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We investigate the dynamics of the entanglement and quantum discord of two qubits in liquid state homonuclear

nuclear magnetic resonance. Applying a phenomenological description for nuclear magnetic resonance under a relaxation

process, and taking a group of typical parameters of nuclear magnetic resonance, we show that when a zero initial state

experiences a relaxation process, its entanglement disappears completely after a sequence of so-called sudden deaths

and revivals, while the quantum discord retains remarkable values after a sequence of oscillations. That is to say, the

quantum discord is more robust than entanglement.
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1. Introduction

Entanglement is one of the most striking fea-
tures of the quantum world, and is widely seen as the
main resource for quantum information processing. [1.2]
However, entanglement is not the only useful type of
quantum correlation. It has been found that entan-
glement is not necessary for deterministic quantum
computation with one pure qubit (DQC1),3~5 but
another quantum correlation, introduced in Refs. [6]
and [7], called quantum discord, is responsible for the
computational efficiency of DQC1. Besides, quantum
discord has also been used for some studies such as

(8=10] 4nd the Grover search

quantum phase transition,
process.'!]' Recently, the dynamics of quantum dis-
cord has attracted more attention, such as the ro-
bustness of quantum discord to sudden death under
dissipative channels,'? quantum discord in Heisen-

(13] the non-Markovian effect of quan-

berg models,
tum discord,*¥ thermal quantum discord in an X X Z
model,'® thermal quantum discord in Heisenberg
models,'8) quantum discord in cavity QED,!!”! and
quantum discord in a two-mode vacuum cavity.!*8]
Nuclear magnetic resonance (NMR) has been
used to demonstrate the basic concepts of quantum

information processing, and has been leading the
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field both in terms of number of qubits and control

techniques.[19-20]

Studies of dynamic characteristics
and its implementation for the quantum information
processing of NMR systems have also received a great
deal of attention in recent years.[21=27]

Due to its fundamental and practical significance,
we wish to investigate the dynamical behaviours of
entanglement and quantum discord of two qubits in
NMR systems.

as follows.

The rest of this paper is organized
In Section 2, we present a brief review
of entanglement, quantum discord, and liquid state
two-qubit NMR systems. In Section 3, we investigate
the dynamics of entanglement and quantum discord
of two-qubit NMR without relaxation. In Section 4,
applying a phenomenological method, we investigate
the dynamics of entanglement and quantum discord
of two-qubit NMR with relaxation. Section 5 contains

the conclusion.

2. Entanglement, quantum dis-
cord, NMR systems

We first recall some basics about entanglement,
quantum discord, and NMR.

*Project supported by the Fundamental Research Funds for the Central Universities of China (Grant No. 2010scu23002).

TCorresponding author. E-mail: xxujianwei@yahoo.cn

@© 2012 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb  http://cpb.iphy.ac.cn

040302-1



Chin. Phys. B Vol. 21, No. 4 (2012) 040302

2.1. Concurrence of two-qubit states

For two quantum systems A and B, described by
the Hilbert spaces H* and HPB, respectively, and the
composite system AB is described by the Hilbert space
H” ® HB. A state p on H* ® HP is called a separa-
ble state if and only if it can be written in the form

n
p=> pipi @ pY, (1)

i=1
where n is a positive integer, p; > 0, >0 p; = 1,
{pA}r_, are density operators on H?™, {pP}r_, are
denslty operators on HB. A state is called an entan-
gled state if it is not a separable state. For two qubits,
one of the most widely used entanglement measures is
the so-called concurrence, we will use it as the quan-
tifier in this paper. For two-qubit state p, the concur-

rence of p is defined as!28]

C(p) = max{0,A\1 — Aa — A3 — Ay}, (2)

where A1, A2, A3, A4 are the square roots of the eigen-
values of the matrix pp in decreasing order, and

p=(oy®ay)p*(oy @ 0y), (3)

oy is the Pauli matrix, p* is the complex conjugate of
p. For convenience, in Eq. (2) we denote

Cp) = A1 — A2 — Az — Ay, (4)

and call it pseudo-concurrence.

2.2. Quantum discord of
states

two-qubit

The quantum discord of p on H* ® HP® (with
respect to system A) is defined asl%7]

Da(p) = S(p™) — S(pAB)
+ inf paS(pn).  (5)
{la) al@f}::‘*lazl

In Eq. (5), S(-) is the entropy function, that is, for
A) = —tra(ptlogy p*); na = dimH?,
the inf is taken over all projective measurements
{la){al ® I}
an arbitrary orthonormal basis for HA.

example, S(p

na

4, on system A, that is, {|a)}o2, is
We use I
to denote the identity operators on H” or on HP,
pa = tr(la)(al @ Ipla)lal @ 1), pf = tra(lo){e] @
Ipla)(al © I)/pa.

