 1073, Given
the imprecision of the pulse length, the fidelity for the
first step approximates to

P= il os(“*){cos(ﬂi )
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(2 (35) (3]

b con (22) } 0

where x4 = 2, ¢, x_ = 2_ty. Azy and Az_ are the
deviations due to the imprecise interaction time. The
fidelity versus Az and Ax_ is shown in Fig. 3(a).
The elaborate control of the Rabi pulse length can
be experimentally achieved with the precision on the
order of tens of nanoseconds.[®9 In addition, the fi-
delity of the transformation may be limited by finite
Rydberg interaction A, leading to double Rydberg
excitation. This deficiency can be readily solved as fol-
lows: The two atoms are firstly stimulated to a higher
lying Rydberg state |r), in which the Rydberg inter-
action A, is much larger. Thus, only one atom can
be excited. After that, the atom in state |r) is trans-
ferred to the state |s). Thus, the first step can be well
realized.

3

$r=¢_=0

VA
2, 02 2, H U time

pr=¢_=m

Laser pulse

Fig. 2. Sequence of laser pulses. The first two short laser
pulses applied in the first step drives the atomic transitions
|0) <> |s) and |1) <+ |s) (with the phase of the coupling
strength ¢4 = ¢_ = 0). After that, a smoothly sinusoidal
laser pulse is applied coupling to the transitions |0) <> |p)
and |1) <> |p). The last two laser pulses are same to the
first two laser pulses but ¢4 = ¢p_ = .

Step 2 The following transformation is imple-
mented in the second step,

Do — gpsOv |0>1|1>2 — |1>1|O>27

[1)1]0)2 = [0)1[1)2, Ps1 — Ps1. (7)

The atoms interact with a smooth laser pulse coupling
to transitions |0) <> |p) and |1) <> |p). The interaction
can be resonant or dispersive for different basis states.

(i) Resonant (Transfer): the interaction Hamil-
tonian is Ho; = (£2,/2)(|0)x(p|+ |1)%(p|) + h.c., which
gives the time evolution for the states |0); and |1);
(J=1,2),

o), - LtV g

cos(thé\/i) -1 1),

1) — 1+ COS(éth/ﬂ) 1

here (2, is treated as a time-independent constant for

|0);

i+ cos(théﬂ) -1

convenience and is a smoothly sinusoidal pulse in the
numerical calculation. Setting £2,¢/1/2 = , the basis
states |0)1|1)2 and [1)1|0)2 become

0)1[1)2 — [1)1]0)2,
[1)1]0)2 — [0)1]1)2. 9)

Noted that the time evolution of the system con-
tains a fraction of double Rydberg excitation state
|p)1|p)2, which gives rise to a weak Rydberg interac-
tion H, = Ay, |p)1(p| @ |p)2(p| and imperfect swap-
ping. For Ap, < §2,, the error can be calculated by
the first-order perturbation theory and the modified
time evolution operator for states |0)1]|1)2 and |1)1]0)2
is
U, =1-i4, Z Z Crmi Cma Ot o,

mi,mz mf,mi

ei(wml +wm2 7w7n’1 7w”m/2) -1

(W, + Winy
x (Ima)(mi]) @ (Ima)(msl), (10)

= W~ Wiy )

where ¢,,; = (mjlp;), 7 = 1,2. wy,, and |my) are
eigenvalues and the corresponding eigenstates of the
Hamiltonian Hyq, respectively. Therefore, we find the
transfer error By, = 0.6(A,,/(2,)? for the initial state
[0)1]1)2 or |1)1]|0)2. The extra phase due to A,, can be
neglected if A,,,/£2,, < 1. The transferring probability
Py, as a function of A, /27 is shown in Fig. 3(b),
where 2% is the peak amplitude of the Rabi pulse.
The Raman laser profile in the numerical simulation is
Q2= 0p/V2 = (2r/T)sin*(nt/T), where T = 0.71 us
and fOT 2dt = w. It can be seen that P, decreases as
App/ 2% increases and saturates for A, /2% > 2.
(ii) Dispersive (Blocking): for the new basis
states @5, (K = 0,1) after the first step, the Ryd-
berg state |s) is populated by one of the two atoms.
If the Rydberg interaction between states |s) and |p)
induced energy shift A, is much larger than (2, and
spontaneous decay rate 7, of |p), the time evolution
for @, can be described by the dispersive interaction
Hamiltonian Hype = (122 /4A4p)]0); (1|4 h.c. after adi-
abatically eliminating the medium state |p),

