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The element-free Galerkin (EFG) method is used in this paper to find the numerical solution to a regularized

long-wave (RLW) equation. The Galerkin weak form is adopted to obtain the discrete equations, and the essential

boundary conditions are imposed by the penalty method. The effectiveness of the EFG method of solving the RLW

equation is investigated by two numerical examples in this paper.
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1. Introduction

The study of numerical methods of solving non-
linear partial differential equations has enjoyed an
intense period of activity over the last 40 years
from both theoretical and practical points of view.
The finite element method (FEM) and boundary el-
ement method (BEM) are well-established numeri-
cal techniques, which have been used to numerically
solve various problems in the field of engineering and
science.l'%] Even though these methods are very ef-
fective for solving various kinds of partial differen-
tial equations, they also have their limitations. For
the FEM, the need to produce a body-fitted mesh
in two- and three-dimensional problems makes this
method time-consuming and difficult to use. As for
the BEM, for an inhomogeneous equation, it requires
a domain node distribution in addition to a boundary
mesh and depends on the fundamental solutions. To
avoid these problems, in recent years meshless tech-
niques have attracted the attention of researchers. In a
meshless (mesh-free) method, a set of scattered nodes
are used instead of meshing the domain of the prob-
lem. For many engineering problems, such as large
deformation and crack growth, it is necessary to deal
with extremely large deformations or fractures of the
mesh with the re-meshing technique. The meshless
method is a new and interesting numerical technique
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that can be used to solve many engineering problems
that cannot be solved by using conventional numeri-
cal methods with a minimum of meshing or no mesh-
ing at all.l¥ Some meshless methods have been de-
veloped, such as the smooth particle hydrodynamics
(SPH) method,P! the radial basis function (RBF),!
the element-free Galerkin (EFG) method,[”) the repro-
ducing kernel particle method (RKPM),®! the mesh-
less local Petrov—CGalerkin (MLPG) method, ! the fi-
nite point method(FPM),['" and so on.

The regularized long-wave (RLW) equation was
formulated by Peregrinel'>'3] as an alternative to the
Korteweg-de Vries (KdV) equation for studying soli-
ton phenomena and as a model for small-amplitude
long waves on the surface of water. A rather interest-
ing property of the RLW equation is that the collision
between two solitary waves may result in the creation
of secondary solitary waves or sinusoidal solutions.
This phenomenon is somewhat analogous to what hap-
pens in subatomic physics where the collisions be-
tween particles create another particles and/or radia-
tion. Therefore, a study of RLW equations provides an
opportunity to investigate the creation of secondary
solitary waves and /or radiation to gain insight into the
corresponding processes of particle physics.['41% The
collisions between solitary waves of the RLW equa-
tions differ from the collision between solitons of the
KdV equation in that, in the latter soliton collision,
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interaction and emergence are unchanged with the col-
lision except for a phase shift. By comparison, the nu-
merical solution of the RLW equation indicates that
two solitary waves can effectively pass through each
other but with diminished amplitude, and create sec-
ondary waves. In addition, a notch in the negative am-
plitude wave may appear and this notch develops into
a secondary negative amplitude wave. The positive
and the negative amplitude waves may move in op-
posite directions, thereby forming multiple secondary
waves of positive and negative amplitudes, thus the
annihilation of positive and negative waves and the
creation of a sinusoidal residual referred to as radia-
tion, may occur.

