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Quantum walk is different from random walk in reversibility and interference. Observation of the reduced re-

versibility in a realistic quantum walk is of scientific interest in understanding the unique quantum behavior. We

propose an idea to experimentally investigate the decoherence-induced irreversibility of quantum walks with trapped

ions in phase space via the average fidelity decay. By introducing two controllable decoherence sources, i.e., the phase

damping channel (i.e., dephasing) and the high temperature amplitude reservoir (i.e., dissipation), in the intervals

between the steps of quantum walk, we find that the high temperature amplitude reservoir shows more detrimental

effects than the phase damping channel on quantum walks. Our study also shows that the average fidelity decay works

better than the position variance for characterizing the transition from quantum walks to random walk. Experimental

feasibility to monitor the irreversibility is justified using currently available techniques.
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1. Introduction

The random walk is an important concept widely

applied in different scientific fields including astron-

omy, solid-state physics, polymer chemistry, biology,

and even the stock market. In particular, many power-

ful classical algorithms, e.g., graph connectivity[1] and

k-th satisfiability problems,[2] are based on random

walks. The quantum walk (QW) is a quantum me-

chanical counterpart of the random walk, which out-

performs random walk in some computational tasks,

such as the black box problem,[3,4] the search in an

unstructured database,[5] and quantum simulations of

classical annealing processes.[6] It has also been found

that the QW can work as a universal computational

primitive.[7]

The QW has been experimentally realized with

optically confined atoms,[8] trapped ions,[9,10] and

photons.[11,12] It has been shown that the spatial dis-

tribution is very different between the QW and the

random walk, in which the QW spreads linearly in

time while the random walk spreads as the square

root of time. However, under the influence of some

kinds of noisy environments,[13−22] a QW might be fi-

nally degenerated to a random walk with decoherence

increasing. Via the spatial distribution, the difference

between the QW and random walk was studied exper-

imentally with trapped ions in phase space through

controllable decoherence on the coin,[10] and the tran-

sition from the QW to random walk has been demon-

strated with individual photons in space by chang-

ing the types of decoherence applied to the system.[12]

However, one of the typical characteristics of the QW

reducing to the random walk is the irreversibility due

to the increasing classicality, and it is of great interest

to show the variation of the irreversibility in the time

evolution of the QW. Some approaches, such as the

mean phonon number[23] and the linear entropy,[24]

to study the irreversibility have been developed re-

cently. However those approaches are not operational,

that means neither of them provides a way for direct

experimental observation of the irreversibility of the
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QW, and we will propose a quantity, called the aver-

age fidelity decay (AFD), to measure this irreversibil-

ity, which can be observed experimentally. We also

note that not all of the decoherence can degenerate

the QW to random walk,[25] and the reason is not yet

clear. Nevertheless, decoherence will surely induces

the irreversibility.

In this work, we propose an idea using trapped

ions for experimentally observing the irreversibility of

the QW due to decoherence. Two kinds of decoher-

ence sources, i.e., the phase damping channel or called

dephasing, and the high temperature amplitude reser-

voir, which is a dissipative source, are controllably in-

troduced into the trapped-ion system. To clarify the

decoherence effect on the QW, we only consider be-

low the ideal QW influenced by the man-made deco-

herence, i.e., with the decoherence inserted into the

intervals between the steps of the QW. This is mod-

eled based on the fact that the QW experiments with

trapped ions could be accomplished nearly ideally.[9,10]

The controllable decoherence is introduced by ran-

dom unitary operations Uζm alternately applied after

each steps of the QW, where the perturbation param-

eter ζm is a random variable for the m-th perturba-

tion. As the perturbation is introduced repeatedly,

we have U∆ =
∏N

m=1(UζmUQW), with the subscript

∆ representing the perturbation, and the decoherence

can be introduced through the ensemble average, i.e.,

⟨U∆|ϕ0⟩⟨ϕ0|U†
∆⟩∆ with the angle bracket representing

an average over the perturbation∆. It has been shown

that ⟨U∆|ϕ0⟩⟨ϕ0|U†
∆⟩∆ satisfies the master equation

subject to the perturbation-relevant decoherence.[26]

This article is arranged as follows. The decoher-

ence sources are introduced into the QW in the next

section, and we explore the feasibility to observe the

irreversibility by monitoring the changes of the AFD

in Section 3. A brief summary is given in the last

section.

