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New WKB method in supersymmetry

quantum mechanics∗

Tian Gui-Hua(田贵花)†

School of Science, Beijing University of Posts and Telecommunications, Beijing 100876, China

(Received 20 September 2011; revised manuscript received 16 November 2011)

In this paper, we combine the perturbation method in supersymmetric quantum mechanics with the WKB method

to restudy an angular equation coming from the wave equations for a Schwarzschild black hole with a straight string

passing through it. This angular equation serves as a naive model for our investigation of the combination of supersym-

metric quantum mechanics and the WKB method, and will provide valuable insight for our further study of the WKB

approximation in real problems, like the one in spheroidal equations, etc.
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The semiclassical WKB method is one of the most

useful approximations for computing the eigenvalues

of the differential equations.[1] It belongs to singu-

lar perturbations and has a wider range of applica-

bility than regular perturbation theory, which is re-

stricted to potentials with small coupling constants.

Usually, the differential equations will be written in

the Schrödinger form

−∂
2Ψ

∂x2
+ V (x)Ψ(x) = EΨ(x). (1)

The usual WKB method will give the eigenvalues En

by the formulae∫ b

a

√
En − V (x)dx =

(
n+

1

2

)
~π,

V (a) = V (b) = En. (2)

Inspired by supersymmetric quantum mechanics,

SWKB methods combine both the WKB and the su-

persymmetric WKB methods to study the differen-

tial equation and could give more precise results than

those found by using the usual WKB method for the

integrable equations.[2−4] The SWKB methods in su-

persymmetric quantum mechanics (SUSYQM) differ

from the usual WKB in that∫ b

a

√
En −W 2(x)dx = n~π,

W 2(a) =W 2(b) = En, (3)

where the super-potential W (x) is related to the po-

tential V (x) and ground eigenvalue E0 by[4]

W 2(x)−W ′(x) = V (x)− E0. (4)

However, the WKB method has some shortcom-

ing concerning the singular Sturm–Liouville problem.

For example, the associated Lengdre equations[
1

sin θ

d

dθ

(
sin θ

d

dθ

)
− m2

sin2 θ
+ E

]
Θ(θ) = 0, (5)

have the boundary conditions that Θ(0), Θ(π) are fi-

nite at θ = 0, π. This is a singular Sturm–Liouville

problem. If they are solved by the WKBmethod, their

large eigenvalues will be (l+1/2)2 with l being the in-

teger, which will be different from the correct results

by 1/4. This problem is also difficult to treat by the

SKWB method.

In this paper, we will provide a newWKB method

in SUSYQM to deal primarily with the singular

Sturm–Liouville problem. In the new method, we will

not use Eq. (3) to determine the eigenvalues for the

equation. Instead, we will make full use of the shape-

invariance properties. At first, the WKB method is

applied to solve only the ground eigenvalue problem.

Then the solutions to the excited eigenvalue problems

will be obtained by the recurrence relations derived

from the shape-invariance properties of the relevant

equation.

From the viewpoint of perturbation, WKB meth-

ods belong to the singular perturbation. Usually, the
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relevant equations have some parameters, which ap-

proach zero when the equations are solved. It is dif-

ferent from the regular perturbation in that the order

of the differential equations will reduce when the rel-

evant parameters become zero, whereas the order of

differential equations remains unchanged with the pa-

rameters of the regular perturbation changing to zero.

In this new WKB method, the first eigenvalue

is determined neither by Eq. (2) nor by Eq. (3).

Because the new methods are confined to treat the

singular Sturm–Liouville eigenvalue problem, its first

eigenvalue and eigenfunction, the ground eigenvalue

and eigenfunction, will be obtained by the use of the

boundary conditions related with the problem and

the properties of the ground-eigenfunction. Whereas

the other eigenvalues, the excited eigenvalues, are ob-

tained by the application of the shape-invariance prop-

erty, which is in its wide meaning[5−13] (also see below

for the meaning of the wide shape-invariance).