Quantum discord captures more correlation than
entanglement in the sense that quantum discord can

exist even when there is no entanglement. This can
be seen in Eq. (1) and the fact!®

nA

Da(p) =04=p=> pala)la|l®@pg,  (6)

a=1

where, {|a> n4 . is an arbitrary orthonormal basis for
HA {pB}r | are density operators on HE, p, > 0,
Yoo Pa = 1. Comparing Eq. (1) with Eq. (6), it is
obvious that Da(p) = 0 implies p being a separable
state.

Equation (5) is difficult to optimize, and even for
two-qubit states up to now only a few special states
were found to allow analytical solutions.[??:3% Another
measure of quantum discord, called geometrical mea-

sure, was introduced as[3-32]

D§ (p) = inf tr[(p - 0)?], (7)

where the inf is taken over all o that Da (o) = 0. Ev-
idently,

Da(p) =0 <= D§(p) = 0. (8)

One of the most elegant results about the definition
of DS (p) is that it allows analytical expressions for all
two-qubit states. More specifically, for any two-qubit
state p which can be written as

3 3
1
o= 4(I®I+Zmiai®l+2yjl®aj

i=1 j=1
3
+ > Tijo'i®0'j>a 9)
ij=1

then we have,[®!]

Zx +Z 2 — Amax |, (10)

7,7=1

where 01 = 0, 02 = 0y, 03 = 0, are Pauli matrices;
{zi}ioi, {y;}3=1, {Ti5} ;=1 all are real number sets;
Amax is the largest eigenvalue of the matrix zzt +171°,
r = (z1,72,23)", and T is the matrix (T};), where t
means transpose.

In Eq. (9), it holds that

x; = tr[po; @ 1],
yj :tI‘[pI@O'j],
T,y = trlpos @ ) (11)
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2.3. Two qubits in liquid state NMR

The Hamiltonian of two qubits in NMR (we fo-
cus on the liquid state homonuclear NMR) is well de-
scribed by

H(t) = Hsys + Hrf(t)7 (12)
hwq hws
—5 0@l I®o:

+ hJo, @ o, (13)

Hyi(t) = —%[Cos(wt)agﬁ ® I — sin(wt)oy, ® I

Hsys =

_ %[cos(wt)] ® 0y — sin(wt)] ® oy].(14)

In Hgys, w1 = Bov1, w2 = By7ys, are called Lamor
frequencies of two qubits (two nuclei), containing the
chemical shifts. By is the static magnetic field along
z direction, 71 and 79 are gyromagnetic ratios of the
two qubits. Typical values of w; and w;, are a few
108 Hz, and chemical shifts range from a few 10% Hz
to a few 10* Hz. J describes the spin-spin couplings
including direct dipole—dipole coupling and indirect
through-bond coupling. Spin—spin couplings are very
small in NMR compared to Lamor frequencies, for in-
stance, a few 102 Hz.

In Hy(t), g1 = Biy1, g2 = Bi172, Bi is the ap-
plied magnetic field rotating in z—y plane at frequency
w, at or near the Lamor frequencies wi, wy. Typical
values of g1, gs are up to 10° Hz.

3. Dynamics of entanglement and
quantum discord of two qubits

in NMR without relaxation

We study the dynamics of two-qubit NMR with-
out relaxation. When the evolution time is much
shorter than the relaxation time scales, the system can
be approximated as an isolated system, and it evolves

according to the Schrodinger equation

.. 0

iho |9(1)) = H(t)|P(t). (15)
Notice that H¢(t) in Eq. (14) is time-dependent, in
order to cancel the time ¢ in Hamiltonian H(t), we
put

W (t)) = exp i%t(az®1+1®az) lp(2)). (16)

This transformation is widely used in NMR theory,
sometimes called the method of rotating frame. With
this transformation, we have

in () = A1) a7)

go Mazw) o Mee—w) oo
2 2
thin oo o 01 "0, (18
[7(0)) = l(0)). (19)

In the above reductions, we have used the facts that
for any real number A,

exp(ido;)
= cos(A\) +isin(N)oy, =1,2,3; (20)
exp(—ido,)o, exp(iroy)
= cos(2A)o, + sin(2X)oy; (21)
exp(—iAo,)o, exp(iro,)
= cos(2A)oy — sin(2M)o,. (22)
Since H is time-independent, together with Eqs. (16)
and (19), we obtain

t o~
o(0) = exp (17 0 (23)
() = U()[4(0)), (24)
U(t) = exp [I;t(oz RI+1® oz)}
x T h (25)
exp | =H |.
Suppose the initial state is |00), that is
1 000
0 0 00
p= ) (26)
00 00O
0 0 0O
then we have
Clp) =0, D§(p) =0 (27)
After time ¢, p will evolve into p(t) as
p(t) =U()pUT(t), (28)

where  means Hermitian conjugate. Then C(p(t))
and D (p(t)) can be calculated by using Eq. (2) and
Eq. (10).