2. QW with two ions under deco-

herence

Each single step of QW contains two sub-steps,

i.e., the coin toss and the coin state-dependent dis-

placement, corresponding to the unitary operation be-

low,

UQW = e− iαp̂σ̂
z
2 H̃2, (1)

where p̂ = i
√
~Mωl(â

† − â)/
√
2 is the momentum op-

erator withM the mass of the ion, â (ωl) is the annihi-

lation operator (frequency) of the axial center-of-mass

mode, and α is the step size of the QW. σ̂z
2 is the Pauli

operator on the coin, and

H̃2 =

(
1 1
1 −1

)
√
2

is the Hadamard gate on the internal states of the sec-

ond ion for the coin toss. According to Refs. [9] and

[10], the state-dependent displacement operator is im-

plemented by applying a state-dependent force on the

ion and the coin toss operator H is applied on the ion

by two “carrier” transitions.

We make use of two trapped ions to simulate the

QW under decoherence, where the coin is represented

by the internal states of the second trapped ion, and

the positions of the walker are encoded into the coher-

ent states of the axial center-of-mass mode of both the

ions. Decoherence is introduced in between each QW

steps, which follows the idea in Ref. [10] and could

reduce the complexity and challenge in experimental

implementation. This is also helpful for understand-

ing the impact due to decoherence in a clear and sim-

pler physical picture. The first ion is employed for

two purposes: the decoherence-induced perturbation

is applied on the first ion which is then reflected to

the second ion via the motional states and the mea-

surement is made on the first ion. The decoherence

of the coin is due to the phase damping channel, and

the high temperature amplitude reservoir acts on the

walker’s position, where the high temperature ampli-

tude reservoir is applied to the axial center-of-mass

mode directly, but the phase damping channel is intro-

duced via the transverse modes to avoid interrupting

the walker’s position.

The key point of our scheme is that the presence

(absence) of the decoherence resulting in the QW be-

havior corresponds to the population in the lower (up-

per) internal state of the first ion. As a result, pro-

vided a superposition of the internal states of the first

ion, the second ion would evolve under different condi-

tions simultaneously. We will show the experimental

feasibility to measure the AFD from the level occu-

pation of the first ion, which implies a possibility to

monitor the QW reducing to the random walk under

decoherence. The AFD is defined based on fidelity

decay, that is the square modulus of the overlap be-

tween two time-dependent final states with the same

initial state |ϕ0⟩ but respectively, under the unper-

turbed evolution U and perturbed evolution U∆. Dif-

ferent from the fidelity, the fidelity decay focuses on
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the overlap of the initial state with the final state un-

der an unperturbed evolution U and then a perturbed

echo U∆. After averaging over the perturbation, the

AFD is defined as[27]

F̄ = ⟨|⟨ϕ0|U†
∆U |ϕ0⟩|2⟩∆. (2)

The AFD can reveal the response of the system to the

environmental perturbation, which is closely related

to the properties of both the system and the environ-

mental perturbation.

To demonstrate the irreversibility more clearly,

we will compare the AFD with the position variance

which is defined as

δ = ⟨⟨ϕ0|U†
∆(x̂− x̄)2U∆|ϕ0⟩⟩∆, (3)

with x̂ =
√
~(â+ â†)/

√
2Mωl being the position oper-

ator and x̄ the average of the position. As the position

variance usually shows similar behaviors under differ-

ent decoherence sources,[17−20] we study the change of

the AFD under the two decoherence sources with the

same parameters as in calculating the position vari-

ance, which helps us to understand the irreversibility

in the QW.