0 22t o — i 22t )
|0); — cos A, 0); — isin A, 1),

1 Q’%t 1 isi Qgt 0 11
|1); — cos 1A, [1); —isin 1A, 0);. (11)
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The probability for leaving the basis states @ ap-
proximates to E, = (7§2,/24,,)?. However, a more
stringent analysis is needed if Ay, is not strong
enough. In this case, the time evolution for the atoms
initially in the state |0); can be more strictly depicted

by
% :1 + e_in/Q(cos (%It)
+ i%sin <Q2lt>) |0);
+ % 1+ ein/2<cos <92/t)
+ i%sin ((gt)) 1),
— iein/Q%sin (Q;>p>j, (12)
where 2/ = \/W . V = A, is the finite energy

shift. The probability of finding the atoms in the state

|0); is
1 2 )2 V2'n
Py = Q7+ L L
0 29'2[ T QCOS( 2, )
Vr Q'
+ 2% cos <> cos <>
van, )\ Van,
0.5
&
S
= o0
I
0.5
20.5
A(2,1)/27
1.0 0.02 ©
0.01&
- 05
& 05 7 9
V) e
0
0 5 10
V/Q};ﬂax

VO sin (Vgg) sin (\fﬁgﬂ (13)

Thus, the error due to imperfect blockade is E}, =
1 — Py. We show E}, as a function of V/ Q;“ax in
Fig. 3(c). The imperfect blockade error is less than
0.01 for V/ leax > 5.6. The extra phase introduced
in this case can be eliminated by appropriately tuning
the phase of the laser pulses during the first and third
step.

The spontaneous decay <, of the Rydberg state
|p) leads to decoherence and therefore introduces an
additional error during the state transfer between
[0) and |1).
averaged state population of |p) and can be given by

The error is determined by the time-

Ese = m,/v/282, for the resonance case. For the dis-
persive case, the effective decay rate approximates to
227,/ AZ,, which can be neglected if 5, /Ay, < 1. In
addition, mechanical interaction between the atoms
comes about if they simultaneously reside in the Ry-
dberg states, which may lead to atomic motion and
momentum shift. However, in a recent experiment, -9
Gaétan et al. have proved that the atomic motion can
be frozen if the excitation time is of the order of 0.1 us.

1.0
(b)

Ptr
0.5

0 5 10
AFP/‘Q;“&X

1.00
(d)

0.96

Fidelity

0.92

0 4 8
(42/2r) /MHz

Fig. 3. (a) The fidelity of transformations in the first step versus imprecision of pulse length, (b) the success

probability for transferring process in the second step as a function of Apy,/02,**, (c) operation error due
to imperfect blockade in the second step as a function of asymmetric Rydberg interaction V/ 0251, (d) the

fidelity of quantum swap gate versus Rabi frequency (2% /2. The initial atomic state is supposed to be
(1/v2)(J0)1 + [1)1) ® (1/v/2)(|0)2 4 [1)2) in panels (a) and (d) for simplicity. In panels (b) and (c), we set

QX /27 = 2 MHz.
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Step 3 Turn on the lasers H; and H_ in reverse
order with ¢_ = ¢4 = m. In contrast to the first step,
the atoms in the Rydberg state |s) are transferred to
initial ground state and the swapping gate is success-
fully implemented,

Dso — 10)1[0)2, [1)1]0)2 — [1)1]0)2,
10)1[1)2 = [0)1|1)2, P51 — [1)1]1)2. (14)