Figure 1 shows C(p(t)) and DS (p(t)) at t =
107 s, t = 1073 s, t = 107! s.  Where we
take a group of typical parameters of NMR as
(W1 +ws)/2 = 3 x 108 Hz, (w1 —w2)/2 = 10* Hyz,
J =3x102 Hz, g1/2 = 5 x 10* Hz, go/2 = 5 x 10* Hz.
From Fig. 1 we see that, only near or at the frequency
(w1 + wa)/2 = 3x 10® Hz, entanglement and quantum
discord are remarkably generated and evolved. It is
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Fig. 1. Pseudo-concurrence and quantum discord at time t =107 %s,t =10"3s,¢t = 10! s.

a common phenomenon in NMR that the applied mag-
netic field By can effectively influence or control the
nuclear spins at or near the resonance frequencies.

Figure 2 shows C(p(t)) and DS (p(t)) at the fre-
quency (w; +wsz)/2 = 3 x 108 Hz, and we take the
parameters of NMR as those in Fig. 1. From Figs. 1
and 2 we see that the dynamical behaviours of en-
tanglement and quantum discord are similar in the
evolution where we ignored the relaxation.

w=3x 108 Hz
1.0

0.8
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0.2

Pseudo-concurrence

0.02 0.04 0.06 0.08 0.10
t/s

w=23x 108 Hz
0.5
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0.3

Discord

0.2

0.1

0.02 0.04 0.06 0.08 0.10
t/s

Fig. 2. Pseudo-concurrence and quantum discord at fre-
quency w = (w1 +w2)/2 =3 x 10% Haz.

4. Dynamics of entanglement and
quantum discord of two qubits
in NMR with relaxation

When the evolution time becomes comparable to
the relaxation time scales, the relaxation effects must
be taken into account. The relaxation process in
NMR can be described in a phenomenological way

(Refs. [33]; [20], 2.10)

o) = SIHW. A0 R (29)
~pij(t) — pij
Tyj = 6i; Ty + (1 — 6:))T, (31)

where T7 is the energy relaxation rate, T5 is the phase

randomization rate. Theoretical calculations and ex-

perimental measurements for 77 and 75 have been well

developed. The typical values of Tj is tens of second,

and 75 is easily on the order of 1 second or more.
Similar to Eq. (16), we let

iwt
p(t) = exp {1;}(02 I+I® Uz)] o(t)
iwt
X exp [—“;(az RI+1® az)] . (32)
Obviously, we have

(33)

By using Egs. (20)—(22), after some straightforward
calculations, then equation (29) becomes
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= H,o(t
AU R
oui(t) o12(t) ous(t) oua(t) 011(0) 912(0) _iwr 913(0) _ip 914(0) oy
Ty 15 13 15 T 15 T 13
O’Ql(t) Ugg(t) O’gg(t) 024(t) 021(0) eiwt 022(0) 0'23(0) 0'24(0) efiwt
Ty Ty Ty Ty n Ty T Ty Ty
o31(t) 032(t) 033(t) 034(2) 931(0) iy 32(0) o33(0) 934(0) it
Ts TS T Ty Ty Ts T Ts
0'41(t) O’42(t) O'43(t) 0'44(t) 0'41(0) eZiwt 0'42(0) eiwt 0'43(0) eiwt 0'44(0)
T T, T, T T T T T
This is a first-order linear nonhomogeneous ordinary differential equation with constant coefficients in the
functions o11(t), 012(t), 013(t), 014(t), 021 (t), . . ., 044(t). If we denote o(t) and the last matrix in this equation
by

o (t) = (o11(t), o12(t), 013(t), 014(t), 021 (1), - - -, 0a (1)),

),
£(t) = 011(0)’012(0) efiwt’al?)(o) efiwt’al‘l(o) 721wt’UQl(O)eiwt’”.’U44(0) t7
T 15 15 15 15 T

we can obtain a compact form In a dynamical process, the phenomenon of entan-

glement disappearing in a finite time is named entan-
io'(t) = Ao(t) + f(b), (34)  glement sudden death.®¥] This is an interesting phe-
dt nomenon in contrast to the usual intuition that deco-
where A is a 16 x 16 matrix which is independent of ¢ herence should be completed in an infinite time. Also,
(the explicit expression of A, see Appendix A). So the  this is an important phenomenon for quantum infor-
general solution of Eq. (34) is mation processing since much of quantum information

processing relies on entanglement.!2!