2.1.QW under the phase damping chan-

nel

The first decoherence source we consider is the

phase damping channel, i.e., dephasing on the coin.[28]

To avoid interrupting the walker’s position encoded in

the axial mode, we design the coupling of the two ions

via the radial modes, as shown in Fig. 1(a). By elim-

inating the excited state adiabatically and under the

rotating wave approximation, we have the interaction

Hamiltonian as[29]

H1 =
∑

s=+,−
i=1,2

{χi,s + [Ωi,s e
i ηr(b̂+b̂†)−i(ωr+δ)t

+H.c.]} ⊗ |s⟩i⟨s|, (4)

where χi,s and Ωi,s are, respectively, the time-

averaged Stark shift and AC Stark shift of the i-th

ion’s state |s⟩i. b̂ (ωr) is the annihilation operator

(frequency) of the radial center-of-mass mode, δ is the

detuning of the laser frequency difference from the

radial center-of-mass mode frequency, and ηr is the

corresponding Lamb–Dicke parameter. By choosing

appropriate polarization of the lasers, we may have

the AC Stark shifts to be Ω1,− = 0, Ω1,+ = Ω1, and

Ω2,+ = −Ω2,− = Ω2, which reduce Eq. (4) to

H2 =
∑
i=1,2

Âi[Ωi e
i ηr(b̂+b̂†)−i(ωr+δ)t +H.c.], (5)

where Â1 = |+⟩1⟨+|, Â2 = σ̂z
2 , and the zero AC Stark

shift could be achieved by setting the direction of the

laser polarization to be orthogonal to the correspond-

ing electric dipole of the ion. We have neglected the

time-averaged Stark shifts in Eq. (5) due to proper

single-qubit operations. In a rotating frame with re-

spect to the radial frequency ωr, the above Hamil-

tonian could be further simplified under Lamb–Dicke

limit and rotating wave approximation,

H3 = ηr(Ω1|+⟩1⟨+|+Ω2σ̂
z
2)(b̂ e

− i δt + b̂† ei δt). (6)

The corresponding operation is given by[30,31]

U1 = exp{i[(ϕ1|+⟩1⟨+|+ ϕ2σ̂
z
2)b̂+H.c.]

+ iκ|+⟩1⟨+| ⊗ σ̂z
2}, (7)

where ϕi(T ) = Ωi

∫ T

0
ei δtdt with i =1, 2 and κ(T ) =

2η2rΩ1Ω2

∫ T

0
dt2

∫ t2
0

sin δ(t2 − t1)dt1. Under the con-

dition δT = 2kπ, with k an integer, we have ϕi(T ) = 0

and κ(T ) = 4kπ[η2rΩ1Ω2/δ
2], which reduce Eq. (7) to

U2 = eiκ|+⟩1⟨+|⊗σ̂z
2 . (8)

So κ is actually the perturbation applied on the sec-

ond ion via the first ion. We may denote κ by ζcm
meaning the m-th perturbation on the coin. By ran-

domly choosing Ωi, we have this phase to be a random

number from a uniform distribution ζc ∈ (−qπ, qπ),

where q = 0 corresponds to the QW and q = 1 to the

random walk. Our study in the general case will be

on 0 < q < 1. Equation (8) implies the perturbation,

with the evolution operator

U∆c =

n∏
m=1

(Uζc
m
UQW), (9)

where Uζc
m
= exp[i ζcmσ̂z

2 ] is applied on the second ion

only in the case of the first ion in |+⟩1. For the first

ion in |−⟩1, the time evolution of the QW is under the

unperturbed evolution operator U = Un
QW.

2.2.QW under the high temperature

amplitude reservoir

The second controllable decoherence source is the

high temperature amplitude reservoir, i.e., the dissipa-

tion, on the walker’s position. The high temperature

amplitude reservoir has been applied on the cat states

of the trapped ions,[32,33] presenting the decoherence

rate scaling with the size of the superposition state. In

our case, we apply a state-dependent force on the first
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ion, as shown in Fig. 1(b), which couples the internal

state |+⟩1 to the corresponding axial center-of-mass

mode. Using the similar treatment to the phase damp-

ing channel case, we choose Ω1,− = Ω2,+ = Ω2,− = 0,

Ω1,+ = Ω, and the laser frequency difference equal

to the axial center-of-mass mode frequency ωl, which

yields the interaction Hamiltonian,

H4 = ηlΩx̂⊗ |+⟩1⟨+|, (10)