Here, we will use the equation

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+

[
α cos2 θ − (m/b)2

sin2 θ
+ E

]
Θ = 0 (6)

as an example to elucidate the new method. This

equation is the separated angular equation of the KG

equation in a Schwarzschild black hole pierced by a

string. The metric for such an object is[14−19]

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)
dr2

+ r2
(
dθ2 + b2 sin2 θdϕ2

)
. (7)

The parameter M is related to the black hole energy,

and b is defined as b = 1 − 4ρs where ρs is the lin-

ear mass density of the string. From physical view-

point, it is easy to see ρs ≪ 1. Of course, b lies in

the range (0, 1]. The metric (7) is locally identical

to the Schwarzschild metric, so the motions of test

particles are locally unchanged by the presence of the

string. For the physical properties of such a metric,

see Refs. [14]–[19]. As stated before, the linear mass

density of the string ρs satisfies the condition ρs ≪ 1,

as does 1 − b ≪ 1. However, as our naive model for

the new WKB method, we will study Eq. (6) under

the non-physical condition b → 0, which belongs to

the perturbation of WKB.

Equation (6) is the generalized associated Legen-

dre equation. The corresponding boundary conditions

become Θ and are finite at θ = 0, π. The solutions to

the singular Sturm–Liouville eigenvalue problem are

the generalized associated Legendre functions.

The reason for Eq. (6) being our naive model lies

in the fact that the solutions to its singular eigenvalue

problems are exact and known. This just meets our re-

quirement of the singular Sturm–Liouville eigenvalue

problem and we can also check the results of the new

WKB method with its exact solutions.

Equation (6) is transformed into[
d

dx

[
(1− x2)

d

dx

]
+ E − m2/b2

1− x2

]
Θ = 0,

x ∈ (−1,+1), (8)

by x = cos θ, which were treated in Refs. [18] and [19].

We here give brief results in Refs. [18] and [19].

For convenience, we will assume that m/b > 0 in

the following. The solutions could be written as

Θ(x) = (1− x2)m/2bψ(x), (9)

and the differential equation for ψ is

(1− x2)
d2ψ

dx2
−
(
2m

b
+ 1

)
xψ

+
[
E +

m

b
(
m

b
+ 1)

]
ψ = 0, x ∈ (−1,+1). (10)

The functions ψ are analytic at x = 0 and could be

written as ψ =
∑∞

n=0 anx
n. The relations among an

are

(n+ 2)(n+ 1)an+2

= −
[
E − m

b

(m
b
+ 1

)
− 2n

m

b
− n(n+ 1)

]
an. (11)

In order to satisfy the boundary condition, ψ could

not be infinite series. ψ will be polynomials if the

eigenvalues E take

En =
m

b

(m
b
+ 1

)
+2n

m

b
+n(n+1), n = 0, 1, 2, 3, . . . ,

(12)

and the corresponding functions ψn(x) become the

polynomials of variable x of power of n. Note that

there is an error in Refs. [18] and [19] in that ψ is put

in the form

ψ(x) =
dm̄

dxm̄
Pl(x), m̄ =

m

b
. (13)

The above form for Ψ(x) is wrong generally due to the

fact that m̄ = m/b might not be an integer. Here we

present the first several forms for ψ(x)

ψ0 = 1, ψ1 = x, ψ2 = 1− (3 + 2m̄)x2, (14)

ψ3 = 3x− (5 + 2m̄)x3,

ψ4 = 3− (30 + 12m̄)x2 + (5 + 2m̄)(7 + 2m̄)x4. (15)
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In fact, equation (6) is integrable. Alternatively, one

could also use the method in supersymmetry quan-

tum mechanics to treat the problem, which will give

the relations between the excited eigenvalues, eigen-

functions, and the ground ones. Of course, the results

of the supersymmetry quantum mechanics will be the

same as that of the above method.

As stated before, we will study the most interest-

ing thing related to Eq. (6), the WKB solutions in the

limit b → 0. Actually, b → 0 makes no sense in the

physical ground for the study of scalar fields in black

hole space time containing a string, nevertheless, it

still can provide valuable mathematical information

for our new method. Because the solutions to it are

known, they can be used to confirm or make null some

new mathematical methods. This is just what we want

to do in the following.

Equation (6) contains a parameter b and is a sin-

gular Sturm–Liouville problem. From the mathemat-

ical viewpoint, when b→ 0, the equation corresponds

to its WKB case. We want to use it to treat the sin-

gular Sturm–Liouville problem in the WKB approxi-

mation, which is somewhat difficult issue.

