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This paper focuses on studying Lie symmetries and conserved quantities of discrete nonholonomic Hamiltonian

systems. Firstly, the discrete generalized Hamiltonian canonical equations and discrete energy equation of nonholonomic

Hamiltonian systems are derived from discrete Hamiltonian action. Secondly, the determining equations and structure

equation of Lie symmetry of the system are obtained. Thirdly, the Lie theorems and the conservation quantities are

given for the discrete nonholonomic Hamiltonian systems. Finally, an example is discussed to illustrate the application

of the results.
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1. Introduction

In symmetric theory, the infinitesimal transfor-
mation of a Lie group which leaves the differential
equations of motion invariant is called the Lie sym-
metrical transformation. The Lie group theory has
been developed as a powerful tool to solve differential
equations, to classify them and to establish proper-
ties of their solution space. The symmetric theory has
been widely used in mathematics, physics, mechanics,
and geometrical analysis of dynamical systems.!* 15!

In recent years, the Lie group theory has been
applied to discrete equations, such as difference equa-
tions, differential-difference equations or g-difference
equations.['9=3% The Noether’s type constructions for
difference functional, difference equations, and lat-
In 2009, Dorodnitsyn

and Kozlov®Y provided a Hamiltonian version of

tices have been reviewed.

Noether’s theorem based on the Hamiltonian iden-
tity which was an analog of the well-known Noether’s
identity in the Lagrangian framework. Recently Fu et
al. investigated the Noether’s symmetries of noncon-
servative dynamical systems and mechanic-electrical
systems with the discrete functional of the Lagrangian
framework.[32=34 This approach can be easily applied
to discrete Hamiltonian equations to establish the dis-
crete Hamiltonian identity and to obtain discrete con-
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servation properties of the mechanical systems. In
this paper, we study the Lie symmetries of the dis-
crete nonholonomic Hamiltonian system and find the
Noether’s conservations caused by Lie symmetrical
transformation.

The rest of this paper is arranged as follows: in
Section 2, the canonical Hamiltonian equations and
energy equation of discrete nonholonomic Hamilto-
nian system are obtained. In Section 3, the prolon-
gation of the Lie symmetry operator is given for the
discrete case. In Section 4, the determining equations
are obtained. In Section 5, the Lie theorems of non-
holonomic Hamiltonian systems are given. In Section
6, a practical example is discussed to illustrate the
results. In Section 7, some conclusions are given.

2. Transformation operators in

the space of discrete variables

We consider the space of discrete variables. Us-
ing the simplest invariant mesh A in the ¢ direction,
we form a pair of operators which we call, respectively,
the operators of discrete transformation to the right
and left:

0o s
h .
S = ehD = E ‘fDa
+h i
=0
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o (=h)’
—hD - i
s = = —=D 1
s =e > D (1)
=0
where
D_ 9 n .0 n 9] n .0 3
ot T4 oy gy T g ’
which is a full differentiation operator, and the
operators +s} and shcan commute with each other and
T
satisfy s - s = s -5 =1
+h —h  —h +h

Using the simplest invariant mesh h in the ¢ di-

rection, a pair of linear difference operators s and s
+h —h

are defined by

s =4 sd=aq,
. o
S Pi=Pi, S Pi=Pi, (2)

and sh and Sh are the corresponding shift operators.
Jr —

Moreover, with the help of fh and s we define a pair

of operators of discrete (finite-difference) differentia-
tion to the right and left:

s —1 e o]

n pl=1)
= = DZ
D=" =l
i=1
].— S o0 (i—1)
D= -y (3)
—h
i=1
The operators s, s, D, and D commute in
+h —h +h —h
any combination, while D = D s and D = D s
+h  —h+h ~h  th—h

and they possess corresponding finite-difference Leib-
niz rule as!®:3%

D(FG)= D(F)G+F D(G)+h D(F) D(G),
+h +h +h +h  +h
D(FG) = D(F)G+F D(G)~h D(F) D(G). (4)

3. Hamiltonian canonical equa-
tions and energy equation of a
discrete nonholonomic Hamil-

tonian system

In discrete nonholonomic Hamiltonian systems,
we consider an n-dimensional configuration man-
ifold with local coordinates ¢ = {¢',...,q"},
p = {p1,...,pn}, and Hamiltonian function H =
H(t,t,,q,p") which can be obtained by discrete Leg-
endre transform, % subject to g (¢ < n) ideal bilateral
discrete constraints of the form[?®!