where ηl is the corresponding Lamb–Dicke parame-

ters. As for the phase damping channel, if the first

ion is prepared in state |−⟩1, there is no perturbation

on the walker’s position, and the perturbation works

only if the first ion is prepared in state |+⟩1, with the

corresponding evolution operator

U∆p
=

n∏
m=1

(Uζp
m
UQW), (11)

where Uζp
m

= e− i ζ
p
mx̂ is the m-th perturbation on

the position of the walker and ζpm = ηlΩmτ with

τ the pulse length of the perturbation. Similar to

the above variable ζcm, the variable ζpm is chosen as

a random number changing in a uniform distribution

ζp ∈ (−q′π, q′π) with 0 < q′ < 1.

KA


KB


KA


KB


KA


KB


X

Z
(a)

(b)

1 2

X

Z

e>1

e>1

e>2

⇁>2

↩>2

⇁>1

↩>1

⇁>1

↩>1

δ δ

δ

n⇁
n⇁
n

n⇁
n⇁
n

n⇁
n⇁
n

n⇁
n⇁
n 

n⇁
n⇁
n

n⇁
n⇁
n



Fig. 1. (colour online) (a) The laser scheme to produce the state-dependent perturbation on the coin. Two pairs of lasers

illuminate two ions individually, one pair of which on the first ion virtually excites the state |e⟩1 from |+⟩1 only, and another

pair virtually excites the state |e⟩2 from both |+⟩2 and |−⟩2. Both the frequency differences are set to be ωr + γ, with γ ≪ ωr,

and both the wavevector differences, K1
A −K1

B and K2
A −K2

B , are along the radial direction, which couple the radial mode to

the internal state. The most right sketch shows that, the perturbation is equivalently introduced on the internal states of the

second ion. (b) The laser scheme to produce the state-dependent perturbation on the walker’s position, where the frequency

difference between the lasers is set to be the same as the frequency ωl and the wavevector difference of the lasers K1
A −K1

B is

along the axial direction. The most right sketch shows that the perturbation is made on axial center-of-mass mode directly.

3. Discussion

3.1. Experimental observability

Experimental observation of the AFD is the key

to study the QW with decoherence. For this pur-

pose, we prepare the first ion in a superposition state

(|+⟩1+|−⟩1)/
√
2, and the coin and walker’s position in

state |ϕ0⟩2. Numerically we can produce N sequences

of random numbers {ζ1, . . . , ζn}k (k = 1, . . . , N), cho-

sen from a uniform distribution. After running n

steps of the QW with perturbation parameters cho-

sen above, the state becomes
1√
2
(|+⟩1 U∆ |ϕ0⟩2 + |−⟩1 U |ϕ0⟩2). (12)

Using a rotation operation Rx, transforming the state

as |+⟩1 → (|+⟩1 + |−⟩1)/
√
2 and |−⟩1 → (|+⟩1 −

|−⟩1)/
√
2, we can measure the populations in the state
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|+⟩1 as,

P x
k = {1 + Re [fk]}/2, (13)

where fk = 2 ⟨ϕ0|U†
∆kU |ϕ0⟩2 is the amplitude of fi-

delity decay, with U†
∆k being U†

∆k
c
or U†

∆k
p
regarding

the k-th sequence of the random numbers. Another

rotation Ry making |+⟩1 → (|+⟩1 + i |−⟩1)/
√
2 and

|−⟩1 → (|+⟩1 − i |−⟩1)/
√
2 leads to the measurement

on the state |+⟩1 as

P y
k = {1 + Im [fk]}/2. (14)

We have to repeat the above steps by N − 1 times to

obtain a sequence of {fk}, from which we can extract

the AFD according to the following expression

F̄ =
1

N

∑
k

|fk|2 . (15)

From the relation fk = (2P x
k − 1) + i(2P

y
k − 1), ob-

servation of the AFD should be available by detecting

the population of the internal levels of the ion.