By the transformation[5−13]

Θ =
Ψ

sin1/2 θ
, (16)

the differential equations turn out to be

− d2Ψ

dθ2
+ V (θ, b)Ψ = EΨ, (17)

where the potential V (θ, b) is

V (θ, b) = −1

4
+

(m/b)2 − 1/4

sin2 θ
. (18)

The boundary conditions become

Ψ |θ=0 = Ψ |θ=π = 0. (19)

Though the usual method in SUSYQM could be

used to solve the problem completely, it will not be

described here. We will solve it by the new WKB

method in SUSYQM. One writes Eq. (17) as

b2
d2Ψ

dθ2
+

[
1

4
b2 − m2 − b2/4

sin2 θ
+ Eb2

]
Ψ = 0. (20)

As b → 0, the usual WKB methods expand the func-

tions Ψ(θ) as

Ψ = exp

[
b−1

∞∑
n=0

bnSn(θ)

]
, (21)

and equation (20) is solved subsequently. In

SUSYQM, the ground eigenfunction Ψ0(θ) is related

to the super-potential W by

Ψ0 = N exp

[
−
∫
W dθ

]
, (22)

hence, it is the super-potential W that will be ex-

panded in the series form of the parameter b as

W = b−1
∞∑

n=0

bnWn(θ). (23)

We employ the new method to solve Eq. (17) for the

ground eigen-value E0 and eigen-function Ψ0 as b→ 0.

The ground eigen-value E0 is also expanded as

E0 = b−2
∞∑

n=0

bnE0,n. (24)

The relation between the potential and super-

potential is

W 2 −W ′

= V (θ, b)− E0

= −1

4
− 1/4

sin2 θ
+

m2

sin2 θ
b−2 − b−2

∞∑
n=0

E0,nb
n. (25)

From Eq. (23), one obtains

W 2 −W ′

= b−2W 2
0 + b−1

[
2W0W1 −W ′

0

]
+

∞∑
n=0

bn
[
2Wn+2W0 −W ′

n+1 +
n∑

k=0

Wk+1Wn+1−k

]
.

(26)

From Eqs. (25) and (26), one obtains

W 2
0 =

m2

sin2 θ
− E0,0, (27)

2W0W1 −W ′
0 = −E0,1, (28)

2W0W2 +W 2
1 −W ′

1

= −1

4
− 1/4

sin2 θ
− E0,2, (29)

2Wn+2W0 −W ′
n+1 +

n∑
k=0

Wk+1Wn+1−k

= −E0,n+2, n ≥ 1. (30)

Equations (27)–(30) are easy to solve for Wn, n =

0, 1, 2, . . ., that is

W0 =

√
m2

sin2 θ
− E0,0, (31)

W1 =
W ′

0

2W0
− E0,1

2W0
, (32)
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W2 =
W ′

1

2W0
− W 2

1

2W0
− 1

8W0

[
1 +

1

sin2 θ

]
− E0,2

2W0
, (33)

Wn+2 =
W ′

n+1

2W0
−

∑n
k=0Wk+1Wn+1−k

2W0

− E0,n+2

2W0
, n ≥ 1. (34)

On the contrary, the quantities E0,n, n = 0, 1, 2, . . .

in the ground eigenvalue (24) require more effort to

treat. At this point, we use the boundary conditions

that Ψ(θ) is finite at points θ = 0, π and in the inter-

val (0, π). For reasons of convenience, we will suppose

ℜmb ≥ 0 from now on. The details are the following.

From Eq. (31), we first assume E0,0 > m2, then it

is easy to see that at some point θ0,W0(θ0) = 0. From

Eqs. (32) and (22), one notices that the function Ψ0(θ)

will blow up at θ0. Hence we must have E0,0 ≤ m2.

When E0,0 < m2, we obtain

W0 =

√
m2

sin2 θ
− E0,0

= ± m

sin θ

√
1− x

= ± m

sin θ

[
1 +

∞∑
n=1

anx
n

]
, (35)

where x = (E0,0/m
2) sin2 θ. It is easy to see that

x < 1 will be obtained under the assumption of

E0,0 < m2. The term ±m/sin θ in Eq. (35) will make

Ψ0 ∝ N exp[−b−1
∫
W0dθ] ∝ N tan∓m/b(θ/2) diver-

gent either at θ = 0 or at θ = π. Therefore, the

assumption E0,0 < m2 cannot be a right choice ei-

ther. That is, in order to retain the finiteness of the

function Ψ0 in the interval [0, π], the parameter E0,0

can neither be less than m2 nor can be greater than

m2, the only choice for it is

E0,0 = m2.