fﬁ = fﬁ(tvt-i-vqapm?(qi)v%(pi))a

B=1,....,9,i=1,...,n, (5)
which satisfies Appell-Chetaev’s condition
0fs ; .
—5¢' =0, i1=1,...,n. 6
7D q (6)

Hamiltonian canonical equations can be obtained
by the variational principle from the discrete Hamil-
tonian action

AI_Ih = 72 <Qi(t7t+7q7p+)

Q
dfs ) :
+A — | hydq*, 7
h
where Mg is the constraint multiplier, @ =
Q(t,t1,q,p") is the discrete nonconservative force,

and d¢* is the discrete virtual placement which
satisfies!7]

)

T — 9 g, (8)

+

8¢' = Aq' —

Indeed, a variation of this functional along a curve
q' = @;(t), p; = ¥;(t), at some point (t, q, p) will affect
only two terms of the sum (7):

Hh — ... +pl(q7‘ —ql_) — H(L,Lqﬂp)hf
+0 (¢4 —q") — H(t,t,q,p )hy + -

Therefore, we obtain the following expression for
the variation:

_ OHy o OHu i OH)
AHy = 5 mApi+ 5 T AG + 5 At
= (Q(tt )+ A 0Js )hé .(9)

According to Eq. (8), equation (9) can be rewrit-
ten as

OH,, 6Hh i +

9D(q) i ) A

aafﬁ ))Ato. (10)

For the stationary value of discrete Hamiltonian

action (7), we obtain the system of 2n + 1 equations

OH~
Op;

¢ —q —h_ =0,
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oH [
pf—pi +h+87qi - <Q (t,ty,q,p")

“538? )>h+:0, (11)
OH 0H~ _ i
h+8t H+h_T+H <+_Q)
; 0

For convenience, we use the left and the right shift
operators in Eq. (1) and the corresponding discrete

differentiation operators in Eq. (3). Equations (11)

and (12) can be written as
; 0H
OH
i) — Ztt )
lh?(p) aﬁrQ( g, p")
+Ai(t,ty,q,p"), (13)
0H 0OH~
hy——-H+h_ —+H —
ot M TR P()

X (Q (ta t+aqap ) + Al(ta t+aq7p ))h+ = 0, (14)
where

afg
Ai: n ZAl t + .
Aﬁalh)(ql) ( 7t+7qap )

Equations in expression (13) are the generalized dis-
and equa-
tion (14) is the energy equation for nonholonomic sys-

crete Hamiltonian canonical equations,

tem which can define the lattice on which the canoni-
cal Hamiltonian equations are discredited.

4. Determining equations of Lie
symmetry for the discrete non-

holonomic Hamiltonian system

We consider finite-difference equations and dis-
crete Hamiltonians at some point (¢, g, p) of a lattice.
Generally, the lattice is not regular. The notations are
clear from the following figure (See Fig. 1)

AP

(t+7q+7p+)

t’ 9.
(t—.q-p") ( (_Ip)
Pon
: hy >
Fig. 1. Elementary stencil for a three-point difference
equation.

We introduce the infinitesimal transformations
with respect to time, generalized coordinates and gen-
eralized momentum, respectively, as

t"=t+ek(t,q,p), ¢ =4q¢ +en'(t.q,p),
Py =pi +¢(t,q,p), (15)

where ¢ is a small parameter, £, ¢, and (; are the in-
finitesimal generators. It is convenient to express the
quasi-invariance condition for the Hamiltonian action
in terms of a formalism involving vector fields. The
infinitesimal generators &, 1, and (; are determined
by the vector field of the form

B B
x (0 —
§(t7q,p)6t +n'(t,q, p)aq
)
+Gilt, q, . 16
Gi( qp)api (16)

We can extend Lie symmetry operator (16) into
the discrete Hamiltonian systems as follows:

X = ggﬁnaa +é- af_
b G > +5+8f
g 3§+
HE - g+ E- g A7
where £ = {(t-,q-,p7), & = &(t+,q4,p"),

. = n't_,q-,p7), 1% = n'(ty,q4,p7), (T =
Ci(t—v q_7p7), and CLJF = Ci(t-l-a q+7p+)7 i=1,...,n

Definition 1 If infinitesimal transformations
(15) leave the discrete Hamiltonian canonical equa-
tions (13) and energy equation (14) invariant, they
are called Lie symmetry transformations of the dis-
crete nonholonomic Hamiltonian system correspond-
ing to the holonomic one.