Previous numerical studies of the RLW equation
include the use of quartic-B spline collocation methods
for the spatial discretization together with an explicit
fourth-order accurate Runge-Kutta technique for time
integration, '8 least-square finite element techniques
with linear space—time elements and cubic B-spline fi-
nite element techniques in which the Galerkin method
was used,[!718] Fourier-pseudo spectral methods for
periodic boundary conditions,'®~22 mixed finite el-
ement methods based on the introduction of an in-

(23] operator-splitting techniques

termediate variable,
with cubic, 2425 and Crank—Nicolson time discretiza-
tion, Adomian’s decomposition method,26:27 pertur-
bation (WKBJ) techniques,[?®! and the explicit finite
difference method.[29—32]

In recent years, meshless techniques have at-
tracted the attention of researchers. In a meshless
(mesh-free) method, a set of scattered nodes is used
instead of meshing the domain of the problem. The
meshless method is a new and interesting numerical
technique that can be used to solve many engineering
problems that cannot be solved by the conventional
numerical methods with a minimum of meshing or
no meshing.**=% The element-free Galerkin (EFG)
method has been greatly developed and widely applied
in various fields, but has not yet been applied to the
RLW equation. In this paper, the EFG method is for
the first time used to numerically solve the RLW equa-
tion. In this method, the function over the solution
domain needs only a set of nodes, it does not require
element connectivity. The Galerkin weak form is used
to obtain the corresponding discrete equations and the
essential boundary conditions are imposed by using
the penalty method. The numerical results, which are
in good agreement with the exact solutions, are pre-
sented in this paper.

2. The moving least-square app-
roximation!

The EFG method is used in the moving least-
square approximation, which is constructed in terms
of nodes only. Therefore the element and the element
connectivity data are not needed, which, however, are
required in the FEM. The discretization of the gov-
erning equations by the element-free Galerkin method
requires the moving least-square approximant, which
is composed of three components: a weight function
associated with each node, a monomial basis, and a
set of coefficients that depend on node position.

In the moving least-square approximation,® let

u"(@) =) pi(a)a;(@) = p*(2)a(@), (1)
j=1

where m is the number of terms in the basis, p;(x)
are the monomial basis function, and a;(x) are their
coeflicients of the functions of the spatial coordinates
x as indicated.

Lancaster and Salkauskas defined a local approx-
imation as

W(@z) =Y ps(@)a;(@) = P @)ale), ()

where the coefficients a;(x) are obtained by perform-
ing a weighted least-square fitting for the local approx-
imation. This defines the quadratic form

7 2

I
NE

w(x — ;) [u"(z,z;) — u(x;)]

-
Il

2

w(@ =) |y pi(@i)a;@) —ui| , (3)
j=1

|
NE

i=1

where w(x — x;) are the weight functions with com-
pact support, x; are the nodes in the compacted sup-
ported domain of . Equation (3) can be rewritten in
the vector form

J = (pa — uw)"W(z)(pa - w), (4)
where
ul = (uy,ug, ..., up), (5)
pi(x1) p2(21) -+ pm(@1)
p1($2) p2(3’32) pm(iBQ)
p= : : . : ’ (6)
p1(xn) p2(mn) pm(mn)
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and

-(7)

0 - w(e —xy)

To find the coefficients a(x), we obtain the extremum
of J by

0J
= ®)

where A is called the moment matrix and given by

A(z)a(x) — B(x)u =0,

A=p'W(z)p, (9)
B=p"W(x). (10)
So we have
a(x) = A (z)B(x)u. (11)
The approximation u”(x) can be expressed as
u() = ul (@) =Y P (x)u; = S (w)u,  (12)
i=1
where the shape functions are given by
gﬁk(m) = (4571‘(33)7 T 7¢Z($)>
=p'(z)A" (z)B(z), (13)

where the superscript k is the order of the polynomial
basis. The functions corresponding to k = 0 are called
the Shepard functions and are given by

The derivatives of the unknown u are approximated
by

Doy (x) = zn: DO®F (x)u; = D*PF (x)u.

i=1

(15)

The weight function used in Egs. (3)-(13) plays
an important role in the EFG method, so the selection
The
weight function w(xz — ;) should be non-zero over

of an appropriate weight function is essential.

only a small neighbourhood of x;, called the domain
of influence of node x;, to generate a set of sparse dis-
crete equations. The cubic spline weight function used
in the present analysis can be written as a function of
normalized radius r as follows:

w; = w(x — x;) = w(r)