o (t) = exp(tA)o(0) + /O expl(t — s)Alf(t)ds. (35)

Q
Q
We now take the zero initial state |00) for p, hence we é w =3 x 10° Hz
\IUUH
Q
t g M "““mm‘mm"m”}mH‘HHmmH“"‘mmmmlmhlhn “‘““““““”mw”u‘mu i
a(O)—(lOOOO L0, (36) 3 L
F(B) = (=,0,0,0,0, ..., 0)". (37) = t/s
Ty’
0.5;
Then by calculating Eqgs. (35), (32), (2), and (10), we < 04 w=3x 108 Hz
will obtain C(p(t)) and DS (p(t)). From the discussion 8 8;
about Figs. 1 and 2, in Fig. 3 below we only discuss A 0:1 |
the dynamics of C(p(t)) and DS (p(t)) at frequency 0.5 1.0 1.5
(w1 + ws2)/2 = 3x 10% Hz, and we take the parameters t/s
of NMR as those in Fig. 1, and T; =205, T =1s. Fig. 3. Pseudo-concurrence and quantum discord at fre-
From Fig. 3 we see that, when the evolution time quency w = (w1 +w2)/2 = 3 x 10° Ha.

is much shorter than the relaxation scales, the dynam-
ics of entanglement and quantum discord are similar. 5. Conclusion

However, for a longer time, namely, near relaxation

scales, the entanglement manifests a sequence of sud- In summary, we have investigated the dynamics
den deaths and revivals, and finally disappears com- of entanglement and quantum discord of two qubits in
pletely. At the same time, the quantum discord, after  liquid state homonuclear NMR systems. We showed
a sequence of oscillations, still retains remarkable val-  that the dynamical behaviours of entanglement and
ues. quantum discord are similar in short time where relax-
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ation effects can be neglected. But when the time gets
long enough to be comparable to the relaxation rates,
the entanglement manifests the phenomenon of sud-
den deaths and revivals, and finally disappears com-
pletely, while the quantum discord retains remarkable

values. That is to say, quantum discord is more robust
than entanglement against the relaxation processes.
Hence quantum algorithms based only on quantum
discord may be more robust than those based on en-
tanglement.

Appendix A: explicit expression of matrix A in Eq. (34)

For simplicity, we put (wy +w2)/2 =a, (w1 —w2)/2=0b, J =¢, g1/2 =d, g2/2 = e, then

A =i{{0,—e,—d,0,¢,0,0,0,d,0,0,0,0,0,0,0},
{-e,a—y—b—2¢0,-d,0,e,0,0,0,d,0,0,0,0,0,0},
{—d,0,a—y+b—2¢,—e,0,0,e,0,0,0,d,0,0,0,0,0},
{0, —d, —e, 2a — 2y,0,0,0,¢,0,0,0,d,0,0,0,0},
{€,0,0,0, —a+y + b+ 2¢, —e, —d, 0,0,0,0,0,d,0,0,0},
{0,€,0,0, —e,0,0,—d, 0,0,0,0,0,d,0,0},
{0,0,¢,0,—d,0,2b,—¢,0,0,0,0,0,0,d,0},
{0,0,0,¢,0, —d, —e,a —y + b+ 2¢,0,0,0,0,0,0,0,d},
{d,0,0,0,0,0,0,0,—a +y — b+ 2¢, —e, —d, 0,¢,0,0,0},
{0,d,0,0,0,0,0,0, —¢, —2b,0, —d, 0, ¢, 0,0},
{0,0,d,0,0,0,0,0,—d, 0,0, —e, 0,0, e,0},
{0,0,0,d,0,0,0,0,0, —d, —e,a — b+ 2¢ — y,0,0,0, e},
{0,0,0,0,d,0,0,0,¢,0,0,0, —2a + 2y, —e, —d, 0},
{0,0,0,0,0,d,0,0,0,¢,0,0, —¢, —a — b — 2¢ + y,0, —d},
{0,0,0,0,0,0,d,0,0,0,¢,0, —d, 0, —a + b — 2¢ +y, —e},
{0,0,0,0,0,0,0,d,0,0,0,¢,0, —d, —e,0}}

1 1 1 1 1 1 1 1 1

—diagonal matrix H 777777777

1 1 1 1 1 1 1

Tl’Tg’Tg’Tg’Tg’Tl’Tg’Tg’Tg’Tg’Tl’Tg’Tg’TQ’T27T1H'
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