In analogy to the recent entanglement
experiment,['!] our scheme can be implemented in
the same experimental setup with Rubidium atoms.
We encode the hyperfine ground states [5s1/2, F' =
Lmp = 0) and |58y, F = 2,mp = 2) as logic
0 and 1, and choose the high-lying Rydberg states
|41s1/2,m = 1/2) and [40pg/o,m = 1/2) as |s) and
|p). The atoms are separated by a distance d = 3 pm
and are addressed by common laser beams, as demon-
strated by Wilk et al['!] The detailed laser driving
scheme is as follows. In the first step, the atomic tran-
sition |0) <> |s) can be made via a two-photon transi-
tion process, in which a left-circularly polarized laser
and a 7 polarized laser are used to drive the transitions
1551/2, F' = 1,mp = 0) <> |5py /2, F' = 2,mp = 1) and
15p1/2, F' = 2,mp = 1)  |4ls1/9,m = 1/2), re-
spectively. Both lasers are detuned from the medium
energy level [5py)o, F = 2,mp = 1). The ground
state |1) is kept unperturbed. In order to realize the
transition |1) > |s), we drive the atomic transitions
1581/2, F' = 2,mp = 2) <+ |5p1 /2, F = 2,mp = 1) and
15p1/2, F' = 2,mp = 1) < [41s1/5,m = 1/2) with a
right-circularly polarized laser and a 7 polarized laser,
respectively. In the second step, coupling from the
ground states to the Rydberg state [40ps,2,m = 1/2)
can be done by a one photon transition, in which we
can use a linear polarized laser with a relatively short
wave length.

The strong Rydberg interaction Ag, between the
two-atom states |sp) and |ps) are classical-like dipole
interaction. It is angle-dependent and has a zero-
value when the angle between the dipoles is § =
cos~1(1//3). However, the interaction of dipoles with
angular zeroes can be recovered by applying a weak
external magnetic field to both atoms. In this way, the
atomic Zeeman states with different magnetic quan-
tum numbers become degenerate and thereby cou-
ple to each other. The weak Rydberg interaction
Apyp is induced by the Forster process?®! when both
atoms are excited to Rydberg state |p). A,p, has a
scaling of 1/R3, while A,, has a scaling of 1/R% in
the van der Waals limit, where R denotes the prac-
It has been proved that
the angle-dependent ratio Ag,/A,, is larger than 150

tical interatomic distance.

for arbitrary angles.'” We then characterize the in-
teractions, after averaging all spatial angles between
dipoles, by (Asp(d), App(d))/2m = (14.4,0.019) MHz
for simplicity.!”] Furthermore, the interaction be-
tween Rydberg states |s); and |s)2 has a strength
Ags(d)/2m = 3.7 MHz. It is isotropic and is pro-
portional to 1/ RS [26] Therefore, the Rydberg interac-
tion strengths fulfill the condition (A, Asp) > App
that we are interested in.[12") Assume that the initial
atomic state is £ (|0)1]0)2+(0)1]1)2+(1)1]0)2+(1)1]1)2)
and take into account the finite lifetime 7, = 57 ps for
state |p), we obtain the fidelity of our scheme as a
function of Rabi frequency §27** /27 after neglecting
the errors in the first and third steps, as shown in
Fig. 3(d). The maximal fidelity F™** = 0.9942 can be
achieved for (2% /2m ~ 1.6 MHz. Given the impre-
cision error with perfect laser pulses in the first and
third steps, the fidelity is still larger than 0.99.

In the above discussion, we assume that the atoms
are in a motional ground state, but the fidelity of the
quantum swapping gate may decrease due to atomic
motion. However, it has been demonstrated that gate
operation based on Rydberg blockade is not directly
sensitive to the center of mass motion.:1%:28] Thus,
trapping the atoms in the potential ground state is not
necessary in principle. But it does help to lengthen the
coherence times and reduce the gate errors.

In summary, we have proposed an experimen-
tally feasible scheme for implementing two-atom swap
gate via asymmetric Rydberg blockade. The gate er-
rors due to imprecision of interaction time and im-
perfect blockade are discussed. The idea can be
generalized for mesoscopic atomic ensembles with |0)
and |1) encoded respectively by [0)1]0)2---|0)ny and
[1)1]1)2 - - |1) ;. The teleportation of a quantum state
may also be realized in the context of Rydberg inter-
action.
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