2 —4r? 4 403, r<i,

_ ) 4 2 4.3 1

=933 4r+dr°—3r’, 5 <r<1, (16)
0, r>1,

where
d;
T = T? di = ||$ - :Bz” 5 dmi = dnlaxci7 (17)

with dyax being a scaling parameter, and the distance
¢; being chosen such that the moment matrix A is not

w(z — x;) singular.
Pi(x) = — : (14) The spatial derivates of the weight function are
ng w@ =) obtained as
|
(<4122 )
m;
dw; dw; dr :
i Gwi dr sign(z —x;) 1 18
dz dr dz (—4+8r —4r?) dm. 2 <r<l, (18)
0, r> 1.
. \
3. The element-free Galerkin The boundary conditions are
method for the RLW equation u(a,t) =, u(b,t) =4, (19b)
The regularized long wave (RLW) equation is where a and 3 denote real numbers.
given as The initial condition is
u(z,0) = f(2). (190)

Up + Uy + EUUL — Pl =0, (a <z <b), (19a)

where g is the positive parameter and subscripts x
and t denote the differentiation.

The weak form of Eq. (19) is obtained as follows:

/ (5uT(ut + Uy + EUUL — Muwwm)dp
r
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+ adu™ (u —a)|p, =0, (20)

where I' denotes the domain of z and I3, the bound-
aries, u are the values of x at the boundaries, and «
is a penalty parameter.

By the subsection integration, we can obtain

/5uTutdF—|—/ 6uTuIdF—|—6/ ouTuu, dT

r r r

—l—u/ Sur gy dl + adu® (u —a)|p, =0.  (21)
r

With Eq. (12), we can obtain the approximants
of the test function as

ul(a,t) = Br(x) - u(t) = d(x) - U(t), (22)
I=1

W _ ;Iéqﬁ,(m) Cur(t)
_ Ig";@(x) W0 _ pwmvn), (29

W _ ;In;@[(x) Cur(®)
_ Iil@’m(x) Cu(t) = B (2)U(D), (24)
_ Ii@,’m(x) Cur(t) = Bou(D)U (1), (25)

where 7

®(z) = (D1(z), Ba(), ..., Pn(z)), (26)
Ut) = (u(t),us(t), ..., un(t)", (27)

D, () = (P1,2(x), P2 p(x), ..., Pru(T)), (29)
Do (1) = (P10 (), P2 (), ..o, Pz ()) . (30)

Substituting Eqs. (22)-(25) into Eq. (21) yields
SUT()KU(t) + UL (t)TU (1)
+0UT (1) /F ed(uu,)dl
+SUT()GU(t) + asUT (t)HU (1)
—adUT(1)Q(t) = 0. (31)

Since JUT(t) is arbitrary in Eq. (31), the following
equation can be obtained:

KU(t)+ (H + G+ T)U(t)

+ / eP(uuy)dl = Q(t), (32)
r
where
Ky = / &1 (2)®, (x)dT, (33)
r
Gry= M/ D12 (x)P g ga(x)d T, (34)
r
Hij=a(@1Pj|o=a +PrPs|o=b), (35)
QI - a(¢1a|w:a + éIqﬂw:b)' (36)

Forming the time discretization of Eq. (32) with
the central difference method, we obtain

Un+1 —_yn Un+1 + U
K— H+T -
A7 +(H+T+G) 5
n+1 n n+1 n
+/ e (Wta) ; (wa)" - @ ;Q , (37)
r

where At is the time of step and

U™ = U(nAt)
(u1(nAt), ug(nAt),. .., u,(nAt)). (38)

The nonlinear term (uu,)"! in Eq. (36) is lin-

earized by using the following term!4

(uv)™ T = " Tl™ 4y T — ™, (39)
So we obtain

(uug)™ T = u" " uu™ T — (40)

Substituting Eq. (40) into Eq. (37) yields

Un-i—l —_Un U7L+1 + U
K=+ (H+T+G) "

n T T
—|—(/5@U (D,P +¢¢“’)d1“> U
I“ 2
Qn+1+Qn
= f.