So, one obtains

W0 = ±m cot θ. (36)

In order to satisfy the condition that

Ψ0 ∝ exp

[
−b−1

∫
W0dθ

]
approaches zero as θ → 0, π, one must make the

choice

W0 = −m cot θ. (37)

Here, W1 is easy to be calculated as

W1 =
W ′

0

2W0
+
E0,1

2m
tan θ, (38)

and Ψ0 becomes

Ψ0 ∝ N exp

[
−
∫
W1dθ

]
= N tan1/2 θ cos(E0,1/2m) θ

= sin1/2 θ cos[E0,1/2m−1/2] θ. (39)

In order for the function Ψ0 to remain bounded in the

interval [0, π], one must select

E0,1

2m
− 1

2
≥ 0. (40)

The boundary condition of the eigen-function only

provides the above constraint on the parameter E0,1,

but can not determine E0,1 uniquely. Here we will ap-

ply the properties of the ground eigenfunction to solve

the problem. Except for the zeros at the boundaries

θ = 0, π, the ground eigenfunction should not have

any zero in the interval (0, π). This is a well-known

fact in quantum theory. From Eq. (39), it is easy to see

that E0,1/2m−1/2 > 0 will make the point θ = π/2 a

zero point for the ground eigenfunction. So one must

have

E0,1 = m (41)

to exclude that possibility. Therefore, we have

W1 = − 1

2 sin θ cos θ
+

1

2
tan θ = −1

2
cot θ. (42)

Subsequently, W2 turns out to be

W2 =
E0,2

2m
tan θ. (43)

We will follow the same process as before. Now, it is

easy to obtain

Ψ0 ∝ N exp

[
−
∫
bW2dθ

]
= N cosE0,2b/2m θ. (44)

So, E0,2b/2m < 0 will make the eigenfunction blows

up at the boundary and E0,2b/2m > 0 will make the

point θ = π/2 a zero point for the ground eigenfunc-

tion. The only right choice is

E0,2 = 0.

Furthermore similar study will show E0,n = 0, for

n > 2. The detailed process will be omitted here.
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In summary, we have obtained the super-potential

W and the ground eigenvalue E0 and eigenfunction Ψ0

in the WKB form as

W = b−1
∞∑

n=0

bnWn(θ) = −m
b
cot θ − 1

2
cot θ, (45)

E0 = b−2
∞∑

n=0

bnE0,n =
m2

b2
+
m

b
, (46)

Ψ0 = N sinm/b+1/2 θ,

Θ0 =
Ψ0

sin1/2 θ
= N sinm/b θ. (47)

The results thus obtained is identical with the exact

solutions in Eqs. (12) and (15) when n = 0.

As to the excited eigenvalues and eigenfunctions,

we will resort to the shape-invariance property in

the WKB methods. Related to the super-potential

W of an equation, there are two partner potentials

V ± =W 2±W ′. Suppose that the super-potential is a

function of both the independent variable θ and some

constant parameters, for example a1, and written as

W (θ, a1). The shape-invariance property of the equa-

tion means that its two partner potentials V ±(θ, a1)

satisfy the following equations

V −(θ, a1) ≡ W 2(θ, a1)−W ′,

V +(θ, a1) ≡ W 2(θ, a1) +W ′(θ, a1), (48)

V +(θ, a1) = V −(θ, a2) +R(a1)

= W 2(θ, a2)−W ′(θ, a2) +R(a1), (49)

where a1 is a set of parameters, a2 is a set of functions

of a1 (say a2 = f(a1)) and the remainder R(a1) is in-

dependent of θ. Note that in some cases, a1 actually

are several parameters.

If the equation has the shape-invariance proper-

ties, it is integrable and all its excited eigenvalues

and eigenfunctions could be obtained from the ground

ones. Of course, this is a strict meaning of the shape-

invariance.[4]

We sometimes need a wide meaning of shape-

invariance. If the equation has some parameter, like b

in Eq. (20), and the super-potential could be written

as a series form of the parameter, so do the partner

potentials V ±. The shape-invariance properties mean

that every order term of the partner potentials V ±

satisfy the relations like those in Eq. (49). In the

following, we will exploit the wide shape-invariance

properties for Eq. (20). Actually, references [5]–[7],

and [10]–[12] have already applied this wide sense of

shape-invariance properties to study the spheroidal

and spin-weighted spheroidal equations in the low fre-

quency limit.