3.2.Comparison between the phase

damping channel and the high tem-

perature amplitude reservoir

Using the AFD, we can know which decoher-

ence source, phase damping channel or high tempera-

ture amplitude reservoir is more detrimental to the

QW. As shown in Fig. 2, we have calculated both

the AFD and position variance for the initial state

|ϕ0⟩2 = (|+⟩2 + |−⟩2) |0⟩ /
√
2. Using the parameters

which make position variance almost the same under

the phase damping channel and high temperature am-

plitude reservoir, we find that the AFDs are differ-

ent, particularly for big values of q. The AFDs under

the high temperature amplitude reservoir are always

smaller than those under the phase damping channel,

implying the high temperature amplitude reservoir to

be more detrimental than the phase damping channel

to the QW. This result can be further understood by

another definition of the AFD by Wigner function,[27]

F̄ ′ =

∫
W ·W∆dxdp, (16)

where W is the unperturbed Wigner function defined

as[34]

W =
1

π2

∫
Trp[ρ e

η(â†−β) eη
∗(â−β∗)] e−1/2|η|2 d2η

(17)

with β = x + i p, and ρ = Trc[U |ϕ0⟩2 ⟨ϕ0|U†] the

reduced density operator by tracing over the coin de-

grees of freedom. W∆ is the perturbed Wigner func-

tion defined similarly to the unperturbed one, with ρ

replaced by

ρ∆ = Trc

[ M∑
k=1

U∆k
|ϕ0⟩2 ⟨ϕ0|U†

∆k

]/
M.

1.0

0.8

0.6

0.4

0.2

0
1 2 4 6 8 10 12

Steps

16

12

8

4

0
P
V

A
F
D

(b)

(a)

1 2 4 6 8 10 12
Steps

Fig. 2. (colour online) (a) AFDs under the phase damping

channel and high temperature amplitude reservoir with the

step size α =
√
2, where the dotted and solid lines represent

AFDs under the high temperature amplitude reservoir with

the parameter q′ = 0.01 and 0.18, respectively, and the circle

and star correspond to the AFDs under the phase damping

channel with q = 0.02 and 0.14, respectively. (b) The cor-

responding position variance under the same conditions in

panel (a). With the values of q and q′, the position variance

for the phase damping channel and high temperature ampli-

tude reservoir are almost the same in the short time period.

We have plotted the numerical results in Fig. 3,

in which the unperturbed QW (Fig. 3(a)) corresponds

to a Wigner function with negative values oscillating

around the origin. The coherence of the QW is spoiled

by the phase damping channel and high temperature

amplitude reservoir, respectively, in Figs. 3(b) and

3(c), where the phase damping channel removes the

nonclassical property (i.e., the negative values) of the

Wigner function, whereas the high temperature ampli-

tude reservoir broadens the fringes along the momen-

tum. The introduction of the phase damping channel,

as shown in Eq. (8), is actually related to the momen-

tum operator (See Eq. (2)), which is equivalent to a

random shift on the position displacement of the ion.

In contrast, the high temperature amplitude reservoir

is directly applied to the position operator equivalent

to a random shift on the momentum displacement of

the ion. The numerics shows that the broadening due

to the random shift on the momentum is more detri-

mental to the QW, as reflected by the AFD.
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Fig. 3. (colour online) Contour plot of the Wigner function at the tenth step of the QW, (a) without perturbation;

(b) under phase damping channel with parameter q = 0.14, and (c) under high temperature amplitude reservoir with

q′ = 0.18.

Our scheme provides an experimentally available

way to monitor the detrimental influence on the QW

by different decoherence sources. In contrast, no pre-

vious work for the QW has considered the direct obser-

vation of the irreversibility due to decoherence. Some

previous work involving imperfection regarding the

coin, such as random rotations on the coin[24] and

imperfect Hadamard operator,[35] are similar to the

phase damping channel considered here. Some other

models of imperfection on the walker’s position, e.g.,

imperfect shift in a single optically trapped atoms[36]

and dephasing on individual photons in space,[12] are

actually close to our study with high temperature am-

plitude reservoir. Moreover, the high temperature

amplitude reservoir broadening the fringes of Wigner

function is in fact a heating effect on the motional

degrees of freedom of the ion. This broadening has

also been considered in Ref. [23] involving the higher-

order terms of Lamb–Dicke parameter for achieving

more steps in a QW.