By solving the above iteration equation, we can

(41)
obtain the numerical solution of the RLW equation.

4. Numerical example

The application of the EFG method of numer-
ically solving the RLW equation is demonstrated in
this section by two examples. A regular arrangement
of nodes and the background mesh of cells are used for
numerical integrations to calculate the system equa-
tion. The linear basis and the Gauss weight function
are used in the EFG method.

Example 1: solitary wave motion

Consider the following equation:

Ut + Uy + EUUg — MUy = 07 (a’ <zr< b)’ (42)
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with initial condition
u(z,0) = 3esech? (k(z — xo)) (43)

and boundary condition

u(a,t) = 3csech?(k(a — zg — vt)), (44a)
u(b,t) = 3esech? (k(b — zo — vt)). (44b)
The exact solution is
u(z,t) = 3esech? (k(z — xo — vt)), (45)
wheree =1, u=1,¢=0.1, k = %M, v = 14ce,

and zg = 0.

The EFG method is used to solve the above
equation with the penalty factor a = 10° and scal-
ing parameter dp.x = 2.5, and the time-step length
At = 0.01, a = —40, and b = 60. The weight function
is chosen to be a Gauss function and the bases are
chosen to be linear. In Fig. 1, profiles of the solitary
wave are shown at ¢t = 1 and ¢t = 10.

0.6

0.4

u(x,t)

0.2

—20 —20 0 20 40 60

Fig. 1. Profiles of the solitary wave at time ¢ = 1 and 10.

Example 2: modelling an undular bore

A bore is formed when a deeper stream of wa-
ter flows into an area of still water in a long horizon-
tal channel. When the transition between the deeper
stream and the still water has a very gentle slope, the
slope will steepen and a bore will form. To study the
development of an undular bore we follow the initial
condition

u(x,0) = 0.5U9 [1 — tanh (m —dﬂ?c)} (46)
with the boundary condition
u(a,t) =Uy, u(b,t)=0, (47)

where U(z,0) denotes the elevation of the water above
the equilibrium surface at time ¢ = 0. The change in
water level of magnitude Uy is centred at x = z., and

d measures the steepness of the change. The smaller
the value of d, the steeper the slope is.

The EFG method is used to solve the above equa-
tion with the penalty factor o = 10° and scaling pa-
rameter dyax = 2.5, the time-step length At = 0.01,
e=15,u=1/6, Uy =0.1, and d = 5. The weight
function is chosen to be a Gauss function and the bases
are chosen to be linear. Figure 2 shows the undular
bore profiles at times ¢t = 10 and ¢ = 50 for the gentle
slope d = 5.

0.10} (a)
0.08}

0.06

u(z,t)

0.04

0.02F

1 1 1 1 1 1 1 1 1
—50 50 150 250 350

0.08F

u(z,t)

0.04F

—50 50

1 1 1 1
250 350

1
150
xT

Fig. 2. Undulation profiles for slope d = 5 at time t = 10
(a) and 100 (b).

From these figures, we can conclude that numer-
ical results derived from the EFG to solve the heat
conduction problem are in good agreement with the
exact solution.

5. Conclusion

Galerkin (EFG)
method is used to solve the RLW equation. The nu-

The meshless element-free
merical results, which are in good agreement with the
exact solutions, show that the technique is accurate
and efficient. No mesh is required in the method,
which provides an important advantage over tradi-
tional mesh-dependent techniques such as the finite
difference method, the finite element method, and the

boundary element method, in that it can solve the
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problems with irregular geometries. The EFG method

should be extended to solve the problems of nonlinear

partial differential equations which arise in the theory

of solitons and other areas.
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