Criterion If the generators &, %, and (; satisfy
the following conditions:

D(n') = D(q') D(€) =

l}?(@‘) —D(pi)lhj(f)
=X<1>( QgD >+Ai<t,t+,q,p+>)7
(g(ni) — Q(qi) 9(5))(@% ty.q,p")
+Ai(t,ty,q,pT))
OH~

OH .
=XWlh, == —H+4+h_ —+H —D(¢
[ gr A h-g = D)

(@t gp™) + Ai@,u,q,pﬂ)} a1s)
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infinitesimal transformations (15) are called Lie sym-
metry transformations of the discrete nonholonomic
Hamiltonian system corresponding to the holonomic
one.

Proof The invariance of canonical Hamiltonian
equations (13) and energy equation (14) can be rep-
resented as

x® (lh)(qi)

OH
X<1>( ; :
]i?(p )+ oq*

_ 3H) o,
opf

- Qi(tv t+v q, p+)

_Ai(tat-i-a q7p+)> = 07

oOH OH~ ,
X [h+8t ~H -5+ H™ = D)

< (@it tr.q.p") +Ai<t,t+,q,p+>>} 0. (19)

Using Eq. (17), we have

. 0H
X<1>( : —)
?(q ) (9pi+

i p OH
= )~ pla) Pl - XV () 0. )
h h h op;
Hence, we obtain the first equation of expression (18).
Similarly, we have the second and third equations of
expression (18)

O0H ;
X (Dl + 5 - Qe a)

oq’

_Ai(tv t+7 qvp+)>

OH ;
= D6~ D) DO + XV (T~ Qb p7)
h h h q
_Ai(tat+aq7p+)> = Oa (21)
0H OH~
(1) - il -
X [h+at H+h =+ H

- D@ (0. At a0

=xM [m%ﬁf —H+h,% +H™

- L];)(qi)(Qi(t7t+7 a.p") + At ty, q,p+))]

- (lh)(ni) — lh?(qi) l}?(ﬁ))(Qi(t, ty,q,p")

+A7,(t?t+aq7p+)) =0. (22)

Equations in expression (18) are called the deter-
mining equations of Lie symmetry transformations of
the discrete nonholonomic Hamiltonian system.

The invariant of constraint equation (5) under the
Lie symmetry transformations can be represented in
the form

X“)[fﬁ(t7t+,q,p,l};)(qi)ylh?(pi))] =0.  (23)

Equation (23) is called discrete restrict equation of
the nonholonomic Hamiltonian system, which places
restrictions on the constraint conditions under the in-
finitesimal transformations.

Definition 2 If generators &, n?, and (; satisfy
the determining equations (18) and discrete restrict
equation (23), the infinitesimal trandsformations (15)
are called weak Lie symmetry transformations of the
discrete nonholonomic Hamiltonian system.

According to Egs. (6), (8), and (15), we can ob-
tain

0g' = Aq' = D(q")At = e(n' = D(q")¢) = &7, (24)

where 7' = 7' — D(q")¢.
h
Now equation (5) and (6) under the infinitesimal
transformations are written as

ofs i
—7' =0,
61}?(411)]

B=0,...,q. (25)

Equation (25) is called discrete additional restrict
equation, which is the discrete analogue of Appell-
Chetaev’s conditions with respect to discrete nonholo-
nomic constraints restricting generators of infinitesi-
mal Lie symmetry transformations.

Definition 3 If generators &, n?, and (; satisfy
determining equation (18), discrete restrict equation
(23), and discrete additional restrict equation (25),
the infinitesimal transformations are called strong Lie
symmetry transformations of the discrete nonholo-
nomic Hamiltonian system.