3.3. Experimental feasibility

The state-dependent force we employed to pro-

duce the state-dependent perturbation on QW has

been widely used previously in ion trap systems, e.g.

in the implementation of the geometric phase gate[37]

and the simulation of a quantum spin system.[38−40]

The radial motional modes have also been employed

to experimentally simulate frustrated Ising spins.[40]

As for our scheme, the accomplishment of the phase

damping channel case is very similar to the geomet-

ric phase gating in Ref. [37], but with the axial mo-

tional mode replaced by the radial motional mode in

our case. The case of the high temperature ampli-

tude reservoir resembles the implementation by state-

dependent optical dipole force in Ref. [9]. Moreover,

we also need to individually address the ions and to

carry out some single-qubit operations compensating

the time-averaged Stark shift, which are achievable

with currently available techniques.

We give a brief estimate below for a realistic im-

plementation of our scheme. It takes about 2.5 µs for

accomplishing a phase damping channel case with γ =

2π×0.4 MHz with respect to ωr = 2π×4.334 MHz,[40]

and costs about 2.9 µs for executing a high temper-

ature amplitude reservoir case with ζpm = π, Ω ≈
2π×500 kHz, and η = 0.35.[9] This implies that we can

repeatedly insert the two kinds of the perturbations

into the QW system by thousands of times within the

decoherence time (e.g., 100 ms in Ref. [40]) of the mo-

tional mode.

In our treatment mentioned above, however, we

have neglected the effects regarding the higher-order

Lamb–Dicke parameters, which might spoil the ideal

QW behavior, like the decoherence effects described

in this work. To avoid the influence from the higher-

order Lamb–Dicke terms on our scheme, we make a

simple assessment below. Considering the QW im-

plementation by a trapped ion,[10,23] the detrimental

influence is dominantly from the third-order Lamb–

Dicke terms in resonance case. Using the result

in Ref. [23], we have the contribution of the third-

order Lamb–Dicke terms in resonance case scaling as

η2N3α4/24 with η the Lamb–Dicke parameter, α/
√
2

the step size of the QW, and N the steps. So if

the pulses for inducing decoherence are strong enough

compared to those for producing QW, i.e.,

η2N3α4/24 ≪

{
qπ,

q′π
(18)

for the phase damping channel and high temperature

amplitude reservoir respectively, the influence from
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the higher-order Lamb–Dicke terms would be negli-

gible in our scheme. Table 1 presents some available

values of the parameters meeting Eq. (18), ensuring

our scheme to work well in realistic experiments.

Table 1. Assessment of validity of our scheme by consider-

ing the third-order Lamb–Dicke parameter in the resonance

case, where the parameters are chosen for walking steps

N = 12 with the left-hand side of Eq. (18) being smaller

than the right-hand side by one tenth.

q α η q′ α η

0.02 0.5 0.037 0.01 0.5 0.026
√
2 0.005

√
2 0.003

0.14 0.5 0.099 0.18 0.5 0.112
√
2 0.012

√
2 0.014

4. Conclusion

In summary, we have proposed an experimentally

available scheme for simulating the QW by trapped

ions under controllable decoherence. The implemen-

tation of the scheme makes it possible to monitor the

transition from the QW to random walk by measur-

ing the internal level population of the ions. We have

demonstrated that the conditional position shift is

more sensitive to the decoherence than the coin toss,

which helps us better understand the QW simulation

in a realistic environment.

Furthermore, we have employed both the AFD

and the position variance to characterize the irre-

versibility. Despite no strict proof, our calculation has

demonstrated that the AFD might be better for this

job than the position variance. Finally our idea of ex-

perimentally measuring the AFD under controllable

decoherence on the QW can also be applied to opti-

cally trapped atoms. The decoherence can be control-

lably introduced by the controlled-phase gate induced

by Rydberg blockade[42−44] and the AFD is measured

by similar physics to the trapped-ion system we mod-

eled here.
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