The shape-invariance property in the WKB meth-

ods means that

V −(θ, a1) = W 2(θ, a1)−W ′

= b−2
∞∑

n=0

bnV −
n (θ, a1), (50)

V +(θ, a1) = W 2(θ, a1) +W ′

= b−2
∞∑

n=0

bnV −
n (θ, a1), (51)

V +
n (θ, a1) = V −

n (θ, a2) +Rn(a1),

n = 0, 1, 2, . . . . (52)

In this way, it is easy to find the excited eigenvalues

and subsequently the eigenfunctions. Now the super-

potential W is written as

W = b−1
∞∑

n=0

bnWn(θ,An), (53)

W0(θ,A0) = −A0 ·
m

b
cot θ, (54)

W1(θ,A1) = −A1 ·
1

2
cot θ, (55)

Wn(θ,An) = 0, n ≥ 2. (56)

Similar to Eq. (26), we have

V −
0 (θ,A0) = W 2

0 = A2
0 ·
m2

b2
cot2 θ, (57)

V −
1 (θ,A0, A1) =

[
2W0(θ,A0)W1(θ,A1)

−W ′
0(θ,A1)

]
, (58)

V −
2 (θ,A1) = W 2

1 (θ,A1)−W ′
1(θ,A1), (59)

V −
n (θ,An) = 0, n ≥ 3, (60)

and

V +
0 (θ,A0) = W 2

0

= A2
0

m2

b2
cot2 θ

= V −
0 (θ,A0), (61)

V +
1 (θ,A0, A1) =

[
2W0(θ,A0)W1(θ,A1)

+W ′
0(θ,A1)

]
, (62)

V +
2 (θ,A1) = W 2

1 (θ,A1) +W ′
1(θ,A1), (63)

V +
n (θ,An) = 0, n ≥ 3. (64)

Here we denote a1 = (A0, A1). One sees that

V +
0 (θ,A0) = V −

0 (θ,B0) ⇒ B0 = A0, (65)

V +
1 (θ,A0, A1) = V −

1 (θ,B0, B1) +R1, (66)

⇒ B1 = A1 + 2, R1(a1)
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= mA0(B1 −A1) = 2mA0, (67)

V +
2 (θ,A1) = V −

2 (θ,B1) +R2,⇒ R2(a1)

= A1 + 1, (68)

V +
n (θ,An) = V −

n (θ,Bn) +Rn,⇒ Rn

= 0, n ≥ 3, (69)

where we denote a2 = (B0, B1). Therefore,

En+1 − E0 =
n∑

k=1

[
b−1R1(ak) +R2(ak)

]
= 2mnA0b

−1 + n(A1 − 1) + (n+ 1)n,

where we have used the fact R2(ak) = A1+2(k−1)+

1 = A1 + 2k − 1. So, the result is

En+1 =
m

b

(m
b
+ 1

)
+ 2mnA0b

−1

+ n(A1 − 1) + (n+ 1)n.

From the fact A1 = 1, it is easy to see that the above

results are the same as that in Eq. (12). The excited

eigenfunctions are obtained through repeatedly apply-

ing the following formula[4]

Ψn(θ; a1) = A†(θ; a1)Ψ
(1)
n−1(θ; a2), (70)

where

A†(θ; a1) = − d

dθ
+W (a1, θ)

= − d

dθ
−A0

m

b
cot θ −A1

1

2
cot θ, (71)

Ψ0(θ, a2) = exp

[
−
∫
W (θ, a2)dθ

]
. (72)

The detailed process is omitted here.

In conclusion, the new WKB method has been

applied to study a naive model. The solutions to this

model are known as they have been obtained by other

methods in Refs. [18] and [19] and are given at the be-

ginning of this paper, and are used to compare with

the results obtained by the new WKB method. The

same results obtained in comparison show that the

new WKB method is a feasible and reliable method.

The new WKB method supplies a new way to

treat the singular Sturm–Liouville problem. It com-

bines the singular boundary conditions and the prop-

erties of the ground eigenfunction to solve the Sturm–

Liouville problem related to the ground state. Then

it further unites the shape-invariance properties and

the expansion of the relevant quantities into the wide

shape-invariance to obtain the solutions to the excited

eigen-value problems. This method will provide a new

way to study the high frequency limit of the spheroidal

equations and the spin-weighted spheroidal equations,

whose low frequency limit has been investigated and

applied in a series of papers.[5−13] These problems will

be our further studies.
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