5. Lie theorems of discrete non-
holonomic Hamiltonian sys-
tems

Theorem 1 If the infinitesimal transformations
are Lie symmetry transformations of the discrete non-
holonomic Hamiltonian system corresponding to the
holonomic one, and there is a gauge function G =
G(t,t+,q,p"), which satisfies the following equation:

G D) +p! D) = X (H) ~ H D(E)

+ D(Gi) + Q"+ A)n' — g(qi)f] =0, (26)
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then we can obtain the following conservation rela-
tionship:

I=n'p;— §<H_ + hi%{;) + G; = const. (27)

Proof The discrete derivative of Eq. (27) with
respect to ¢t can be written as

D(I) =D (nipi - §<H‘ + haH_> + Gi>

h h ot
= D(n'p;) — D(EH™)
h h
OH~
-D <§h o > +D(Gy). (28)

According to the discrete Leibniz rule (4), we can
obtain

D(n'p;) =n" D(p:) + pi D(n°),
h h h

D(EH™) =H D(§) +§D(H™),
h h h

OH~ OH~ OH~
p(n-%5 ) =r-p (%) + % oo

b (O OHTN | he—hoom
~ hy \ott ot hy  Ott
_on_h_on-
Oty hy Ot
OH~ OH~ OH~
D<§hat):§D(h o) T D)
OH~
+(f+—§)lh)(hat>
OH h_0H~ h_O0H~
_£+(6t+_h+6t >+h+8t &+ =9
OH h_OH~

by Egs. (13), (14), and (29), and we can find that
D(I) = 0. Equation (26) is called Lie symmetry struc-
t};lre equation of the discrete nonholonomic Hamilto-
nian systems.

Theorem 2 If infinitesimal transformations in
expression (15) are the weak Lie symmetry trans-

formations, and there is a gauge function G
G(t,ty,q,p"), which satisfies Eq. (26), we can obtain
conservation relationship (27).

Theorem 3 If the infinitesimal transforma-
tions in expression (15) are the strong Lie symme-
try transformations, and there is a gauge function
G = G(t,ty,q,p"), which satisfies the equation (26),
we can obtain conservation relationship (27).

6. Applications

Considering a dynamical system with Hamilto-
nian function

1
H=3p™+q, (30)

subject to the nonholonomic constraint

7—Q(q)—h+ +p=0. (31)

According to Eq. (14), we can obtain the discrete
generalized Hamiltonian canonical equations
of

D(q)=p", D(p)= —1+AW. (32)

And we can calculate the constraint multiplier A from
Egs. (5), (13), and (14) as

+
pQ—

WA .

so Hamiltonian equations in expression (32) can be
rewritten as

1
D = +, D = -1+ -, 34
D(¢)=p", D(p) e (34)
on the lattice there exists
1 1
PPt a—a +he =0, (35)

which can be obtained by the energy equation.
Using determining equations in expression (18),
we can have the following equations:

QW—Q@Q@ZQW—fQ@

oOH
— xm - X
- <8p+> -

P©) - D) p(© = p(©) ~ (=14 5 ) p(©

h
OH 1 1
_ oy _od 1N\ _ 1
_X)< 3q+p+)_ prase
Pl —pC+n—n_+& —£=0. (36)

Then we can obtain three special solutions of
Eq. (36):

61 = 17 m = Ov Cl = 07 (37)
52 = 07 T2 = 1a CQ = 07 (38)
&=1, m=1, (=0. (39)

Substituting the solutions of &, n, and ( into the
structure equation (26), we can obtain

Gi=t, Go=—-p, Gz3=-p+t. (40)
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According to Theorem 1, we have the first inte-

gral:
hi=-gp'—q +t, L=0,
1
Iy =3 g+t (41)

Note that I1 = I3, so solutions (37) and (39) of the
infinitesimal transformations result in the same con-
servation relationships. Because of I = 0, solution
(38) is called a trivial one which does not result in the
conservation of the system. Hence, for the discrete
nonholonomic Hamiltonian systems, Lie symmetries
do not certainly result in invariance.

Discrete restrict equation (23) can be written as

h h

(D v+ plen( - 255 - 1)

+@+—a<—1+pﬁ)+<=o. (42)

We can find that solutions (37) and (39) both sat-
isfy Eq. (42), so the infinitesimal transformations are
weak Lie symmetry transformations, and we can ob-
tain the conservation relationships I; and I3 by The-
orem 2.

Using discrete canonical Hamiltonian equation
(34), the constraint equation can be rewritten as

Z—j—p+—h++p:0. (43)

Then we can find that solutions (37) and (39)
satisfy discrete additional restrict equation (25), so
the infinitesimal transformations are strong general-
ized Lie symmetry transformations, then we can ob-
tain the conservation relationships I; and I3 by The-

orem 3.

7. Conclusion

In this paper, the symmetry theory and the con-
servation theory are both extended to discrete non-
holonomic Hamiltonian system, and developed further
consummately, which will be convenient and useful for
us to solve problems in different cases.
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